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i both opto-mechanics and electronics, Bulova is enhancing the state of the art. 
Bulova designs are improving acuity. Bulova electronics are simplifying readout 
tevices. Bulova advanced precision production and assembly techniques are 
“suring more accurate instruments capable of withstanding higher adverse envi- 
Mmental conditions. 


od capability— from conception to manufacture— stands ready to support 
efforts. 


Eperience in precision design and manufacture is the Bulova tradition—the 
Bulova capability—it has been for over 80 years. For more information write— 
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Scope of ARS JOURNAL 


This Journal is devoted to the advanegl 
ment of astronautics through the dissemingal 
tion of original papers disclosing new scientifig 
knowledge and basic applications of suel 
knowledge. The sciences of astronautics apm 
understood here to embrace selected aspect 
of jet and rocket propulsion, space flight 
mechanics, high-speed aerodynamics, flight 
guidance, space communications, 
and outer space physics, materials and strug : 
tures, human engineering, overall system 
analysis, and possibly certain other scientifig ce 
areas. The selection of papers to be printeg 
will be governed by the pertinence of the topig ; 
to the field of astronautics, by the current 
probable future significance of the research 
and by the importance of distributing the igs 
formation to the members of the Socie ty anda 
to the profession at large. 
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Manuscripts must be as brief as the propeximm 
presentation of the ideas will allow. et 
clusion of dispensable material and conciggt 
ness of expression will influence the Editopgt 
acceptance of a manuscript. In terms @ 
standard-size double-spaced typed pages, @ 
typical maximum length is 22 pages of text 
(including equations), 1 page of references, 
1 page of abstract and 12 illustrations, 
Fewer illustrations permit more text, and viee 
versa. Greater length will be acceptable 
only in exceptional cases. 

Short manuscripts, not more than one 
quarter of the maximum length stated for full 
articles, may qualify for publication ag 
Technical Notes or Technical Comments, 
They may be devoted to new developments 
requiring prompt disclosure or to comments 
on previously published papers. Such manu- 
scripts are usually published within a few 
months of the date of receipt. 

Sponsored manuscripts are published 
occasionally as an ARS service to the indus- 
try. A manuscript that does not qualify for 
publication, according to the above-stated 
requirements as to subject, scope or length, 
but which nevertheless deserves widespread 
distribution among jet propulsion engineers, 
may be printed as an extra part of the Journal 
or as a special supplement, if the author oF 
his sponsor will reimburse the Society for 
actual publication costs. Estimates arg 
available on request. Acknowledgment of 
such financial sponsorship appears as @ 
footnote on the first page of the article 
Publication is prompt since such papers are 
not in the ordinary backlog. 

Manuscripts must be double spaced on on@ 
side of paper only with wide margins to allow 
for instructions to printer. Include a 100% 
200 word abstract. State the author 
positions and affiliations in a footnote on thé 
first page. Equations and symbols may bé 
handwritten or typewritten; clarity for thé 
printer is essential. Greek letters and unusual 
symbols should be identified in the margin. If 
handwritten, distinguish between capital ang 
lower case letters, and indicate subscripts and 
superscripts. References are to be grouped at 
the end of the manuscript and are to be give 
as follows: For journal articles: authors first 
then title, journal, volume, year, page numbers; 
for books: authors first, then title, publisher 
city, edition and page or chapter numbers 
Line drawings must be clear and sharp to make 
clear en gravings. Use black ink on whil® 
paper or tracing cloth. Lettering should bé 
large enough to be legible after reduction 
Photographs should be glossy prints, B08 
matte or semi-matte. Each illustration must 
have a legend; legends should be listed if 
order on a separate sheet. 

Manuscripts must be ac companied _ Oy 
written assurance as to security clearay.ce i 
the event the subject matter lies in a classified 
area or if the paper originates under govctl® 
ment sponsorship. Full responsibility rest 
with the author. 

Submit manuscripts in duplicate (original 
plus first carbon, with two sets of illustra 
tions) to the Editor, Martin Summerfield 
Professor of Aeronautical Engineering, Prince 
ton University, Princeton, N. J. Preprints 
of papers presented at ARS national meeting® 
are automatically considered for publicatiom 
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Discoverer 
Program 
“Firsts” 
by AGENA 
Satellites 


First to be put on a polar orbit. First to be controlled on orbit. 
# Only the Agena, with its horizon- The Agena is also unique in its 
scanner and its response to signals ability to be turned 180° to a tail- 
2 from earth, can be placed on a pre-_ first position and tilted to a 60° 
7 cise, predicted orbit over the pole. downward angle for capsule ejection. 


First tocarry new systems intosp 
The Agena has proved out ma 
devices — control, communicatid 
telemetry, life-sustaining —to be 

in other advanced space progral 
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pena is the largest and heaviest true satellite the U.S. has ever put on orbit. It is the only satel- 
at can be put on a precise, predicted orbit...that can be controlled while on orbit...that can 
arecovery capsule. It can carry a wide variety of very heavy and specialized payloads. The 
Satellite is now used exclusively in the Discoverer Program, directed by the Advanced 
ach Projects Agency and managed by the Ballistic Missile Division of the U.S. Air Force. 
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Editorial Introduction to the Guidance Issue 


(THE PURPOSE of this special issue is to survey 

some of the important new concepts in guid- 
ance that have developed recently and to indicate 
their effects on the design of guidance systems. 
Each paper was specially invited by the Editors 
from a recognized authority in his particular 
area. The issue as a whole attempts to provide 
an understanding of the fundamental theory 
underlying the development of a modern guidance 
system, the principles of the mechanisms used to 
implement the guidance system, and finally, an 
indication of the literature where additional 
details may be found. 

The nature of the guidance problem is defined 
in the first three papers by O’Keefe, Wheelon 
and Mickelwait: O’Keefe in the introductory 
paper “IGY Results on the Shape of the Earth” 
discusses the startling new concepts concerning 
the pear-shaped figure of the Earth which have 
come into being from an analysis of the IGY satel- 
lite tracking data. No precision guidance system 
for either long range missiles or spacecraft can 
function accurately without taking into account 
the undulations that exist in the shape of the 
spheroid. 

Wheelon in “Free Flight of a Ballistic Missile” 
describes the trajectory problems that arise in 
connection with missile travel in the near vicinity 
of the Earth. He develops a simple model of the 
trajectory in terms of a spherical nonrotating 
Earth to calculate the burnout miss coefficients. 
He then extends this model to treat the effects of 
rotation, oblateness, gravitational anomalies, geo- 
physical constants and the gravity of the moon. 

Mickelwait in a paper titled “Lunar Trajec- 
tories’ extends the trajectory considerations into 
space. He points out the new complexities that 
arise in the lunar shots and emphasizes the interre- 
lationships that exist between guidance, propul- 
sion and the trajectory. 

The problems of ballistic guidance defined in 
the papers are then turned to the consideration 
of the kinds of guidance equipment which will 
execute these trajectories in spaceflight. Stodola’s 
paper on ‘Radio Guidance” explores a particular 
phase of the space guidance problem in detail: 
The question of radio communication with the 
spacecraft. The whole problem of radio guidance 
centers around obtaining a sufficiently high signal- 
to-noise ratio and an adequate frequency band- 
width to permit the description of the motion of 
the vehicle with the needed accuracy. A series 
of nomographs is given which enable the reader 
to quickly visualize the tradeoff between the 
design parameters involved. 

Frye and Stearns survey what has been accom- 
plished in “Stabilization and Attitude Control 
of Satellite Vehicles.’ This is one of the problems 
that must be solved before man is put into an 
orbit about the Earth or any precision guidance 
vehicle is launched into deep space. To date, 
Discover II and Lunik III have been the only 
successful attempts at attitude stabilization that 
have been publicized. 


Bock and Mundo survey the kinds of guidance 
techniques that appear to be suitable for probes 
to the near planets. From an examination of the 
trajectory problem they evolve the characteristics 
that are desirable for the measurement param- 
eters. They show how the three measurable 
parameters, position, velocity and acceleration, 
fulfill these characteristics. Techniques of meas- 
uring these parameters are then surveyed in the 
light of these requirements. 

The direction of the papers then turns to the 
consideration of the terrestrial guidance of cruise 
missiles, although many of the techniques dis- 
cussed here carry over into the’guidance of ballistic 
missiles. 

Powell points out in “Infrared Tracking” that, 
different from other forms of guidance, the higher 
speeds and altitudes of modern military aircraft 
are simplifying the problems of infrared guidance 
equipment. The problem of infrared guidance 
is similar to that of radio: A bandwidth vs. signal- 
to-noise ratio question. Improvement in cell 
characteristics, optical materials and filter design 
techniques have all contributed to making infrared 
a feasible guidance medium. 

Horsfall shows how one of man’s oldest guidance 
techniques, celestial guidance, has been auto- 
mated for modern cruise missiles. He treats the 
error equations of guidance and the problems of 
tracking. 

Hovorka in a paper titled “Recent Progress in 
Inertial Guidance” provides a compilation of the 
thinking of the staff specialists at MIT’s Instru- 
mentation Laboratory on inertial navigation, 
a field in which this laboratory pioneered and 
which, after 10 years of research and development, 
is upon the threshold of becoming the principal 
guidance method used for ICBM’s as well as 
shorter range missiles. 

Fried surveys “Doppler Radars for Guidance 
—Design Techniques and Performance.” He 
develops an understanding of the problems that 
underlie airborne Doppler radar and shows the 
advantages and limitations of different methods 
of instrumenting such systems. Dworetzky and 
Edwards give the first comprehensive treatment 
of the subject of Doppler-inertial systems in the 
unclassified literature. This class of system 
makes its measurements by selecting on a fre- 
quency basis the most accurate source of informa- 
tion. In general, the best low frequency informa- 
tion is derived from Doppler radar because it, to 
some degree, avoids the problems of gyro drift, 
while the inertial navigation provides the high 
frequency information lost in the smoothing time 
of the Doppler radar. They point out that this 
type of system has the capacity to accomplish func- 
tions, such as gyro compassing, which neither of the 
elements could do alone in an airborne system. 

The Editors are proud to offer this special issue 
to our readers and are grateful to the authors for 
their fine contributions. 

CHARLES J. MUNDO, Editor, Guidance Issue 

MARTIN SUMMERFIELD, Editor, ARS Journal 
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Charles D. Bock is Head of the Technical 
Staff of the Chief Engineer, Arma Divi- 
sion, American Bosch Arma Corp. He 
was previously Technical Director for the 
Missile Guidance Department where he 
led the development of the essential com- 
ponents for the ICBM guidance program 
as well as making many contributions 
in the system planning. He is responsible 
for many patents in the areas of electron- 
ies, computer instrumentation and fire 
controlsystems. He has directed develop- 
ment of numerous fire control and gun 
direction systems, and initiated basic 
component and system developments 
embodied in essentially all Arma instru- 
ments and systems. Dr. Bock has re- 
ceived the Special Naval Ordnance Award 
and is listed in American Men of Science. 
He received the B.A. degree in 1929 from 
Kalamazoo College and the Ph.D. degree 
in 1933 from Yale University. 


Lawrence H. Dworetzky is Associate Head, 
Special Products Engineering Department 
at General Precision Laboratories, where 
he participated in the early development of 
Doppler navigators and later managed a 
group devoted to the development of 
Doppler-inertial navigators. Prior to that 
Mr. Dworetzky served as Instructor and 
later as Assistant Professor at Cooper 
Union, where he taught theoretical and 
applied mechanics, electricity, magnetism 
and other courses in physics. He received 
the B.M.E. in 1943 and the M.M.E. in 
1948, both from New York University. 
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Horsfall 


Andrew Edwards is Section Head for Ad- 
vanced Development, Special Products 
Department, at General Precision Labora- 
tories, where he has been concerned with 
the design and flight testing of Doppler- 
inertial systems. He has worked for the 
Sperry Gyroscope Co. as a project engineer 
on the design and analysis of guidance sys- 
tems for missiles. From 1954 to 1956 he 
was on active duty with the U. S. Army 
Signal Corps as an operations officer and 
later commanding officer of an electronic 
countermeasures unit. Mr. Edwards 
received the B.S. degree in electrical en- 
gineering in 1947 from Newark College of 
Engineering and the M.S., also in electrical 
engineering, in 1949 from Northwestern 
University. 


Walter R. Fried is widely known for his 
contributions in antenna and Doppler 
radar design. He began his engineering 
education at Loughborough College, Eng- 
land, and received the B.S. degree from 
the University of Cincinnati in 1948, 
and the M.S. degree from Ohio State Uni- 
versity in 1953, both in electrical engi- 
neering. At Communication and Naviga- 
tion Laboratory of WADC he has worked 
on antenna design and long distance com- 
munication systems. He conducted early 
experiments in pulse propagation tech- 
niques via the ionosphere, which led to new 
modulation methods for long distance 
communication equipment. In 1956 he 
was appointed Section Chief in the Weap- 
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Mr. Fried is presently Senior Scientist 0 J ad Explo: 
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Ama Div 
William E. Frye is Consulting Scientist for Corp. He 
Advanced Systems Research, and Man- specifically 
ager, Subsystem D Guidance and Control] sided inert 
Development, Lockheed Missiles and} sided iner 
Space Division. He received his B.A. and IM6, he v 
M.S. degrees in physics in 1937 and 1938] the Air For 
from the University of Illinois, then bis} mided bon 
Ph.D. in 1941 from the University o] Radiation ] 
Chicago for work on the determination of ii11951, he 
the atomic field of bromine from electtD} 
scattering. From 1948 to 1956 he fnegie Instit 
Leader, Guidance and Navigation Group, 
Electronics Division, Rand Corp., where 
he was responsible for accuracy and fet 
sibility analysis of self-contained guidance 
and navigation systems, and at the sale 
time was a lecturer at UCLA. From 1#6 
to 1948 he worked for North Americal 
Aviation, Ine. 


Robert Bruce Horsfall is an authority ® 
automatic guidance and astro tracking 
systems. He has written cxtensively 2 
this field and holds numerous patents i! 
He is currently Staff Specialist, Advandéd 
Engineering Department at Autonetit® 
He received his B.A. degree from 

College in 1930 and his M.A. and Ph.D. 


ARS Journal 


as 

| Edwards Fried 

aa 
Frye 

Mur 

| 


degrees from the University of Illinois. 
He spent 10 years with the Bausch «& 
Lomb Optical Co. joining North American 
Ayiation’s Aerophysics Labofatory in 1947 
as a research engineer. 


John Hovorka is Staff Physicist with the 
MIT Instrumentation Laboratory where 
he has been concerned with inertial naviga- 
tion and fire control studies, and Lecturer 
with the MIT Department of Aeronautics 
ad Astronautics. After receiving his 
BS. degree from Queens College in 1942 
and his M.S. degree from the University 
of Illinois in 1943 he then served at the 
Radiation Laboratory at MIT, working 
om the application of electronics to servo 
techniques in fire control. In 1946 he 
joined Gulf Research where he was en- 
gged in applications of infrared spectros- 
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Aubrey B. Mickelwait is Member of the 
Technical Staff, Guidance Research Lab- 
gatory, Space Technology Laboratories. 
He is a graduate of Carnegie Institute of 
Technology where he obtained his B.S., 
MS. and Ph.D. degrees in physics. Dr. 
Mickelwait has published papers in the 
areas of quantum field theory, theoretical 
physics and meson theory. Since joining 
STL in 1955 he has been engaged in re- 
gvarch and systems analysis work on the 
Atlas, Titan, Thor and Minuteman guid- 
mee systems, and also design work on 
| tajectories, payloads and guidance sys- 
| ‘ems for space vehicles such as the Pioneer 
oj and Explorer. 
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Charles J. Mundo is Staff Consultant, 
Ama Division, American Bosch Arma 
"i Corp. He is a specialist on guidance, 
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d|sided inertial systems. From 1942 to 
d]1M6, he was a Technical Specialist with 
the Air Force, doing development work on 
S| gided bombs, missiles and radar at. MIT 
Radiation Laboratory. Subsequently, un- 
il1951, he was engaged in instructing and 
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Editor on guidance for ARS JouRNAL and 
for ASTRONAUTICS, a member of the 


American Rocket Society’s Technical 
Panel en Guidance and also a director of 
the New York and Long Island Sections 
of ARS. He received his B.S. and Se.D. 
degrees from the Carnegie Institute. 


John A. O’Keefe, long one of the nation’s 
top geodesists, has won new fame by 
“changing” the shape of the Earth. Now 
with NASA, he had been with the Army 
Corps of Engineers for 15 years and had 
been Chief of the Research and Analysis 
Branch, Geodetic Division, Army Map 
Service. Actively engaged in the study of 
measurement of long distances by means 
of Earth satellites, Dr. O’ Keefe has worked 
on measurement of long distances, includ- 
ing the distance to the moon, by means of 
occultations, measurement of intercon- 
tinental distances by eclipses and theories 
of map projection. He received a B.A. 
degree from Harvard College and a Ph.D. 
from the University of Chicago. 


Richard W. Powell has written numerous 
technical papers and is considered a lead- 
ing authority on infrared devices and their 
applications. He received his B.S. and 
M.S. degrees in electrical engineering in 
1940 and 1947 from the California Insti- 
tute of Technology. From 1940 to 1948 
he was affiliated with Lockheed and then 
G. M. Giannini and Co., Inc. as Chief 
Development Engineer. Since 1950 he 
has been employed by the Aerojet-General 
Corp. where he is now Manager, Avionics 
Division. Prior to this he was Chief 
Engineer, exercising supervision of re- 
search, development and pilot production 
of infrared systems and sub-assemblies. 


Edward V. B. Stearns is Research and 
Development Scientist, Advanced Systems 
Research, and Manager, Requirements 
Evaluation, XA Weapon System at Lock- 
heed Missiles and Space Division. As 
Manager of the Inertial Guidance Depart- 
ment in 1957-1958, he directed efforts on 
analysis, design and development of iner- 
tial guidance systems. Prior to that he was 
with J. B. Rea Co. as project engineer, 
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Radioplane Co. and the Rand Corp., 
where he conducted detailed analytical 
studies of navigation and reconnaissance 
systems with particular emphasis on long 
range inertial navigation systems, and 
also with Douglas Aircraft Co., Inc. Mr. 
Stearns was affiliated with the University 
of California Radiation Laboratory where 
he built and tested model magnets for 
a projected uranium separation plant. 
He received his B.A. in physics from the 
University of California in 1943 and did 
graduate work in physics, mathematics and 
engineering from 1947-1952. 


E. King Stodola is Special Engineering 
Consultant to the President of Reeves 
Instrument Corp., and director of the 
Engineering Liaison Department. Be- 
fore joining Reeves in 1947, Mr. Stodola 
was with the Signal Corps Engineering 
Labs at Belmar, N. J. as Chief of the 
Special Development Section, working on 
pulsed Doppler and other radar projects, 
and was associated with the first moon 
radar shots. He has been granted nu- 
merous patents in the fields of radar, com- 
munication and control systems. Mr. 
Stodola received the B.S. degree in electri- 
cal engineering in 1936 and the E.E. de- 
gree in 1947 from Cooper Union. 
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Technical Staff, Space Technology Labo- 
ratories, and Manager, Applied Physics 
Department. He received the B.S. de- 
gree in engineering science from Stanford 
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meson theory of nuclear forces from MIT 
where he was a teaching fellow. Dr. 
Wheelon is currently working on ballistic 
missiles, space vehicles and radiowave prop- 
agation. His research has been directed 
to elasticity, tropospheric and ionospheric 
scatter propagation and the associated 
problems of turbulence theory, line-of- 
sight phase and amplitude instabilities, ap- 
plied mathematics, and orbital analysis for 
Earth satellites, ballistic missiles and space 
vehicles. He is a consultant to the Direc- 


tor of the National Bureau of Standards, 
Boulder Laboratories and a lecturer in the 
Engineering Department at UCLA. 
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IGY Results on the Shape 
of the Earth 


Before guidance has any meaning one must know 
where the vehicle has to go. In terrestrial navigation, 
this is defined by the cartographer, in space by the astron- 
omer. The “‘where’’ is defined by geodetic charts. The 
accuracy of these charts control the accuracy of 
guidance, unless some terminal contact procedure is used. 

At the beginning of the space age there were large un- 
certainties in the mapping of the relative positions be- 
tween the American and Eurasian continents. It was 
necessary, in a cartographical sense, to connect these 
continents if precision guidance were to have any meaning. 
Tracking data from the IGY satellites have afforded us that 
opportunity. A second and perhaps unexpected result of 
the satellite tracking effort was Dr. O’ Keefe’s discovery 
that the Earth was not an oblate sphere, but was instead 
slightly pear-shaped, with a bulge in the southern hemi- 
sphere. This newly discovered undulation in the shape of 
the Earth not only affects terrestrial guidance, but also will 
affect the precision space trajectories that must be fol- 
lowed when flights are undertaken to other planets. 

Because of the impact of these results, it is appropriate 
to start this special issue on guidance with a review of 


information on the shape of the Earth. 
—C. J. MUNDO 


HE INTERNATIONAL Geophysical Year has brought 

the answer to a fundamental question about the nature 
of the Earth’s gravitational field. This question relates to 
the broad scale undulations of the field, that is, to the size of 
the waves in the field whose wave length is comparable with 
the Earth’s circumference. 

There appeared in 1958 two important books on the Earth’s 
field which presented diametrically opposite points of view 
on this fundamental question (1, 2).1_ One of these books was 
the fifth edition of ‘The Earth” by Jeffreys. In it the height 
of the low harmonics—the above-mentioned very long waves— 
was estimated to be about 100 m in terms of the rise 
and fall of the sea level surface of the Earth above 
a mathematical ellipsoid. Jeffreys reached this estimate by a 
harmonic analysis of the existing gravity information but 
without reference to the theory of isostasy. (See (1), p. 178.) 

On the other hand, Heiskanen and Vening Meinesz (2) 
asserted that the Earth’s field was much smoother. They 
did not analyze the gravity in spherical harmonics; their 
results, therefore, were not immediately comparable with 
those of Jeffreys. They did, however, elaborate what they 
referred to as the basic hypothesis of geodesy, which fur- 
nishes the basis for comparison. (See (2), pp. 72-73.) The 
basic hypothesis of geodesy asserts that the Earth approaches 
rather closely to a spheroid of fluid equilibrium. Deviations 
from the spheroid of fluid equilibrium should be measured, 
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-on the one hand and the radio interferometer measurements 
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As a result of the measurements of positions of satellite 
during the IGY, especially the measurements of 1957 Beta? 
made by King-Hele and his collaborators in England ( 


made in the western hemisphere by NRL on 1958 Beta 2 ani 
1958 Epsilon, it has been possible to determine empirical) 
several of the broad scale undulations of the surface of th 
Earth. 

The methods which have been employed to find even har- 
monics depend on the fact that these harmonics cause seculst 
(i.e., progressive, as opposed to periodic) motions of the per- 
gee and node of satellite orbits. The node of a satellite orhil 
is the line along which the orbital plane intersects the plan 
of the Earth’s equator. The right ascension of the node 2 
measured from the vernal equinox. It regresses (move: 
clockwise as seen from the north) at the rate 


= mean motion of the satellite in the orbit 

= inclination 

= semiparameter of the orbit 

= universal constant of gravitation 

Earth’s mass 

= coefficient of the zonal harmonic of the second degre 
in the expansion of the Earth’s gravitational field 


At the same time, the argument of perigee w increas’ 
The argument of perigee is the geocentric angle in the plane 
of the orbit from the line of nodes to the perigee. The rate0! 


ARS Journal 


derivative 
derivative 


observed pe 
nonic, with 
higher odd h 
In Table 

wnal harmc 


it Harvard, 
it NASA (8 


Axo 

3,0 

4,0 
* These 
cated correc 


DiceMBER 


ments. 
tained, the 
easy. 
Both Koz: 
3 n cost 
——— 
2 
where 
n 
t 
Pp 
Mo 
Axo 


increase of the perigee is given, to the first order, by 


~ 


From these two expressions, it is possible to deduce the 
flattening of the Earth; this was done by Hertz and Marchant 
(4) and later by numerous others. All found that the inter- 
national value of A2,o of approximately 17.37 in megameter- 
kilosecond units was wrong; the value is certainly very close 
to 17.56. 

There are higher order corrections to the two simple for- 
mulas given, which take into account the effects of the fourth 
wnal harmonic. On this point there has been some contro- 
yersy; very recently a solution has been arrived at, and all 
investigators agree in assigning a small positive value to the 
fourth harmonic. 

Of the odd harmonics, those of the first degree can be 
ignored. These correspond to a displacement of the origin 
of coordinates from the center of gravity. No real evidence 
has as yet been deduced for such a shift. In fact, in setting 
up the Vanguard coordinate system, a determined attempt 
was made (5) to place the origin at the Earth’s center. 

The harmonics of degrees three and five produce perturba- 
tions in the inclination of the orbit, its eccentricity, the right 
scension of the node and the argument of perigee. The 
calculation of these rates of change is made by the method of 
variation of constants (6) which are closely related to the 
Hamiltonian equations 

dq oH dp oH 


dt ap dt aq 


Here the quantities g, p are coordinates and their conjugate 
nomenta, H is the Hamiltonian function (essentially the total 
energy, kinetic plus potential), and ¢ is the time. By using 
dements which are very nearly constant, the Hamiltonian 
can be split into a constant part, which can be left out, and 
ismall perturbation function R. The ordinary elements are 
wt really canonical variables, and so the equations are not 
isneat as those given above. But we still find that the time 
derivative of each element can be expressed in terms of the 
derivative of the variable function R with respect to other 
ements. Once the perturbation function has been ob- 
tained, the calculations of the variations of the elements is 
easy. 

Both Kozai (7) and the NASA group (8) have found that the 
otserved perturbations are accounted for by the third har- 
uonic, with relatively little remaining to be accounted for by 
higher odd harmonics. 

In Table 1 are given the amplitudes of the corresponding 
wnal harmonics as determined by Jacchia (9) and Kozai (7) 
it Harvard, by King-Hele in England (3), and by the group 
it NASA (8). 


In order to understand the significance of these figures, 
it is necessary to begin by noting the form which a fluid 
Earth, having the same angular momentum as the actual 
Earth, would assume. This has been dealt with by Hen- 
riksen (14) at the Army Map Service (1959) who finds that 
it should have a flattening of 1/300. From his theory can 
be found the second and fourth harmonics shown under the 
column “Theoretical Values” in Table 1. The number 
1/300 will undoubtedly appear paradoxical] as an estimate 
of the flattening of the fluid Earth, since the figure of 1/297.3 
has been accepted for many years. The present situation is 
not that there has been an error in the past calculations of the 
flattening of the fluid Earth, rather that the previous calcula- 
tions, such as those of Tisserand (10), were on a different 
basis, involving at one point the assumption that the actual 
flattening of the Earth agreed with that calculated by hydro- 
static theory. Since we now know that this is not the case, 
it is obviously incorrect at the present time to calculate the 
hydrostatic flattening of the Earth on this basis. One can, 
however, substitute the measured value of the physical flat- 
tening of the Earth for this assumption. 

Analytically, one may say that the precession determines 
the ratio (C — A)/C, C being the Earth’s moment of inertia 
about the axis of rotation and A the moment of inertia about 
an axis in the equatorial plane; whereas the satellite measure- 
ments of the physical flattening determine for us the quan- 
tity C—A. Theratio of these two quantities is the quantity C, 
which is the Earth’s moment of inertia around a polar axis. 
From C the hydrostatic value of the Earth’s flattening can 
be determined by a mathematical argument, developed 
by Clairaut and refined by Airy (11) (covering some 76 
equations in Tisserand), which although rather long, has 
been gone over so many times in the last century and a half 
that it is reasonably sure to be correct. It is in this way that 
Henriksen (14) determined the value of the hydrostatic 
flattening as 1/300. Corresponding to this are the values 
of the second and fourth zonal harmonics shown in the column 
marked “Theoretical.” 

If one refers the undulations, therefore, to this assumed 
figure for a fluid Earth, the amplitudes, which are shown in 
Table 1, are found for the geoid heights corresponding to the 
zonal harmonics of orders two, three and four. It will be 
seen at once that these values confirm the hypothesis of Jef- 
freys and are in direct contradiction to the ideas of Vening 
Meinesz and Heiskanen. The undulations of the geoid are 
indeed of the order of 100 m in height. 

In this discussion, only the zonal harmonics of orders two, 
three and four have been evaluated; the more numerous tes- 
seral harmonics which correspond to them have not been 
determined. It is very much more difficult to do this from 
studies of the satellites because the rotation of the Earth tends 
to average the effects of the tesseral harmonics, since these 
latter depend only on longitude. If there existed a satellite 
whose period was not far from a day, such as the proposed 


Table 1 Summary of recent results on the Earth’s gravitational field 


Coefficients of the harmonics in the potential in units of megameters and kiloseconds 


NASA- 
Jacchia King-Hele Kozai NASA Theoretical Theoretical 
Naso 
Axo —17.557+0.010 —17.564+0.003  —17.549* —17.555+0.001 —17.372 —72.1 
0.228 + 0.008 0.25 + 0.03 0 +15.4 
Ay +1.6+40.3 +0.9+0.15 +1.4* +1.12+0.04 +1.95 —8.0 


* These values have been calculated, not from the quantities given in Smithsonian Rep. no. 22, but from privately communi- 


cated corrections to these values kindly supplied by Dr. Kozai. 
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24,000-mile satellite, it would be possible to fix the values of 
the tesseral harmonics fairly accurately. At the present 
time, the most probable hypothesis is that the values of the 
tesseral harmonics of a given order are comparable with the 
value of the zonal harmonics of the same order, since both 
are related to the strength of the Earth’s interior at a certain 
critical depth. The critical depth depends upon the degree 
of the harmonic. Thus, as Jeffreys pointed out (1) harmonics 
of degree three require strength at the outer boundary of the 
core, and in general, harmonics of degree n require strength 
at a depth comparable with a/n, where n is the degree of the 
harmonic. In a way, therefore, the new discoveries indicate 
strength in the Earth’s interior at various depths. This 
strength makes possible the existence of zonal and tesseral 
harmonics alike of a given degree. Hence, it is reasonable to 
suppose that there exist large tesseral harmonics of orders 
two, three and four. On the other hand, the rather small 
values for five and six may possibly indicate that all harmonics 
of these orders will be found to be small. This statement can- 
not be made with any great assurance; further evidence 
covering the magnitudes of the higher harmonics would be of 
great value. 

From the point of view of theory of satellites and ballistic 
rockets at a distance not far above the Earth’s surface, it is 
the low harmonics which produce the maximum perturbations. 
It is clear that in attempting to guess the midcourse errors in 
position of such bodies resulting from gravity, we must use the 
large estimates for the undulations of the geoid, such as those 
of Kaula (12) rather than the smaller ones. 

Up to the present time, the observations of satellites have 
not given us any way of determining the zero-degree har- 
monic of the Earth’s gravitational field. This is numerically 
equal to the product of the absolute constant of gravity by 
the total mass of the Earth. It has been possible, however, 
to determine this from measurements of the distance of the 
moon, especially those by Yaplee et al. (13). The results are 
still somewhat preliminary, but they hold great promise for 
the future. They suggest a value for GM of 398.618 which 


is close to the value expected from the best arc measurements 
at the surface of the Earth in combination with modern 
gravimetric measurements. 

A remarkable feature of these results is the extent to which 
the Vanguard test sphere has figured. It would be difficul 
to imagine a simpler experiment than this: A spherical body 
is fired at an altitude such that altitude drag is small; it js 
equipped with a transmitting radio and nothing more; and 
it is observed regularly. Despite its simplicity, this ey. 
periment has been of great value for the unraveling of the 
figure of the Earth as well as the study of solar effects. The 
key to its usefulness lies, of course, in the length of time over 
which it has been observed and the persistence with which 
accurate measurements have been made. 
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Lunar Trajectories 


AUBREY B. MICKELWAIT 


Space Technology Laboratories, Inc. 
Los Angeles, Calif. 


The status of three-dimensional lunar trajectories and techniques for treating them analytically 
are reviewed. The problem of a lunar satellite is treated in detail. This study is framed in the light 
of equipment limitation and interaction. Curves showing the interrelationship of flight parameters 


and also miss coefficients are presented. 


T THE present time it is fair to say that the rudiments of 

lunar trajectories are well-understood both in analytical 
pproaches and through extensive computer calculations. 
\ bibliography of much of the published work has been in- 
juded here, although, unfortunately, much important work 
s still buried in classified documents. 

One might well ask, after the many years of extensive effort 
n celestial mechanics on the general study of motion in n- 
ody gravitational fields (27),! why the field of lunar trajec- 
ories needs to be reopened at all. Unfortunately, most of the 
ffort in classical mechanics has been of little value in under- 
tanding the type of orbits we deal with here, namely, highly 
ecentric elliptical or hyperbolic collision trajectories. Fur- 
hermore, the astronomical approach has not emphasized the 
tudy of orbits in terms of a set of variable initial conditions, 
he most useful approach for actual flight trajectories. On 
he other hand, it is true, as will be discussed later, that celes- 
ial mechanics has contributed much in the way of techniques 
or rapid and precise computation of what may be called 
avigational trajectoriessuitable for exact flight tables (2, 5,30). 

An important point in the treatment of lunar flight me- 
hanics is that the equipment limitations and interactions be 
atroduced into the analysis at as early a stage as possible; 
itherwise, the analysis tends to evolve in a needlessly com- 
lex way, one which is difficult to apply in realistic situations 
nd is often overoptimistic. For this reason, the paper is con- 
emed with the relationships between specific trajectories 
ind the overall system; that is, it will include a discussion of 
actical trajectory problems, although the theoretical tra- 
ectory aspects will also be reviewed. 

A space mission is a complex of relationships among the 
urpose of the mission, the general characteristics of the 
thicle’s propulsion system, the overall probability of suc- 
essfully completing the mission, and an extensive set of 
ystems considerations which include vehicle configuration, 
mopulsion, payload, minimum and maximum permissible 
urnout velocity, powered flight guidance, ground tracking 
ystems, position of launch site, range safety, free-flight guid- 
nee and control, target approach velocity, distance of closest 
pproach to the target, the terminal injection propulsion sys- 
em, etc. A superficial picture of system considerations for a 
pace mission might run as follows. 

If our mission is to satellite the moon, we must first have 
he propulsion necessary simply to place some payload weight 
ta minimum velocity. The payload required may be pre- 
isely defined by the purpose of the mission (i.e., 100 Ib of 
‘periments and structure may be specified). In addition, 
ertain of the experiments may place constraints upon later 
urtions of the trajectory and in turn on the vehicle itself. 
i general, to make the most measurements for the greatest 
‘ugth of time and in the most detail, the approach velocity 
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to the moon should be as low as possible. Of course, since we 
are to satellite the moon, the velocity of the vehicle with re- 
spect to the moon must be reduced, and this in turn requires 
a propulsion unit in the payload which can produce the re- 
quired change. The amount of propulsion required is, of 
course, not only a function of the thrust of the engine and 
specific impulse of propellants, but it is also a function of how 
close it is planned to come to the moon initially, the ap- 
proach velocity and the properties of the subsequent satellite 
orbit. The attitude of the vehicle or, more precisely, the 
orientation of the terminal propulsion system must also be 
determined. If the attitude is fixed in inertial space by, say, 
spin stabilization, then the problems of orientation during 
powered flight must be weighed against the increased effec- 
tiveness of the retarding thrust near the moon. Furthermore, 
the trajectory must be designed so that an appropriate 
ground station can “‘see’’ the vehicle at the right time despite 
the rotation of the Earth, since a simple timer adjusted before 
launch is probably not a satisfactory solution. 

Of course, all of these terminal problems reflect back to the 
booster stages and their flight characteristics. The accuracy 
of burnout guidance is crucial. If the final stage is essentially 
unguided, as is the case when a simple solid propellant third 
stage is used, the “miss” at the moon with such a stage, were 
there no subsequent corrections, would be so great that the 
probability of success of the mission would be too low to 
justify the attempt. Thus, in addition to booster guidance, 
vernier corrections to the payload at some later time in the 
trajectory are also required. So, just as terminal require- 
ments for payload weight affect the vehicle configuration, the 
contributions of midcourse and terminal guidance affect the 
booster guidance necessary to achieve a final specified ac- 
curacy. But then the propellant and structure required for 
venier corrections also must be included in the payload, and 
so on, 

Because of the rotation of the Earth, only a small part of 
each day is possible for launching a vehicle to the moon. 
Moreover, because the plane of the moon is inclined with re- 
spect to the equator, the vehicle’s trajectory plane is inclined 
to both, and, as a consequence, feasible launch periods during 
a given day during the lunar month have differing accuracy 
and propulsion requirements. 

The point of this brief and loose summary of interrélation- 
ships in a spaceflight is to emphasize the extreme dependence 
of each aspect upon the other and, in particular, to emphasize 
the central role played by orbital analysis (29). 


General Orbital Kinematics and Guidance 
Analysis 


Planar Dynamics in the Earth’s Field 


It is impossible to solve completely the equations of motion 
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of a vehicle in the combined Earth-moon gravity field. In- 
stead, the analysis usually proceeds in an approximate 
fashion along the following lines (5,10,26,33). The transit 
of vehicle from Earth to moon is treated as a succession of 
two-body problems; that is, the vehicle is controlled solely by 
the Earth’s field in the initial phase and then passes into a 
terminal region where only the moon controls its motion. 
To further simply the problem, it is assumed that the moon 
moves in a circular orbit about an inertial Earth; the in- 
fluence of both the sun’s and the moon’s mass on the Earth’s 
motion is ignored. First, the properties of the orbit will be 
analyzed by restricting our attention to the planar dynamics. 


w = ANGULAR VELOCITY OF MOON 

T  - TOTAL TIME OF FLIGHT 

r,@ ~ NONROTATING POLAR COORDINATES OF VEHICLE 
Yo —- BURNOUT VELOCITY 

By — BURNOUT FLIGHT PATH ANGLE 

fe — RADIUS OF EARTH 

ho — BURNOUT ALTITUDE 

wt —- ANGLE MOON ROTATES DURING TIME OF FLIGHT 


R.. — DISTANCE FROM THE CENTER OF THE EARTH 
M ‘TO THE CENTER OF THE MOON 


@ — INITIAL POSITION OF MOON 
Fig. 1 Planar geometry 
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Although strictly speaking, the vehicle does not move ing 
plane passing through the center of the Earth, for our pur. 
poses we can assume it does. Using a polar coordinate sys 
tem with origin at the Earth’s center of mass (assumed 
spherical in shape) with r = the radial distance to the vehicle, 
6 the in-plane angle measured from the burnout radius (see 
Fig. 1), the vehicle’s equations of motion may be written gg 


7 — 16? = —pp/r? (1) 
+ 276 =0 


where pg = GM, = 1.4077 X 10" ft/sec? is the universal 
gravitational constant times the Earth’s mass. Equations 
[1 and 2] yield two first integrals which state that energy per 
unit mass EZ and angular momentum per unit mass J are con- 
served 


1 
= + (rb)2] — = constant [3] 


J = r°6 = constant [4] 


Since we ignore the moon’s mass in the initial phase, an jn- 
teresting class of orbits is also ignored (33). These orbits are 
true minimum energy trajectories, because the mass of the 
moon is used to pull the vehicle during multiple revolutions 
of the Earth to the moon. “Minimum energy,” as usually 
used in design analysis, means the minimum energy to reach 
the moon’s vicinity while moving on an ellipse and without 
considering the moon’s field. The difference between the two 
definitions implies a change of burnout velocity of ap- 
proximately 200 fps. The class of orbits ignored poses difficult 
guidance problems and is interesting only as a mathematical 
oddity. 

Equations [3 and 4] yield immediately the two planar prop- 


‘erties of interest 
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Fig. 3 Free-flight in-plane angle 6, vs. burnout flight path angle 
8, for various velocities at burnout (h)=200 nautical miles) 
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Fig. 2 Time of flight ¢ vs. burnout velocity 1 for various flight 
path angles at burnout (h)=200 nautical miles) 
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vhere 


{ = time of flight 
6 = angle turned from an initial radius 7) to a final radius 7; 


it should be noted in these equations that both ¢t and @ de- 
nd, through E and J, on all initial conditions, say, v9, 79 and 
3; where vp is the burnout velocity, 7) the burnout radius, 
und 8) the burnout flight path angle (see Fig. 1). However, 
Equation [5] shows that the time of flight should be insensi- 
ive to Bo for orbits with large changes in r, since Bp enters the 
ntegral only through J?/r?, which will contribute little to ¢ as 
oon as r has increased appreciably. The same argument ap- 
lies to 8; that is, 6 will depend strongly on 8» through the J 
erm in the numerator of Equation [6]; however, both @ and 
! will depend only on £ in the denominator rather than rp and 
» separately. Lunar orbits can then be categorized to a good 
proximation by burnout energy and flight path angle 
alone. 

Setting ro equal to the burnout radius and r; equal to the 
adius of a mean circular orbit, 1.261 < 10° ft, we have the 
light time and in-plane angle as functions of 8 and uw as in 
figs. 2 and 3. Unless specifically varied, ho and §> are as- 
umed to be 200 nautical miles and 70 deg, respectively, which 
ie realistic values for the kinds of vehicles under considera- 
ion. 

Because the effect of the moon has been ignored, the 
light times and in-plane angles calculated from Equations 
5 and 6] should be only approximately valid. The ap- 
roximation should become increasingly poor as minimum 
nergy is approached and the vehicle spends more time in the 
ombined field of Earth and moon before arrival. This is 
“me out by the curves labeled “exact results” in Figs. 4 and 5, 
thich represent exact numerical integration of the complete 
hree-body problem. It is evident from Figs. 4 and 5 that 
here are errors of 4 deg in @ and 5 X 10° sec in T at low veloci- 
ies, so that the analytic results are adequate for navigational 
alculations only when burnout velocities are several hundred 
eet per second above minimum. As far as some design cri- 
tia involving total time of flight and the in-plane angle @, 
uch as visibility from ground tracking stations, the results in 
igs. 4 and 5 are adequate. 

To integrate the entire system properly, however, two ad- 
tional steps must be taken. First, the effects of lunar grav- 
tymust be included in some approximate fashion; second, the 
fiect of the relative orientation of the lunar, equatorial and 
thicle’s planes on the launch conditions must be considered 
le. the three-dimensional problems). 
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Planar Dynamics in the Moon’s Field 


The effect of the moon’s gravity on the vehicle’s orbit can 
be treated with varying degrees of sophistication. However, 
the simplest approximation is accurate enough for design 
criteria. Thus, instead of stopping the trajectory at some 
radius short of R,, the mean circular lunar radius, turning off 
Earth’s gravity, and then injecting into the moon’s gravity, 
we take the conditions from the previous analysis at r = R, 
and regard them as occurring at an infinite distance from the 
moon. This is possible, of course, only because the moon’s 
gravity has a significant effect over a distance that is small 
compared to the entire trajectory. 

It is useful in discussing guidance accuracies and approach 
conditions to convert the injection conditions relative to the 
Earth into the three frequently used parameters: V na the 
velocity relative to the moon at injection into the lunar gravity 
field; 6 the vector impact parameter, that is, the vector dis- 
tance that would occur between the moon and the vehicle’s 
trajectory if the moon had no gravity; and wu the inclination 
of the vehicle’s plane relative to the lunar orbital plane, again 
ignoring the lunar gravity field (see Fig. 6). 

In the particular case that uw = 0 (see Fig. 7), i.e., the ve- 
hicle flies in the lunar orbit plane, it 1s a simple matter to re- 
late b and V,,4 to other properties of the approach trajectory 
near the moon. Assuming the approach trajectory can be 
calculated from one-body relations in a coordinate system 
centered at the moon, and that this is consistent with the other 
approximations in this analysis, we find that the approach 
trajectory is always hyperbolic, since the vehicle’s energy is 
always positive relative to the moon. The trajectory can be 
described in polar coordinates centered at the moon by 


r = + e cos 8) [7] 
where 


@ is measured from distance of closest approach 
J = angular momentum relative to the moon 
im & (1/81.45)ue = GM, 
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Fig. 7 Geometry in the vicinity of the moon 


e is the eccentricity of the approach hyperbola and can itself 
be determined from 


e = (1 + 2EJ2/pn?)'? [8] 


so that when E and J are specified in terms of velocity of the 
vehicle with respect to the moon at large distances from the 
moon V,,.4 and 6, the orbit around the moon is determined. 
Now 

J = 0V mu [9] 


and 
E = (1/2)(Vma)? [10] 


Using Equations [7 to 10], and letting D be the distance of 
closest approach, the following relation between 6, Vins, and 
D can easily be derived 


b = DV/1 + ma? [11] 


With D the moon’s radius, Equation [11] gives the maximum 
value allowed for 6 for an impact to result (see Fig. 8). For 
the lowest possible Vn (~4000 fps) corresponding to mini- 
mum energy at takeoff, the second term in Equation [11] is 
the order of unity. In other words, at low velocities the 
geometrical cross section is effectively doubled by the lunar 
gravity. Since dV,,./dv is about equal to 8, the focusing 
effect is practically gone at takeoff velocities much above 
36,000 fps. 

It is relatively simple to relate * and 76 the two polar com- 
ponents of velocity relative to the Earth to Vn. in the case 
that u = 0, as follows 


= Vi? + (76 — Vn)? [12] 


where V,,, is the moon’s orbital velocity ~3340 fps. 

Again, in the case that u = 0, we see from Fig. 7 that R,, x 
(@ — wT) is the distance from the moon at time of crossing 
the lunar orbit. This, of course, is not the distance of closest 
approach, since the vehicle will be closer either before or after 
crossing the lunar orbit unless V,,.. is parallel to a radial line 
from the Earth; the relation between 6 and Ry(@ — wT’), 
however, is obtained from 


b = — wT’) [13] 
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Fig. 8 Maximum impact parameter as function of vehicle veloc- 
ity relative to the moon 


where 
y = tan! (V, — [14] 


The quantity (@ — wT’) is useful in guidance analysis, sinee 
it can be related to dispersions in initial conditions directly 
through Equations [5 and 6]. That is 


A(@ — wT) = (9 — wT — &) — (0 — wT — &)o = 


———— | Ag;+... 15] 
| [ 


where q; is any of the initial velocity and position variables, 
such as v, 8) and 7. For a successful impact (0 — wT — ) 
is nominally set equal to zero, of course, and the coefficients 
0(6 — wT’)/dq; give the first-order effects of initial dispersions 


Aq;. 


Three-Dimensional Considerations 


In the case that ~ is not equal to zero, the terminal geometry 
connecting velocities and positions relative to the Earth to 
injection conditions in the approach hyperbola is much more 
involved (14,26). However, the picture can be simplified by 
noting that for velocities only several hundred feet above 
minimum the vehicle is traveling essen‘ially radially from the 
Earth when it approaches the moon, so that the distance oi 
closest approach (or miss distance in the case of impact mis 
sions) is given to a good approximation by 


D = R,,{(A0 — wAT)? + 4A0wAT sin? (u/2)]'* (16) 


In the event that initial conditions can be chosen such that 
(A0 — wAT) vanishes, then D is directly governed by the in- 
clination between the planes u. In the low velocity case, 
where this sort of picture is not valid, it turns out that the 
inclination hes relatively small influence anyway, and answers 
obtained with uw = 0 continue to give realistic results. 
Before discussing the interaction of ballistic error ¢- 
efficients with burnout conditions, the geometrical relation- 
ship of inclination w with burnout conditions will be este 
lished. It is convenient to specify launch variables and lunar 
position in an inertial coordinate system such as in Fig. 9. 
We are ignoring, of course, the Earth’s motion around the 
Earth-moon barycenter and the barycenter’s motion around 
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he sun. Following astronomical convention (15), the line 
f intersection of the equatorial plane and the moon plane, 
he “nodal line,”’ is taken as one axis. In Fig. 9, Earth longi- 
udes \, are measured in the equator with respect to the 
ynar descending node, the moon’s longitude X,, with respect 
the same node in the moon plane. We can imagine the 
various great circles, equator, vehicle trajectory and moon’s 
bit on a sphere surrounding the Earth, and from the result- 
ng geometrical relationships it is easy to show that 
sin sin [@ + sin=! (sin sin 7)] 


sin Y sin 6(A,, Aa) 


nd in-plane angle from burnout to impact 


} = cos! {cos (Am — Y) cos [@ + sin~} (sin y sin 7)] + sin (Aw — 
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Fig. 9 Geometry of Earth to moon trajectory 
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Burnout flight path azimuth 


= sin~! [sin sin sin (Aw — y)/sin 6] [19] 


where 
= (tan 7) 
gd = burnout latitude 
7 = inclination of the lunar plane with respect to the equa- 
tor (~18.5 deg in 1959) 
Am = longitude of the moon at impact 


It is important to note from Equations [17, 18, and 19] that 
u, 6 and a» are fixed once X, (essentially the time of day) and 


7) sin + sin-(sin y sin 7)] X 
V1 — (sin? sin? y)}... [18] 


Am (day of the month) are specified. Furthermore, as shown 
above, @ is determined also by the burnout variables 1, 7 
and $0; therefore, the time of day and day of month directly 
interact with the trajectory conditions atthe beginning of free 
flight through the in-plane angle 0. 

Figs. 10, 11 and 12 show the dependence of u, @ and ap on 
\, and A,,. As is apparent from Fig. 10 and as can be deduced 
from Equation [17], the minimum inclination for any burnout 
energy occurs when launch conditions are adjusted so that 
Ay = —90 deg. 

On the other hand, for any burnout velocity, the orbit with 
the maximum allowable azimuth occurs when the moon at 
impact is farthest south, that is, when Ay = 90 deg. Since 
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orbits with burnout azimuths near 90 deg take maximum ad- 
vantage of the Earth’s rotation, the class of orbits with burn- 
out velocities less than 36,100 fps (see Fig. 12) which impact 
when the moon is halfway between descending and escend- 
ing nodes makes most efficient use of the booster capabilities. 
The dependence of @ on d, and X,, can also place a real restric- 
tion on burnout conditions. Equation [18] shows that the 
maximum allowable @ decreases from 180 deg (at latitudes 
between +18 deg) to @ S 108 deg at the North Pole (see Fig. 
13) as the burnout latitude is moved northward. Since @ in- 
creases with decreasing velocity (see Fig. 4) there is evidently 
a minimum allowable velocity depending upon the burnout 
latitude which is above the theoretical two-dimensional value 
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(“Hohmann”’ transfer ellipse). Restricting burnout azimuths 
to easterly directions for various practical reasons will rajge 
even further the minimum burnout velocity as is evident from 
Fig. 14, obtained by eliminating A, between ao(As, A,.) and 
A(Az, Am) to give ao(9, Am). In practical analysis the burnout 
point can be related to the launch point by assuming a planar 
orbit during powered flight having an in-plane angle @,, 
Since 6,, can be of the order of 15 to 20 deg, this will further 
restrict takeoff conditions significantly. In short, the 
geometry of the Earth-moon-vehicle planes imposes definite 
constraints on allowable burnout conditions and defines 
preferential launch times and dates throughout the lunar 
month. 


Free-Flight Dispersions (6,11,26,33) 


The variation of u with time and burnout variables, to. 
gether with the dependence of closest approach on u (see Eq, 
{16]) implies a daily variation of sensitivity on impact to 
errors in burnout conditions. We do not consider dispersions 
in position here because guidance systems can control these 
much better than they can control the burnout velocity vee. 
tor. The sensitivity of lunar trajectories to azimuth and flight 
path angle variations can be calculated from purely geometri- 
cal considerations. An azimuth variation Aap is equivalent to 
rotating the orbit plane around the burnout radius 7» so that 


0b/da = Rm sin 6 [20] 


Since @ is a slowly varying function of v (see Fig. 4), azimuth 
sensitivity is relatively independent of v over the range of 
velocities of practical interest. Flight path angle dispersions 
are not related as directly to impact parameter dispersions, 
since Bo enters the dynamic variable J. As noted in the dis- 
cussions following Equations [5 and 6], the time of flight is 
largely independent of 8, thus the “on orbit miss” R,, X 
A(6 — wT) for a flight path angle variation is given by 


RnA(O — wT) = Rn(00/0Bo)ABo (21) 


Furthermore, it can be deduced from Equation [5] that 00/08 
is essentially independent of velocity and equal to 2 for & ~ 
70 deg. The on orbit miss is therefore given by 2R,,Af. 
However, as we have already observed (see Eq. [13]), the dis- 
persed impact parameter Ab assuming the nominal value equal 
to zero, can be directly related to R,,A(@ — wT). The con- 
clusion is then that 06/0{, is essentially independent of burn- 
out velocity, but as we have already noted in Equation [II], 
the maximum allowable dispersion in 6 is itself a function of 
burnout velocity. This dependence can be put into convenient 
form (see Fig. 15) by calculating the maximum allowable dis- 
persion in 6 to just impact the moon, realizing, of course, 
that the variation of the lunar gravity focusing effect with 
takeoff velocity is making the major change in allowable Ay. 
Referring to Fig. 3, we see that 07/08) ~ 0; therefore, the 
impact dispersion due to A» should be independent of in- 
clination u, at least for velocities above 36,000 fps where V mais 
parallel to R,». By referring again to Fig. 15, which shows the 
behavior of maximum allowable AB) with changes in 1%, we 
see that this is indeed the case. 

The sensitivity to v dispersions does not follow directly from 
geometrical properties of the trajectory, since the time of 
flight depends on burnout energy. Equations [5 and 6] may 
be used to compute 00/dvp and Ot/dvp and then 


Ab = R,,[0(6 — [22] 


Ab can be related to distance of closest approach in the normal 
way. The maximum allowable velocity error for a successful 
impact to occur is shown in Fig. 16 as a function of t%. Eve 
dently the sensitivity to velocity dispersions differs in two im 
portant respects from the sensitivities to angular dispersions. 
First, there is a characteristic takeoff energy and flight path 
angle such that to first order 00/01 = w0T'/dvp (for instance 
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4 = 36,000 fps, ro = 2.2 X 10’ ft, 8o = 70 deg), and, therefore, 
the two-dimensional miss (i.e., « = 0) is largely due to second- 
order terms; second, when uw is appreciably different from 
gro, the velocity sensitivity is strongly affected by the be- 
havior of u (see Eq. [16]), and, therefore, Avmax is subject to 
day-to-day variations. Fig. 16 shows results calculated under 
the assumption that the minimum uw is obtained (i.e., when 
\, = —90 deg); Fig. 17, on the other hand, shows the day-to- 
day variation for various launch velocities. At low velocities 
the maximum allowable Avy is weakly dependent on u and 
4herefore is weakly dependent on launch day; whereas near 
the two-dimensional minima Av max depends critically on u 
and therefore depends critically on launch day. In summary, 
the azimuth sensitivity is independent of burnout velocity; 
the fight path angle sensitivity is a monotonically increasing 
function of burnout velocity, and the velocity sensitivity 
‘itself is strongly dependent on velocity and inclination of the 
rajectory plane to the lunar orbit plane. It should be noted 
that the approximate methods outlined here are within 10 per 
ent of exact computer calculations at minimum energy and 
approach exact agreement by the time vp = 36,000 fps. This is 
merely a statement of the fact that the less time spent in the 
nar field the better the approximation implied by the model 
wtlined here becomes. 


Interaction of Trajectories and Missions 


To illustrate the central role of trajectory analysis in sys- 
tm design, we will examine some of the problems peculiar 
toa lunar satellite mission, the probable second step in lunar 
missions. 


lunar Satellite (34) 


The goal of a lunar satellite mission is to place some mini- 
num weight of experimental equipment and associated power 
upply, telemetry, etc., into an orbit indefinitely bound to the 
non. Barring catastrophic events, i.e., gross malfunctions, 
the vehicle should have a given a priori probability of success. 
dn additional purpose may be to guarantee a range of final 
wbital elements relative to the moon with the same given 
probability. 

We have already seen that the behavior of the powered 
fight guidance system can be summarized in terms of the 
wobability of limiting the dispersion of burnout quantities v9, 
jand a within specified limits, and that the choice of trajec- 
tory ean alter the effect near the moon of a given set of burn- 
wt dispersions. Evidently, there is no reason from the view- 
wint of accuracy to operate with a burnout velocity above 
3,000 fps when Bo = 70 deg, 7 = 2.2 X 10’ ft, since there the 
iocity sensitivity is minimized, the flight path angular 
wusitivity is minimum at minimum energy, and azimuth 
“usitivity is relatively independent of v. The optimum 
locity from the booster guidance standpoint depends on the 
lovalues of AB, Avo and Aap and lies somewhere between 
iinimum energy (35,350 fps) and 36,000 fps. On the other 
and, the available booster configuration and minimum pay- 
iad requirements may limit maximum v well below 36,000 
1. In addition, the probability of a booster configura- 
i achieving a given burnout velocity is increased if the 
uargin between ve and the velocity physically realizable by 
lhe system is increased. 

If the definition of mission success is minimal, i.e., if any 
iar capture or impact is regarded as a success, then, from 
he standpoint of free flight and terminal conditions, there is a 
fide choice of burnout conditions. The differential equations 
ithe combined Earth-moon gravity field have one first in- 
om the Jacobi integral, which can be written as follows 
2, 


= constant [23] 


J =v? — w(x? + y?) 
r, 


e Tm 
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where the z, y, z axes centered at the Earth-moon barycen- 
ter are rotating with the Earth and moon, the z axis is along 
the direction of rotation, the zx axis directed toward the 
moon, and re and r, are vehicle distances from the Earth 
and moon, respectively. For a given value of J, the vehicle is 
restricted to a region of space defined by Equation [23] and 
the conditions that |v] 2 0. The particular Jacobi surface 
of interest here is the largest one which is still closed about 
the moon, since this provides a sufficient condition for a stable 
satellite around the moon. Set J = Jo for this surface; then 
if the vehicle is inside this surface and has a value of J S Jo, 
it will remain inside the surface indefinitely. We are ignor- 
ing, of course, the small effect of the sun on the vehicle’s 
motion. 

A single value of retarding velocity can be chosen such that 
if a trajectory enters this region, this retarding velocity will 
insure that the final J S Jo. Of course, the smaller the 
vehicle’s velocity before retardation (i.e., the smaller the 
initial J value), the smaller the payload weight that must be 
expended as propellant. Fig. 18 shows a projection of this 
critical surface Jo on the Earth-moon plane together with 
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segments of trajectories entering this region. The different 
segments correspond to 25 fps changes in takeoff velocity. 
The point of interest here is that the locus of points cor- 
responding to a given time after burnout lies roughly along a 
straight line and the points are almost linearly distributed 
along this locus according to the variation in burnout ve- 
locity. Evidently, if retardation is to take place at some fixed 
time it is desirable, at least from the velocity dispersion stand- 
point, to have as large a segment of this locus contained inside 
Jo as possible. The standard trajectory should then have an 
initial velocity such that it is midway on this locus. With this 
criterion for the standard trajectory, the velocity and angular 
tolerances at burnout can easily be obtained from the work in 
the previous section. For the particular set of burnout con- 
ditions in Fig. 18, we find that the maximum allowable flight 
path angle dispersion is about +1.2 deg, the maximum allow- 
able burnout velocity dispersion is about +125 fps, and the 
maximum allowable azimuth dispersion is about 2.5 deg. If 
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Fig. 18 Variation of orbits inside the critical Jacobi region as a 
result of burnout velocity increments 
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~ each revolution and no more than a given number of days 


the burnout velocity is increased above the low velocity used 
in Fig. 18, the allowable velocity tolerance will increase some. 
what. On the other hand, the allowable angular tolerang 
will decrease rapidly. Referring to Figs. 15 and 16, the reade 
can see that this choice of initial condition for a satellite orb 
gives the maximum velocity tolerance allowed for hard jm. 
pact (vw = 36,000 fps) and about twice the maximum alloy. 
able angular dispersion for impact (v = 35,350 fps), and thes 
large allowable dispersions have been obtained with a takeof 
energy which is close to minimum. 

By examining payload constraints, free-flight sensitivity 
and terminal conditions we have arrived at a suitable trajee. 
tory for this mission. However, there are additional cop. 
straints on the trajectory so far not considered, which yjll 
also influence the final choice. For example, range safety rm. 
quirements will establish an allowable sector for burnout 
azimuths. As is shown in Fig. 19, the burnout azimuth js 
strongly dependent upon both the day of the month and the 
launch velocity (in general, the lower the launch velocity, the 
farther north the burnout azimuth must be). On the other 
hand, we must allow a suitable interval of days for launching 
the vehicle, since it is difficult to guarantee the launch on q 
single given day. This may mean that the takeoff velocity 
must be increased to maintain burnout azimuth within the 
allowable sector and to insure a large enough interval of 
allowable firing days. 

In addition to insuring an adequate number of launch days, 
a reasonable launch period during each day must be allowed 


change as launch time changes. Evidently, a combination of 
azimuth, flight path angle and velocity changes can be engi- 
neered into the guidance system to compensate for hold 
periods. However, any combination will, in general, conflict 
with the other constraints we are discussing. 

Another restriction on takeoff velocity will come from the 
need for visibility of the vehicle at the time of injection into 
the terminal phase. Taking into consideration the in-plane 
angle 6 turned by the vehicle during its free flight and taking 
into consideration the total angle turned by the Earth during 
the time of flight ¢, regions of allowable takeoff velocities can 
be established which satisfy the visibility constraint. For- 
tunately, since the time of flight changes rapidly at low velocity 
(see Fig. 5), these allowable groups of velocities lie close to 
one another in the low velocity region, so that this trajectory 
constraint is not severe. 

So far, we have not discussed in detail the constraints im- 
posed by the powered flight itself. For example, the energy 
which a given booster configuration can achieve is strongly 
dependent upon the burnout flight path angle, in general in- 
creasing with increasing values of By. However, a definite 
maximum {> exists due to heating and structural limitations; 
that is, if the vehicle flies too rapidly while still in the at 
mosphere, overheating and control problems may arise. In 
addition, we stated previously that the booster guidance sys 
tem could be summarized by a given set of dispersions and 
burnout quantities; however, the ability of the booster guid- 
ance system to control the burnout variables can be a function 
of powered flight quantities, such as downrange distance, alti 
tude, relative orientation of velocity vector, line-of-sight t 
the launch point, ete. Powered flight constraints such 88 
these may require changes in burnout conditions over and 
above those described earlier to meet the original requife 
ments for the mission. 

If we make the definition of the mission more stringent by 
requiring a tighter satellite orbit around the moon or by 
quiring solar heating effects to be limited more carefully, then 
the terminal conditions play an even stronger role in deter 
mining the suitable trajectory. Suppose it is desired to 
establish a satellite orbit with a minimum and maximu® 
height about the surface so that the vehicle’s payload is eclipsed 
from the sun for less than some maximum length of time 0 
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g total number of revolutions. It is useful, when considering 
these more stringent terminal requirements, to start by con- 
sidering the sensitivity of the impact parameter 6 to disper- 
sions near the beginning of free flight. We have already noted 
previously how these can be calculated and how they are 
effected by different initial conditions. To obtain the re- 
quired probability of success, the nominal impact parameter 
must be biased outward from that impact parameter which 
lads to the minimum allowable approach distance on the 
sitellite orbit. The attitude of the vehicle at the time of ap- 
plication of retarding thrust now plays a more important role. 
The maximum use of the retarding thrust, of course, is made 
when it is applied co-linear with the velocity of the vehicle at 
the distance of closest approach hyperbola, whatever the 
angle of the velocity vector at the distance of closest ap- 
proach. This orientation of the thrust velocity at distance 
of closest approach may require a large reorientation of the 
yehicle during powered flight near the Earth, which may be 
impossible. If this is the case, the optimum time of firing on 
the incoming hyperbola will not be at the distance of closest 
approach, and the nominal impact parameter 6 must be biased 
even further to allow for this degradation in effectiveness. It 
should also be noted that, in general, the tighter the satellite 
orbit desired, the higher the retarding thrust, and thus, the 
larger the amount of propellants needed to do the job, hence a 
smaller useful payload. 

Since a satellite is usually designed to deliver experimental 
information over long periods of time, and since batteries have 
fnite lifetimes, this sort of mission will undoubtedly require 
a continuous source of power. If the source used is solar 
power, it is obvious, of course, that a vehicle in a satellite orbit 
will be shielded from the sun during certain periods of the 
orbit. However, rather large changes can be made both in the 
inclination of the satellite plane relative to the plane of the 
eliptic and the line of nodes of the satellite orbit in the 
eliptic by relatively minor relocations of the injection point. 
Ingeneral, if solar eclipsing is to be avoided, the satellite orbit 
should have an inclination greater than 45 deg relative to the 
eliptic, and, if possible, the nodal line should have just been 
passed by the lunar shadow as the lunar shadow moves in its 
umual rotation of 1 deg per day. If these two things are 
jone, the maximum length of each individual eclipse will be 
minimized and the time of injection to the first eclipse will be 
maximized. It is obvious that manipulating the position of 
perigee and the size of the major axis by changing injection 
~onditions can influence the eclipse situation as well. 


Midcourse Guidance (18) 


These more stringent terminal requirements will probably 
¢ too difficult for the powered flight guidance to satisfy, and 
ditional corrective maneuvers during the midcourse portion 
f the trajectory will be necessary. Many guidance and con- 
rol systems can be postulated to do the job; however, it is 
mportant that the weight and power requirements of such a 
ystem be as small as possible. We can show that by using 
me simple trajectory analysis a rather rudimentary ap- 
roach is sufficient. As discussed in the previous section, the 
mpact parameter changes as a result of changes in initial 
onditions. The impact parameter change is a vector quan- 
ity, and, in general, the three important impact parameter 
hanges caused by changes in v%, Bo and ap are not co-linear 
tetors; that is, they do not lie along a single line. Recalling 
he theoretical analysis of these impact parameter changes, 
’¢ would expect the change due to azimuth to be roughly 
erpendicular to the trajectory plane, the change due to flight 
ath angle to lie in the orbital plane, and the change due to 
elocity to lie somewhere between these two directions. This 
ilicates that velocity corrections made immediately after 
soster burnout, which would give impact parameter changes 
ithe same direction as the velocity error at burnout, would 
¢unable to correct both 8 and a errors. In general, a 
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capability of making impact parameter changes in two per- 
pendicular directions is required. Looking at Fig. 20 where 
the effect of vernier corrections as a function of time after 
burnout is shown, we see that the resultant impact parameter 
changes rotate through an angle greater than 90 deg from the 
direction obtained immediately after burnout, so that by 
choosing the time correctly, any combination of angular 
errors can be eliminated with two vernier corrections made in 
a fixed direction in inertial space. Of course, the relative 
effectiveness of the vernier correction decreases as the 
vehicle approaches the moon, so that, again, there will be a 
strong interaction between time of firing of the vernier correc- 
tion and the total useful payload that can be carried. As im- 
plied by the previous discussion, this system needs additional 
information about the trajectory subsequent to burnout 
to improve the accuracy of knowledge of burnout conditions. 
This additional information should be obtained through radio 
tracking, since it is vital in the early lunar missions to at- 
tempt to keep as many of the guidance functions as possible 
on the ground, i.e., by radio techniques, so as to minimize the 
weight and power requirements on the vehicle payload. 

These more stringent terminal requirements will also place 
more emphasis on accurate trajectory computations. In the 
analysis that has been presented so far, the terminal phase 
has been analyzed by making the approximation of a single 
force center (the moon) situated in a nonrotating coordinate 
system. Since this approximate analysis is not adequate for 
tight orbits, particularly if long term safety against collision 
is desired, accurate computer runs or additional analysis which 
will include the perturbations due to the Earth’s gravity field 
and the rotation around the Earth must be carried out. This 
is particularly true near the boundaries of safe regions as 
delineated by the simple approximation. Fortunately, 
astronomers have already devised numerous ways of making 
rapid, precise computer calculations, so that trajectories with 
10-mile accuracy in the vicinity of the moon are easily com- 
puted (2,16). 

A study of the relationships between an entire space mission 
and the trajectory analysis shows that a small change in any 
of the indicated areas will result in a partially or wholly new 
trajectory. This extreme sensitivity of the trajectory to 
minor changes in the system means that each system change 
should be closely coordinated with trajectory considerations; 
perhaps more important, the implications of each change in 
the trajectory on the success of the mission must also be care- 
fully considered. 
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Conclusions 


It has been the purpose of this paper to summarize the 
available theoretical methods for analyzing lunar trajectories 
and to suggest some of the practical problems involved in ar- 
riving at an actual lunar trajectory. Although only the lunar 
satellite mission has been dealt with in any detail, the princi- 
ples and practical problems outlined apply to other lunar 
missions. However, there are also important differences. The 
extremely narrow terminal requirements which will be set 
when a soft lunar landing is contemplated will require con- 
sideration of many additional factors. Thus, for instance, the 
final impact velocity will have to be controlled within several 
hundred feet per second. Since this velocity control is re- 
quired at a particular distance from the center of the moon, it 
will be necessary to include terminal guidance in addition to 
midcourse and booster guidance required for satellite missions. 
The sensors for this terminal guidance probably will require 
information about the lunar surface which will not be deter- 
mined until actual experiments have been carried out. How- 
ever, with suitable trajectory analysis, the requirements 
placed upon the terminal guidance system can be minimized, 
thereby increasing the effective payload for experiments and 
the overall probability of success. For example, although it is 
relatively simple to eliminate the radial component of ap- 
proach velocity, it is not easy to reduce the tangential com- 
ponent. However, by designing a nominal trajectory to land 
vertically without terminal corrections, and by finding a 
nominal trajectory that minimizes the angular dispersions of 
the approach velocity from the local vertical, the corrections 
required of the terminal equipment may be minimized. 

In brief, with the help of astronomers and with the system 
design activity generated in the last several years, the basic 
problems of lunar flight mechanics are well understood. 
The emphasis in analysis has shifted from abstract isolated 
studies to particular problems facing specific missions. 
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Free Flight of a Ballistic Missile 


Space Technology Laboratories, Inc. 
Los Angeles, Calif. 


The free flight portion of a ballistic missile trajectory is described in analytic form. A simplified 
analysis using a spherical, nonrotating Earth model is discussed first, and the corresponding error 
coefficients determined for the missile burnout variables. Necessary corrections for the Earth’s 
rotation and oblateness are then introduced. Finally, consideration is given to the effect of gravita- 
tion anomalies and uncertainties in the fundamental geophysical constants which are found to be 


very small. 


HE TRAJECTORY of a ballistic missile consists of three 

phases: Powered flight, free flight end aerodynamic re- 
entry. The free flight phase represents more than 80 per cent 
of the flight time and distance covered by long range ballistic 
missiles and is the basis for the entire flight. Powered flight and 
re-entry are extensive subjects in themselves, and will not be 
discussed in this paper. However, the basic requirements for 
these flight regimes are determined by the free flight trajec- 
tory. 

The only influence exerted on the missile during this period 
is the force of gravity, which must be anticipated precisely. 
Since no control is exercised during free flight, the burden of 
establishing a proper ballistic trajectory rests with the 
guidance and control of the powered flight phase. Conversely, 
the actual trajectory which is flown usually depends on pro- 
pulsion, re-entry and accuracy considerations, which in turn 
dictate which powered flight is used. The re-entry trajectory 
iscompletely determined by the weight-to-drag ratio and the 
free flight trajectory, so that restrictions on re-entry heating 
must be reflected back through the trajectory sequence. In 
addition, the accuracy of ballistic missiles depends sig- 
tificantly on the free flight trajectory which is flown. The 
pint of the matter here is that the free flight trajectory is the 
largest dynamic factor in the trajectory, yet has the least 
control. This means that the powered and re-entry phases 
must be properly adjusted to establish a desirable free flight 
trajectory, and to guarantee that this is accomplished with 
high accuracy. 

Long range ballistic missiles became a practical reality in 
1940 with the German V-2, and have developed rapidly in 
succeeding years. The analysis of ballistic trajectories had 
been partially developed in previous centuries by astronomers 
and artillery men. Artillery trajectories were analyzed with 
a flat Earth gravitational model, and the omnipresent aero- 
dynamic drag forces meant that such trajectories had no 
genuine free flight phase. On the other hand, celestial me- 
chanics was devoted to predicting periodic orbits in the solar 
system and was not, of course, concerned with controlling such 
bits. This substantial gap between celestial and artillery 
trajectories was not closed until the incentive for planning 
uctual ballistic missile flights was presented. 

It was generally recognized, of course, that long range sur- 
face-to-surface rockets would follow elliptical trajectories 
around an ideal spherical Earth. However, the practical 
problem of planning and accurately guiding long range’ bal- 
istic missiles requires realistic free flight trajectories including 
tational and oblateness corrections. The evaluation of 
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significant perturbations and geophysical uncertainties was 
also required. Having established a set of actual trajectories, 
it is possible to determine an optimum trajectory with respect 
to specific guidance, propulsion and re-entry limitations. 

This paper presents an analytical treatment of free flight 
trajectories which is intended to provide the basis for further 
analysis of long range rockets. The same problems have pre- 
sumably been studied in many countries, 2nd a bibliography of 
visible evidence of some of this effort is included here. 

We study first the simplest case of ballistic trajectories 
from point to point on a stationary Earth. These trajectories 
are the planar Kepler elliptical paths, which are amenable to 
complete analysis. The burnout requirements for initiation 
of free flight to a specified range are established from the gen- 
eral description of the motion of a body in a central force field. 
The required burnout speed for various ranges and lofting 
conditions are computed, and the optimum burnout angle 
calculated for each range. The time of flight is computed for 
various free flight trajectories to a number of ranges. 

All of the numerical results presented are based on zero 
burnout height. Strictly speaking, this corresponds to im- 
pulsive burning at the launch site and an immediate realiza- 
tion of burnout speed. Actually, a ballistic missile acquires 
its burnout energy only after several minutes of rocket 
thrusting which ends at substantial altitudes. One can re- 
place part of the ballistic trajectory with the powered flight 
phase by proper continuous joining, and it is our intention 
that the results presented here be used in this way. The 
reason for this normalization is to avoid—in a consistent 
way—detailed powered flight considerations which depend 
on vehicle staging, specific impulse, stage weight ratios, 
burning time, etc., which are seldom identical for two missiles. 

The next step is to use these results to study the propage- 
tion of burnout errors along the perturbed trajectory and 
the impact errors produced thereby. 

Significant corrections to this simplified analysis are re- 
quired by the effects of the Earth’s rotation. Trajectories on 
a rotating Earth are described analytically by working in an 
inertial reference frame. The Earth’s rotation then appears 
as: 
1 Circumferential motion of the target during the flight 
time. 

2 An initial tangential velocity component as the missile 
leaves the rotating launch site. 


Three-dimensional guidance equations are established anz- 
lytically by adjusting of the inertial trajectory with respect 
to these factors. The unwieldly equations are best suited to 
numerical reduction, and the analytic derivation of rotating 
Earth error coefficients is not discussed. 

The oblateness corrections which must be amended to 
spherical Earth free flight trajectories are evaluated with a 
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= 


perturbation method which relies on the smallness of the 
Earth’s eccentricity (i.e., 1/300). General expressions for 
range and cross range corrections are established in this way 
for all launch and target locations, with various (lofted) tra- 
jectory options. The miscellaneous errors produced by un- 
certainties in the fundamental geophysical constants and un- 
recognized gravitational anomalies are estimated last. These 
effects are minor compared with the rotational and oblateness 
(bias) corrections, and are considered as “impact noise’’ for 
ballistic missiles. 


Trajectories on a Spherical Earth 


The purpose of this section is to develop analytic descrip- 
tions of free flight trajectories about a stationary spherical 
Earth. We first study the classical equations of motion in the 
nominal trajectory plane and from these derive the “hit 
equation.”’ The latter establishes the necessary requirements 
on the components of the burnout velocity vector in order that 
impact occur at a predetermined range. The burnout speed 
required for each range and burnout angle is then computed, 
and the optimum burnout angle for each range determined. 
Lastly, the time of flight is computed as a function of range 
and burnout angle. The results of this section form the basic 
description of a ballistic missile trajectory, to which rotational 
and oblateness corrections will be added in subsequent sec- 
tions. 

The simplest description of the free flight trajectory of a 
ballistic missile on a spherical Earth disregards the at- 
mosphere, oblateness and rotation of the Earth. The total 
mass of the Earth (M) may then be considered to be con- 
centrated at the Earth’s center, and the missile moves under 
a Newtonian inverse-square force directed toward this point— 
so long as it does not intersect the Earth’s surface. Because 
the force field is a central field, the resulting trajectory lies in a 
plane containing the launch (burnout) point and the Earth’s 
center. 

If the initial velocity vector is properly aligned in azimuth, 
however, the trajectory plane will also intersect the target 
point (7'). The planar geometry shown in Fig. 1 may then 
be used to describe the elliptical free flight path in this trajec- 
tory plane. The in-plane range angle @ specifies the angular 
separation between launch point and target, and may be 
converted to great circle linear range R by multiplying with 
the mean equatorial radius of the Earth 


a = 2.0926 10’ ft 
= 6378 km [1] 
= 3963 statute miles 
= 3442 naut miles 


A number of representative range angles ¢ and the equivalent 
linear range R values are given in Table 1, and will be used to 
illustrate many of the results which follow. 


Table 1 Conversion table for range angle ¢ and great 
circle linear range R 
Range angle ¢, Linear range R 
deg nautical miles km 
8° 20’ 500 927 
15 900 1,668 
30 1,800 3,335 
60 3,600 6,671 
75 4,500 8,339 
90 5,400 10,006 
120 7,200 13,342 
140 8,400 15,565 
180 10,800 20,012 
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Polar coordinates for analysis of planar ballistic missile 
trajectory 


Fig. 1 


Equations of Motion 


The guidance problem for ballistic missiles is to insure that 
the elliptical free flight trajectory established by the burnout 
conditions intersects the Earth’s surface (r = a) at the de 
sired range ¢. To establish the corresponding constraints 
imposed on the burnout conditions, one must be able to de 
scribe the entire free flight trajectory. This description is 
derived from the differential equations of motion for the 
missile which, in turn, follow from the Lagrangian function 
(1).2. The latter is naturally written with the in-plane polar 


coordinates (r, 6) of Fig. 1 


where overdots denote time derivatives and GM is the gravi- 
tational product of the Earth. 


GM = 1.4077 ft?/sec? = 3.9861 10” cm3/sec? [3] 


The Euler-Lagrange equations of motion (1) follow directly 
from Equation [2] and are independent of the missile mass m. 


— + GM/r? = [4] 
d 
= 0 (5) 


The second equation expresses the conservation of angular mo- 
mentum in a central field, and may be integrated in terms of 
the burnout speed V and the burnout angle + identified in 
Fig. 1 


= p = roV sin (6) 
where 
m=ath [7] 


and h is the burnout height of the missile. 
The angular momentum integral Equation [6] can be used 
to express time derivatives in terms of 6 derivatives since 


d0d_ pd 


dt dtd r*d0 
This relation allows one to write a simple differential equation 


2 Numbers in parentheses indicate References at end of paper. 
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whose solution describes the geometrical relation between r 
and 6. It is convenient to define 


= 1/r(8) 


and 
= mV2/GM 


The parameter A is the dimensionless ratio of twice the kinetic 
to potential energy at burnout, and plays a central 
role in determining the nature of the trajectory. Combining 
these definitions with Equations [4 and 6] one finds 

d*u GM 1 


(9] 
It is convenient to identify the polar axis with the burnout 
position, as shown in Fig. 1, so that t = 0 corresponds to @ = 0. 
The solution of Equation [9] which satisfies the appropriate 
initial conditions 


u(0) = 1/ro 
and 
du 1 
[10] 
is found to be 
t —_1—cos@ | sin(y — 
rou() sin? y sin Y [11] 


For A < 1, it is relatively easy to show that Equation [11] is 
the polar equation of an ellipse about the Earth’s center. 
Written in terms of the burnout variables, the result is slightly 
more complicated than the corresponding astronomical ex- 
pression involving orbital eccentricity e and mean anomaly 
M. However, it is important to use the burnout parameters 
to describe the subsequent motion, since they are the quanti- 
ties which are actually controlled by a guidance system. 


Hit Equation 


The next step is to determine which of the many possible 
ballistic trajectories will actually impact at a predetermined 
range. The family of successful trajectories is characterized 
by particular combinations of burnout angle and speed. The 
condition that the missile impact on the target is expressed 
analytically by requiring that the missile intersect the Earth’s 
surface at the point where the in-plane angle equals the de- 
sired range angle (i.e., r = a when @ = @). Inserting this 
condition into Equation [11] establishes the all-important 
“hit equation” 

ro _1—cosd sin (y — ¢) 


a Xsin?y sin [12] 


This equation expresses the necessary relation between the 
burnout parameters (V, y and h = ro — a) which insure that 
the missile impacts at a range ¢. 

The burnout speed V required to impact at a range ¢, for a 
fixed burnout angle y and height h can be computed by solving 
. hit Equation [12] for \ and recalling the previous defini- 
jon 

GM 1 — cos 
ro [(ro/a) sin? y + sin (@ — ¥) sin 


Since ry = a(1 + h/a), the fundamental geophysical constant 
for ballistic missiles is GM/a and has the absolute values 


GM/a = 6.7268 108 ft/sec? = 6.2494 10" cm?/sec? 


The burnout speed required is plotted in Fig. 2 vs. burnout 
ingle y for the range angles listed in Table 1. The curves in 
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Fig. 2 Variation of required burnout speed with burnout angle y 
and range angle ¢ for nonrotating spherical Earth (h = 0). 
Circles mark minimum speed points 


Fig. 2 are normalized in each case by choosing burnout to 
occur at the Earth’s surface (kh = 0). This choice 
avoids powered flight considerations, which are necessarily 
dependent on range, vehicle staging, performance, etc. It is 
noteworthy that burnout speeds between 10,000 and 25,000 
fps (several miles per sec) are required to reach the long 
ranges considered in Table 1. For very short ranges, one can 
expand Equation [13] in powers of the range angle ¢@ and ob- 
tain the usual “flat Earth” result 

GM ¢ gk 


= 15 
2a sinycosy sin 2y [15] 


y2 


IR 


The burnout velocity requirement curves plotted in Fig. 2 
indicate that there is an infinite set of suitable burnout pairs 
(V, y) which all lead to the same impact range. Several al- 
ternative trajectory profiles to a range of ¢ = 90 deg (R = 
5400 nautical miles) for zero burnout height (rg = a) are 
plotted in Fig. 3 to suggest the multiplicity of trajectories. 


Optimum Burnout Angle 


It is of considerable practical importance to ask if an opti- 
mum burnout angle and speed combination exists which 
would lead to maximum range payload capability for a fixed 
missile (2, 3). Inspection of Fig. 2 indicates that there is an 
optimum burnout angle y* for each range which requires the 
least speed to reach that range. Equivalently, for a fixed 
burnout speed capability, the optimum burnout angle y* leads 
to a maximum range.’ However, one is cautioned that a 
minimum speed trajectory may not be desirable from a 
guidance standpoint. The optimum y for each range is indi- 
cated by a circle in Fig. 2. 

The minimum speed inclination evidently depends on 
range, and decreases steadily from y* = 90 to 45 deg, as the 
range angle changes from ¢ = 180 to 0 deg. The short range 
limit is familiar in ordinary artillery applications, where y = 
45 deg corresponds to maximum projectile range for a fixed 
charge (see Eq. [15]). One can compute the optimum burn- 
out angle y* for an arbitrary range by differentiating Equa- 


3 Note, however, that this is not necessarily equivalent to 
minimum energy, which is determined by both V and h. 
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tion [13] with respect to y and equating the resulting expres- 
sion to zero 
sin 
16 
cos @ — (1 + h/a) [16] 


tan 27* = 


The optimum burnout angle y* is plotted in Fig. 4 vs. range 
angle for several values of burnout height. When the burnout 
height is negligible compared with the Earth’s radius (as it 
often is), Equation [16] gives 


y*=(@+7)/4 [17] 


The latter formula is usually a good approximation, except at 
very short ranges, where Fig. 4 indicates that special elevation 
settings are required to hit a target from an elevated launch 
point. 


Time of Flight 


At this point in the development we are able to compute the 
time of flight for a ballistic missile as a function of the range- 
constrained burnout variables. The total flight time has 
practical significance in its own right. These results are also 
an essential ingredient of the analysis of trajectories on a 
rotating Earth discussed in the next section. If one wishes to 
determine where the missile is on the elliptical trajectory at 
a particular time after launch, one must return to the dif- 
ferential equations of motion [4 and 5] to determine r(¢) and 
6(t) as functions of time. The first step is to integrate the 


6V/1 —cos@ oh 1 — cos @ 


give tas a function‘ of 0 
cot (1 — cos 0) +(1 — A)sin 6 
sin (y — + 
sin Y 


2 sin y V(2/r) 1 


2 3/2 tan [19] 
A{< -1 sin Y cot 5 — cos 7 ( 


The time from launch to impact, or total flight time T jg 
computed by setting @ = ¢ in Equation [19]. This simplifies 
the denominator of the first term in Equation [19], and one 
finds 


To 


= — 1 — cos 6 


To — cos @) cot y + (1 —A)sind 


(2 — A) (e/a) 


2 sin y | V(2/) 1 } 
(20) 
A[(2/A) — sin cot @/2 — cos 


where the hit Equation [12] should be used to express } in 
terms of @ and y. The total flight time for several range 
angles is plotted in Fig. 5 as a function of burnout angle y, 
These plots show that the flight time decreases steadily as 
the velocity vector is lowered toward the locai horizontal, 


V sin y 


Error Coefficients 


The hit Equation [12] determines those combinations of V, 
y and h which are consistent with impact at the range ¢. In 
practice, one selects a particular combination of burnout 
variables (V, y, h) as a design point, and then tries to measure 
and control the missile’s flight so as to achieve that condition 
at burnout. This is the basic guidance problem, of course, 
and is characterized by both measurement errors and missile 
control errors. These errors, although pertially corrected by 
the guidance system during powered flight, result in burnout 
errors 6V, dy, 5h, ete., which are characteristic of the particu- 
lar system employed. 

Our task is to determine how such burnout errors are trans- 
lated into impact errors as the missile travels over the per- 
turbed free flight trajectory. This propagation of burnout 
errors is best described with “error coefficients,” which de- 
scribe, for instance, how many miles of range error are pro- 
duced for each foot per second of error in the burnout speed. 
These error coefficients depend upon the actual trajectory 
which is flown (i.e., y and @), and it is sometimes possible to 
minimize the impact error with respect to the actual guidance 
system employed by lofting the trajectory. To compute the 
in-plane error coefficients, we differentiate the hit Equation 
[12] implicitly with respect to @ and each of the burnout 
variables 


sin Y sin? 


angular momentum integral [6] with respect to time, substitut- 
ing the derived geometrical relationship [11] between r and @ 


t 
siny = dz r*(x) 


sin (y — 2] “8 (18) 


sin Y 


or 


To a(t) 1 — cos z 


This indefinite integral can be performed analytically to 
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sin? sin? y sin Y 


According to Fig. 1, the range error is given by 
= add [22] 


and is thus related individually to each of the burnout errors 
through Equation [21]. The ratio ro/a = 1 + (h/a) is sul 
ficiently near unity that one may replace it by this value in 
the first-order expressions which follow. : 
We shall analyze the effect of burnout errors by considering 
independent variations of each of the burnout variables in s* 


4 Actually, one would pas to have @ as a function of ¢, but 
this seems to be impossible analytically. 
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Fig. 4 Burnout angle requiring minimum burnout speed to 
achieve specified free-flight range 


quence. In practice, however, burnout errors are produced 
jointly by limitations of the guidance system and so are really 
interdependent. The statistical combination of these burnout 
position and velocity errors which, in turn, produce a com- 
posite impact error for a particular guidance system, is a 
subject in itself and will not be discussed further here. 


Burnout Speed Errors 


To find the effect of errors in the burnout speed, one as- 
sumes that all of the other burnout errors are perfectly con- 
trolled. Variations in the burnout speed 6V give rise to range 
errors, Since more or less energy is imparted to the trajectory 
at burnout, and this modifies the trajectory profile and impact 
point. The appropriate error coefficients are computed from 
Equations [21 and 22] as 


bk _ 4 1 — cos @ [23] 


V sin — sin cos (y — $) 


The energy variable \ may be eliminated by means of the hit 
Equation [12] (with ro = a) to give 


[sin @ + tan y(1 — cos [24] 


This expression is plotted in Fig. 6 as a function of burnout 
angle for several range angles ¢. The optimum burnout angle 
indicated on each curve by a circle. If the optimum burnout 
angle is used, these curves indicate that a variation in burnout 
speed of 1 fps causes a range miss of 1 nautical mile at ICBM 
tanges, and approximately + mile at IRBM ranges. The 
speed error becomes more sensitive as the velocity vector is 
lowered to the local horizontal, reflecting the extreme care 
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Fig. 5 Total ballistic flight time to various ranges plotted vs. 
burnout angle 7, assuming burnout at Earth’s surface 


which must be exercised in controlling the energy content of 
a nearly-satellite orbit to insure that it “drops” on a target far 
around the Earth. Lofted trajectories (smaller y) evidently 
are less sensitive to speed errors, but imply performance 
penalties because of the greater absolute burnout speeds re- 
quired to fly such steep trajectories (see Fig. 2). 


Burnout Angle Error 


The range miss due to errors in controlling and/or measur- 
ing the elevation of the burnout velocity vector in the trajec- 
tory plane can be computed by taking the ratio of appropriate 
factors in Equation [21] 


cot sin (y — $) — cos (y — + cos y(1 — cos sin? 
(sin sin y) — cos (y — ¢) 
or 
by sin 27 


This angular error coefficient is plotted vs. burnout angle in 
Fig. 7 for the range angles listed in Table 1. An important 
feature of these curves is that 6R/éy becomes zero at the 
minimum speed burnout angle y* for each range. This be- 
havior is an extension of the accuracy insensitivity of cannon 
fire as the elevation angle increases past the maximum range 
setting (y = 45 deg), where the impact points first advance 
and then retreat, forming a dense pattern. This behavior is 
a property of all ballistic trajectories and has important prac- 
tical applications. Evidently, the burnout angle need not be 
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accurately controlled by the guidance system if the minimum 
speed trajectory is chosen,® which is usually quite acceptable 
to the propulsion designer. 


Height Errors 


The variation of impact range with errors in burnout 
height about the nominal design point can also be inferred 
from Equation [21] 


bR _ sin (y ¢) 
bh 


2 tan y 
sin Y 

This expression is plotted vs. burnout angle v in Fig. 8 for the 
range angles listed in Table 1. These dimensionless error co- 
efficients indicate that several miles of range error are pro- 
duced by each mile of height error, the exact value depending 
on the range and burnout angle. These curves have the same 
general behavior as those in Fig. 6, which is logical, since the 
primary effect of burnout height errors is to change the (po- 
tential) energy content of the ellipse. The same accuracy ad- 
vantages of lofting the trajectory noted in connection with 
speed errors apply here also. 


Downrange Position Errors 


Variations in the downrange burnout position (6D) of the 
missile from the programmed value translate directly into 
range errors 


6R/6D = 1 [27] 


since their effect is simply to rotate the trajectory ellipse in 
Fig. 1 clockwise about the center of the Earth. 


Lateral Position Errors 


If the burnout point is displaced Jaterally out of the 
nominal trajectory plane by an amount 6n, one can use 
spherical trigonometry to show that this produces a transverse 
error 6L at impact given by 


6L/in = cos [28] 


This lateral error cancels one-quarter way around the Earth, 
and is just reversed on the opposite side of the globe. 


Lateral Velocity Errors 


The nominal trajectory plane is defined by three points: 
The target, the burnout point and the center of the Earth. 
Ideally, the guidance system arranges to have the burnout 
velocity vector lie in this plane. However, if there is a small 
lateral velocity component 6V», it will produce a transverse 
impact error 6L given by 


V sin y 


6L a sin (29 


This error is quite important in practice, and is maximum for 
ICBM ranges (@ = 90 deg). Interestingly enough, it 
vanishes for flights half way around the Earth, since all great 
circle planes between the antipodes are equivalent. This 
error is most severe for steep flights, since the out-of-plane 
velocity component then produces a greater azimuthal angu- 
lar error with the velocity vector projected on the local tan- 
gent plane (i.e., V sin 7). 

all 

Trajectories on a Rotating Earth 


The foregoing analysis assumed that the missile travels 
around a stationary, spherical Earth. The study must now 

5 However, there are nonvanishing quadratic errors 52 « (by? 
which may be significant in such cases. 
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pe enlarged by recognizing the rotation of the Earth about its 
polar axis. If this rotation is neglected at ICBM ranges, im- 
pact errors of several hundred miles will result. It is there- 
ore necessary to program such corrections accurately in the 
guidance system. The rotational motion makes two distinct 
shanges in the stationary, round-Earth trajectory analysis. 


1 Target Motion: 
During the missile flight time 7, the target moves a 
listance 


[30] 


n longitude, where w = 7.29 10-5 radians/sec is the angular 
peed of rotation and 8 the target latitude. Normal ICBM 
light times are approximately a half hour, according to Fig. 5, 
which would cause an uncompensated impact error of almost 
100 miles at 45-deg latitude. 


waT cos B 


2 Launch Site Motion: 

Because of the Earth’s rotation, the missile has a linear 
velocity wacos @ as it stands on the launch pad, even before 
t is launched. The eastward tangential velocity of rotation 
lepends on the launch latitude a and must be added vec- 
prially to the velocity developed during powered flight by 
the rocket motors, to give the total burnout velocity vector in 
an inertial reference frame. At the Earth’s equator, this speed 
s approximately 1500 fps and is therefore comparable with 
the required burnout speeds indicated in Fig. 2. The guidance 
system attempts to establish the burnout velocity vector in 
the plane defined by the burnout and target points. If one 
recognizes only the propulsion produced velocity vector in 
adjusting the trajectory plane, however, a lateral velocity 
component out of this plane is created by the rotational 
velocity. According to the analysis to be developed below 
and the azimuthal error coefficient Equation [29], this lateral 
velocity component produces a transverse impact error given 
by 


@ 


= asing 


(sin a cos B cos WY — cos asin B) [31] 


where the coordinate angles are identified in Fig. 9. This 
effect leads to transverse errors of several hundred miles at 
ICBM ranges. The corresponding change of burnout speed 
produces range errors which are also significant. 

The difficult problem in analyzing rotating Earth trajec- 
tories is to combine the target motion and launch site motion 
fects in a dynamically consistent manner. The following 
section shows how the exact guidance relations for ballistic 
trajectories between points on a rotating sphere can be 
established in analytic form. However, these relations are 
most efficiently reduced to numerical form with the aid of 
high speed digital computing machines, and this discussion 
does not include extensive numerical results. 


Kinematics 


One can use either an Earth-fixed or inertial reference frame 
fo describe ballistic trajectories on a rotating Earth. Seen 
fom the Earth’s surface, the rotation produces apparent 
forces on the missile 


F’ = Fo — 2m@ V — ma X (@ X 7) [32] 


in addition to that of gravity Fc. @ is the Earth’s angular 
rotation velocity (spin) vector, V the missile velocity, and r 
the instantaneous position vector of the missile. The second 
rm in Equation [32] represents the Coriolis force, which 
«ts always to deflect the missile to its own right in the 
wrthern hemisphere. Since this effect is proportional to both 
wand V, the high burnout speeds of ballistic missiles suggest 
that rotational effects are quite important. The third term 
iescribes the centrifugal force which is directed normal to the 
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Fig. 9 Coordinates for rotating Earth trajectories 
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spin axis of the Earth. These two forces are fictitious, of 
course, and result from using a rotating Earth-fixed system to 
describe the (inertially plane) free flight trajectory. 

In this development, we shall use an inertial frame of 
reference, in which only the gravitational force must be 
counted as such. The rotational effects then occur as varia- 
tions of the initial and final conditions of the motion. We 
employ the system of rectangular coordinates shown in Fig. 9, 
using the north pole as the z-axis, with the (y, z)-plane so 
chosen that the burnout point lies therein at the zero time 
reference (t = 0). Consider a ballistic missile at the burnout 
point (1) with latitude a and zero relative longitude. The 
target point (2) is at latitude 6 and longitude Wp with respect 
to the burnout point when the missile enters free flight. How- 
ever, the important target position is that at impact, when 
the longitude is 


[33] 


if T is the adjusted flight time. The burnout and impact 
points are conveniently described by the spherical angles of 
Fig. 9 and rectangular unit vectors 


= cosa +& sin a] [34] 
72 = ali cos B sin + cos Bcos¥ sin B] [35] 


where 7 = h + a, as before. 

The time-varying range angle @ for rotating Earth trajec- 
tories is determined from the position vectors and the defini- 
tion of included angle 


ner 
cos @ = + = cos a cos B cos WY + sin asin B [36] 
roa 


This relation may be employed to compute the rotationally 
modified range once the adjusted flight time T is computed, 
so as to estimate y through Equation [33]. 


Guidance Equations 


The guidance relations for ballistic trajectories on a rotating 
globe are essentially three-dimensional, time-varying general- 
izations of the planar “hit Equation” [12]. These guidance 
equations are transcendental relations among the magnitude 
and direction cosines of the velocity vectors required to hit 
the moving target. The objective of this analysis is to deter- 
mine the velocity’s direction cosines as functions of the cutoff 
speed V. The condition that the target point coincide with 
the trajectory plane after 7 seconds of flight detemines the 
right-left heading commands. The requirement that the 
missile hit the point (2) as it passes through this plane deter- 
mines the climb angle asa function of speed. The normaliza- 
tion for direction cosines forms the third equation. 

From an inertial point of view, the missile is given two initial 
velocity components: a tangential velocity due to the Earth’s 
rotation in the z-direction iwrp cos a; and a velocity V relative 
to the launching site, which is imparted by the thrust pro- 
gram. The two components must be added vectorially to 
give the resultant burnout velocity U in the star-fixed inertial 
reference frame 


U=V + 7 wncosa [37] 
We denote the direction cosines of the cutoff velocity V with 


respect to the same rectangular axis by /, m and n, so that the 
initial velocity vector 0 becomes 


U +r cosa) + 7(mV)+k(nV) [38] 
The motion is planar in the inertial reference system,*® and the 


trajectory plane is determined by the initial (total) velocity 
vector U of Equation [38] and the Earth’s center. 
* An observer on the rotating globe observes apparent devia- 


tions from planar motion and attributes them to the Coriolis and 
centrifugal forces of Equation [30]. 
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The first guidance condition requires that the burnout ye 
locity vector U lie in the plane defined by 7, and 72. This may 
be expressed analytically by noting that (7; X 72) is a vecte 
normal to their common plane. In order that U have no com. 
ponent pointing out of this plane, we must have 


Xm) = 0 
which yields our first “guidance relation” 


( COS & 


+1) + (sin cos cos cos sin 8) + 


ncos B cosasinY = mcosB sina sin (39) 


The second guidance relation follows from the planar hit 
Equation [12] derived earlier 


To GM 1-—-cos¢ 
sin? y 


sin (Y — 9) 
sin Y 


(40) 


The in-plane angle range ¢ is measured in the adjusted plane 
of motion and is defined by Equation [36]. The angle y be 
tween the local vertical at the launching point and the re. 
sultant velocity U is computed from 


mcosa@ +nsina 
lro + wro cos a/V)? + m? + 


| 


cos Y = [41] 


The burnout speed of the composite velocity lU | is computed 
from Equation [38] 


2 


The third guidance relation follows from the usual normal- 
ization of the direction cosines 


2+m+n?=1 [43] 


In principle, one may now solve the three guidance rela- 
tions [39, 40 and 43] for /, m and n as functions of V. Unfor- 
tunately, the flight time 7’ is concealed in these equations by 
its explicit appearance in (see Eq. [33]), and hence in ¢. 
To obtain consistency, we equate the flight time to the T- 
dependent integral expression [20] with V replaced by the 
composite speed | U| 


ro ¢(7) GM 1-—cosz 


which may be reduced to a form similar to that of Equation 
[20]. This relation determines 7 as a function of |, m, n and 
V, and thus permits one to eliminate it in solving the guidance 
equations. In practice, one must employ an iteration pro- 
cedure based on guessing 7’; solving for 1, m and n; comput- 
ing a new 7, and so on. This process converges remarkably 
well in virtue of the apparent stability of expression Equation 
[44] to small variations in the burnout conditions (see Fig. 4). 
The three guidance equations or “rotating hit equations’ 
[39, 40 and 43] form the basis for computing other properties 
of trajectories which are adjusted to hit a moving target. For 
instance, one can plot the speed required to reach a givel 
target as a function of any one of the direction cosines for 8 
stationary globe in Fig. 2. The new burnout speed curves 
reach minimum values for burnout angles y** which are 
generally different than the corresponding y* for a stationary 
globe. This effect is quite significant for long range trajec- 
tories when one fires with the Earth’s rotation (i.e., to the 
east). However, it is very difficult to extract such conditions 
from the “rotating hit equations” analytically, and numerical 
methods are employed to solve such problems in practice. 
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rror Coefficients for a Rotating Earth 


In principle, it is possible to calculate error coefficients for 
rotating Earth by implicitly differentiating the three guid- 
nce Equations [39, 40 and 43], in the same manner that was 
sed in the previous section. However, it is very difficult to 
ork analytically with this system of guidance equations, 
nd the results are most efficiently extracted with a large 
igital computing machine. In practice, one finds that the 
ror coefficients for rotating and stationary Earth trajec- 
ries are quite similar. This can be explained in terms of the 
Jative insensitivity of the error coefficients plotted in Figs. 
-7 and 8 to the burnout variables, since the rotational cor- 
tions can be considered as small modifications (+10 per 
nt) of the nominal burnout conditions. 


blateness Correction 


We have assumed so far that the gravitational force acting 
1 a ballistic missile is a simple 1/r? central field directed 
ward the Earth’s center. An important correction to this 
scription is required by the oblateness of the Earth. The 
arth is flattened at the poles and bulges at the equator. 
his latitude variation of mass creates a noncentral force field 
hich exerts important torques on, and additional forces in, 
e nominal trajectory plane. The Earth is well-represented 
.an oblate spheroid with eccentricity e = 1/297. A latitude- 
pendent potential has been developed in spherical har- 
onics to describe this effect and the constants therein ad- 
sted by means of geophysical measurements (4). Denoting 
e co-latitude by o 


GM 3/1 
roj=— (2 — costo) + 
a r r? \3 
8 


aé 
35? Pde) [45] 


1 
Pc) = AG cos! ¢@ — 30 cos? o + 3) [46] 


here the coefficients of these harmonic terms are measured 
(4) 
J = 0.0016370 + 0.0000041 [47] 


D = 0.0000107 [48] 


nce the oblate potential Equation [45] depends on both 
dial distance and latitude of the missile, the range and cross- 
nge corrections will depend on both burnout and impact 
ordinates, as well as the free flight trajectory which is 
wn. One can make a crude estimate of the oblateness 
ect (which ignores these factors) by multiplying the missile 
nge with the coupling constant J. The order of magnitude 
this correction at ICBM ranges is 


6R ~ Jad & 10 miles [49] 


vidently, it behooves one to include oblateness corrections 
the original guidance relations. On the other hand, the D 
rm in Equation [45] produces impact errors which are ap- 
oximately one hundred times less than the J effect and will 
disregarded. 

We shall calculate oblateness corrections using a straight- 
ward perturbation expansion (5) in the small coupling 
nstant J. The calculation is most efficiently performed 
out the nominal trajectory plane. A one-to-one relation- 
ip between the co-latitude o and in-plane position angle 0 
n be established with spherical trigonometry 


$¢ = cos Osina + sin 6 cosa X 
(1 — cos? B sin? W/sin? [50] 
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Here a, 8 and W are the latitude and longitude position angles 
identified in Fig. 9, and ¢ is the nominal range angle which is 
related to them by Equation [36]. Since r is the same in 
both the spherical and trajectory plane coordinate systems, 
the oblate potential can be rewritten 

3 
GMm E 4g [51] 


r 


V= 


where 
f(0) = 1/3 — (A cos 6 + B sin @)? [52] 
and the constants are given in terms of the coordinate angles 
by 
A =sina [53] 
B = cos a(1 — cos? B sin? p/sin? o)*/? [54] 


The oblateness corrections are conveniently computed by de- 
composing the impact error into downrange and crossrange 
components. 


Range Corrections 


The range correction can be computed by studying the 
new equations of motion in the nominal trajectory plane—as 
modified by the oblateness. One can combine the oblate po- 
tential Equation [51] and the kinetic energy expressed in the 
(in-plane) polar coordinates of Fig. 1 to construct a new La- 
grangian 

3 
E +J “10)| [55] 
2 a r 


The oblateness-modified equations of motion become 


4 3 
a r r 
d _ ,@Ma? df 


The second equation may be integrated 
= + e) [58] 
in terms of the unperturbed angular momentum p of Equa- 
tion [6] and the as yet unknown function 
GMa? f(t 1 
0 r3 dO 


[59] 
Equation [58] allows time derivatives to be converted to @ 
derivatives, as before 


d_pite)d 
dt d6 
If one again sets U = 1/r and follows a consistent plan to 


keep only first-order terms in J, the perturbed geometrical 
equation for motion in the nominal trajectory plane becomes 


GM GMa? dU df 
dé? p? [ U dé 
2GM (8 df 


A straightforward perturbation procedure is to substitute 
the expression [11] for U(@) about a spherical Earth into the 
right-hand side of Equation [60], and to solve the (harmonic) 
differential equation with the added driving term in brackets 
representing the oblateness induced distortion of the elliptical 
trajectory. This can be done, and the indefinite integrals 
evaluated in closed form (5). However, it is substantially 
easier to approximate U(6) on the right-hand side by the burn- 
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iy 3 
i 
ith 
: 


out value 1/ro. Since the oblateness potential term itself falls 
off rapidly with r, and since economical ballistic trajectories sel- 
dom rise far above the Earth (compared with a), this ap- 
proximation is probably good to 10 per cent, or less than 1 
mile according to Equation [49]. The above equation is thus 


simplified to 


GM GM 


since 77 = a to our accuracy. This equation may be solved 
and the initial conditions of Equation [10] invoked to yield a 
perturbed U(@). Recalling that \ sin? y = p?/GMa 
va, . 1— 0089 sin(y — 8) f 
sin? 7 sin Y sint y J0 
sin (0 — [(3A sin? y — 2)f(z) — 2f(0)] [61] 


Impact occurs when U = 1/a, and this will now happen at 
6 = @ + 4¢, where 6¢ is the range (angle) correction. Using 
the results of our discussion of error coefficients the range 
error at impact 6R = add becomes 


Ja 
\? sin’ y cos 


2)f(x) — 2f,0)] [62] 


Finally, substituting for f(@) from Equation [59] and perform- 
ing the integration 


6R = 


—Ja 


3 


{2 (; aya — cos >) sin? y — 


and since cos ¢ = A cos 6 + B sin @ by Equation [50], the 
lateral equation of motion becomes 


GMa? sin cos @ cos B 


ing (4008 + B sin 


(68) 


This differential equation really describes the accumulation 
of crossrange error, since any motion out of the nominal plane 
must be counted as oblateness correction, 6L = L(T) = L(@). 
Equation [68] may be integrated to give the total lateral error 
6L at the impact point, if the unperturbed solutions for cos @ 
and sin 6 are substituted into the right-hand side. We find it 
convenient to convert ¢ integrations to @ integrations by 
means of the unperturbed angular momentum change [8], so 
that 


2) 
= — 2JGMa? sin X 


p? sin @ 
, A cos 6” + Bsin 6” 
r(8") 


(69) 
To the same approximation used previously, one may hold r 
constant in these integrations and calculate 


2Ja_ sin Y cos a cos B 
sin? ¥. sin 


[A(1 — cos @) + 
B(d — sin [70} 


6L = 


) [(1 — cos + A*(cos? + 


cos @ — 2) — B%1 — cos d)? — 2AB sin d (1 — cos oi [63] 


To illustrate this result, we assume a = 8 = 45 deg, and a 
minimum energy orbit to ¢ = 90 deg 


6R = —10.8 nautical miles (undershoot) [64] 


which agrees with the approximate estimate [49] remarkably 
well. 


Crossrange Error 


The oblate potential also produces forces acting normal to 
the unperturbed plane of motion, and these give rise to lateral 
errors at impact. Using Newton’s second law of motion, and 
denoting the normal to the unperturbed plane by 7, the equa- 
tion for lateral displacement L becomes 


1 ~ 


One can write out the gradient in spherical coordinates (r, o, 
w) of Fig. 9 as 


[66] 


The oblate potential Equation [45] is independent of longi- 
tude (w). Since e, lies in the unperturbed plane of motion, 
me, = 0, and Equation [65] becomes 


aL GMa? 


Applying spherical trigonometry to Fig. 9, one can show that 


sin ¢ sin o 
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Explicit corrections may now be computed from a knowledge 
of the burnout and impact coordinates (a, 8B, y, @) and the 
ballistic energy variables (A, 7). 


Geophysical Problems 


We have now discussed all the major influences exerted on the 
free flight trajectory of a ballistic missile. It is valuable, how- 
ever, to consider briefly the miscellaneous perturbations which 
also affect such a motion. Of especial interest are inherent 
uncertainties in the fundamental geophysical constants and 
the influence of gravitational anomalies. Ballistic guidance 
depends upon one’s ability to anticipate the absolute gravita- 
tional attraction exerted on the missile by the Earth over the 
entire free flight trajectory. The fundamental geophysical 
constant GM/a and the mean equatorial radius a enter ex- 
plicitly into the guidance equation, so that present uncer- 
tainties in the knowledge of these constants is necessarily re- 
flected in range bias errors which are uncertain a prvrt. 
Furthermore, in order to compute accurately the rotational 
and oblateness corrections discussed in the sections “Trajec- 
tories on a Rotating Earth” and ‘“Oblateness Correction, 
respectively, one must know both the spin rate w and coupling 
constant J. On the other hand, variations about the mean 
gravitational field, such as gravitational anomalies and solar- 
lunar effects, can cause minor errors if they are not included 
in the guidance program. 


Uncertainties in the Physical Constants 


Both the mean radius and the ratio GM/R enter the planar 
hit Equation [12], and we must inquire as to the accuracies 
with which these are presently known. It is convenient to re 
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write the hit equation explicitly in terms of GM/a and 


h GM 1 1—cos@_ sin(y — ¢) 
(1 + h/a)V? sin? y sin Y 


Percentile uncertainties in the fundamental geophysical con- 
stant GM/a are evidently equivalent to percentile uncertain- 
ties in V?, and the burnout speed error coefficient Equation 
[24] may be used to estimate the range error incurred by using 
an incorrect value of GM/a in programming the guidance 
system 


6(GM /a) 
(GM/a) 


- alsin @ + tan y(1 — cos ¢)] [72] 


The individual uncertainties in G and M are quite large, and 
it seems that the ratio is best determined from measurements 
of the acceleration of gravity at the Earth’s surface 


GM /a = ag [73] 
[he corresponding percentile variation is 


6(GM /a) da dg 
(GM /a) g 


[he probable uncertainty in the equatorial radius 6a is now 
ess than 100 m (6). The estimated error (7) in the Potsdan 
bsolute gravity standard is about 4 milligal.? Combining 
hese estimates, we find 


6(GM /a) 
74 
nd the corresponding range error can be inferred from Fig. 6. 
‘or example, at ICBM range with a minimum speed trajec- 
ory, one finds 


dR = 0.2 miles [75] 


s the irreducible range accuracy. 

The mean equatorial radius a also enters into Equation [71] 
hrough the ratio h/a. The range error produced by an un- 
ertainty in a alone can be inferred from the burnout height 
rror coefficient in Equation [26] 

= [2 tan y — [76] 
a sin Y 
he bracketed quantity is less than 6 for all ballistic trajec- 
ries of interest, whereas h/a itself is always less than one- 
“a because of powered flight gravity loss considerations. 
ence 


6r < 6a < 100 meters [77] 


hich is quite modest. The point of the matter is that one is 
ying only an r-differential course relative to the uncertain 
here, so that the absolute radius is less important in this 
mnnection. 

The angular spin rate of the Earth w introduced previously 
now known to better than one part in 10’, corresponding to 
le accuracy of astronomical time standards and slight per- 
irbations in the Earth’s spin rate. The rotational correc- 
ons discussed in the section on guidance equations are several 
indred miles, so that the uncertainty in making these cor- 
ctions is only a few inches! 

The uncertainty in the oblateness coupling constant J given 
y Equation [47] is about one part in 400. However, the 
lateness corrections themselves are only of the order 10 
iles for long-range trajectories, so that the impact point 
ould be uncertain by less than 40 m. 


"1 gal = 1 cm/sec; 1 g = 980 gal. 
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Gravitational Anomalies 


World-wide measurements of the acceleration of gravity 
show departures from the international ellipsoid represented 
by Equation [45]. These anomalies are probably due to local 
concentrations or shortages of material in the Earth’s crust. 
The corresponding modification of the acceleration of gravity 
is about 30 milligal, if one compensates isostatically® for the 
conspicuous land masses and ocean troughs. Tanni (8) has 
studied the distribution of these “free-air anomalies’ and 
finds some reason to believe that latitude-dependent term 
should be added to the potential Equation [45] to represent 
a tri-axial ellipsoid, or “potato shape” of the Earth 


3 
6V=E sin? cos (2w — [78] 


If all of the residual anomalies are lumped into this harmonic, 
the value inferred from Tanni’s data (8) is 


E~210° [79] 


Others argue that the “potato” shape is fictitious, and the 
matter is still in doubt. However, we do notice that this 
harmonic changes by its total amount F in a longitude 
change of 90 deg, and so might well produce a “resonance 
effect”’ with a 5400-nautical-mile ICBM trajectory. The per- 
turbation scheme discussed in the previous section is well 
suited to evaluating such effects and was used to compute the 
impact errors for typical trajectories corresponding to the 
potential term Equation [78]. These errors can be as large 
as a quarter and half mile at long range, indicating that the 
resonance effect does indeed conspire to increase the simple 
estimate that one might make: ER ~ 0.1 mile. 

One need not use the harmonic series representation of the 
Earth’s gravitational potential field, especially if it is not ciear 
into which harmonic term the anomalies should be lumped. 
In fact, potential theory (9) tells one how to compute the 
Earth’s potential at any exterior point in terms of all the sur- 
face gravity values exactly. If one considers only variations 
6g about the value go corresponding to the Newtonian r~? po- 
tential, one can write the modification of the potential at any 
exterior point r, a, w (see Fig. 9) in terms of the surface values 
of 5g over the variable points (a, &, 7) 


6V(r, o, = x dé sin dn F cos 0) 7) 
[80] 
where 
cos = 7) [81] 
and the kernel is given by 


2 
K(p, cos x) = — 2p cos + p 


sin h™ (cosx) + sinh (cot [82] 


Here 6g is the magnitude of the acceleration of gravity meas- 
ured in the radial direction at the Earth’s surface. The 
gradient of expression [80] can be used to predict the force 
field perturbations exerted on the missile at altitude in terms 
of the measured surface values of 5g. The range and cross- 
range errors which would result from ignoring the effect of 
Equation [80] in planning ballistic trajectories are most con- 
veniently computed using the perturbation procedure de- 
veloped in the previous section. This is a lengthy process, 


8 This involves placing an equal and opposite mass at a depth 
of approximately 113 km, so that the net mass shift in a given solid 
angle measured from the Earth’s center is zero. Such combina- 
tions should behave as mass doublets and so loose their effect at 
large distances (i.e., missile altitudes) quite rapidly. 
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however, and one is encouraged to seek simpler methods for 
computing the approximate effect of specific anomalies. 

To estimate the effect of a single anomaly, one may assume 
a pulse potential anomaly of magnitude A and angular width 
at a central angle position 4% 


83 
0, otherwise [83] 


6V 


a 


The perturbation theory outlined in the previous section can 
be used to calculate the corresponding in-plane range error 


84 
cos y sin 3 y [84] 


—Aea cos ( 


This result shows that the impact error is directly proportional 
to: (a) the magnitude A of the pulse, (b) the linear distance 
ea over which the pulse extends, and (c) the distance of the 
pulse from burnout. Evidently, the pulse is most disasterous 
if it occurs near burnout (@% = 0), for then the trajectory 
modifications so produced have the entire free flight trajectory 
over which to develop errors. A 200-milligal anomaly ex- 
tended over 200 miles is an extreme gravitational variation, al- 
though its single effect for ICBM flights is only about 20 m. 
It is apparent that even combinations of severe anomalies 
can only cause small impact errors for ballistic missiles. 


Miscellaneous Effects 


Herrick (10) has shown that the gravitational attractions 
of the sun and moon, if neglected, cause impact errors which 
are measured in feet, and are thus negligible. The point here 
is not that these fields are weak (for they cause the tides), but 
rather that their balance with the offsetting centrifugal 
forces? exerted on the Earth—and hence on the missile— 
changes very little during the short flight time of a ballistic 
missile. 

General relativistic effects produce a central force modifica- 
tion of the basic Newtonian potential which is similar to the 
oblateness potential of Equation [45]. If C is the speed of 


light 
2 43 
— GMm E ¢ sin | (85) 
a C 


Comparison of the equivalent coupling in this expression with 


® Produced by motion round the sun and the Earth-moon 
center of mass, respectively. 
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J in Equation [45] 


2 
[ | ~ 10-3 


shows that the error due to neglecting general relativistic 
effects is six orders of magnitude smaller than the oblateness 
correction indication by Equation [49]. 
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Stabilization and Attitude Control 
of Satellite Vehicles 


WILLIAM E. FRYE and 
EDWARD V. B. STEARNS 


Lockheed Aircraft Corp. 
Sunnyvale, Calif. 


The status of concepts and techniques in the field of satellite attitude control and stabilization 
as reflected in the open literature of the last five years is reviewed. Stabilization by means of 
the gravity gradient, aerodynamic torques and radiation pressure is examined. Various attitude 
sensors and control torque generators are discussed. The sources of disturbing torques are briefly 


summarized. 


HIS paper will attempt to review the “‘state-of-the-art” in 

the field of attitude control and stabilization of satellites 
by examination of the unclassified literature and publications 
of the past five years. Although artificial satellites have been 
the subject of intensive study and design effort for more than 
12 years, and have been successfully launched for almost two 
years, only one satellite has been reported to have been 
attitude controlled on orbit at the time of this writing (July 
1, 1959). An indication of the increasing importance of 
attitude stabilization is contained in the reports of plans for 
such sophisticated future satellite applications as the com- 
munications, astronomical observatory, reconnaissance and 
Project Mercury (man-in-space) satellites. 

For purposes of clarification of terms, the following distinc- 
tion between attitude stabilization, control and indication will 
be assumed in this paper: 

Stabilization implies giving the vehicle a configuration hav- 
ing a naturally stable orientation to which the body will tend 
to return if perturbed slightly in attitude or from which it re- 
sists being disturbed as in spin stabilization. Examples that 
will be discussed are gravity gradient, radiation pressure and 
aerodynamic pressure stabilization. Although these effects 
may be stabilizing influences in some applications they can be- 
come sources of undesired disturbing torques in others, so that 
one can truthfully say, “the concept of the vehicle as gently 
floating through space in a completely undisturbed manner is 
... naive. The vehicle must continually be contending with 
its environment in one way or another’”’ (1).? 

Attitude control is defined as the attempt to constrain the 
attitude of the body to a particular desired orientation. This 
implies the ability to generate or initiate restoring torques 
whenever the attitude deviates from the desired orientation. 
Control systems thus employ active means of generating 
torques and forces to regulate the attitude. Examples of such 
control means are gas reaction jets or rockets and inertia reac- 
tion wheels. 

Along with the “muscles” that control orientation goes 
some means of sensing attitude and providing signals to the in- 
put of the control system. Such attitude indication is usually 


Received Aug. 4, 1959. 

‘Discoverer II, launched on April 13, 1959, was reported as 
successfully attitude stabilized on orbit. Vanguard and Ex- 
plrer satellites have been spin stabilized at injection into orbit 
4% a consequence of ascent guidance requirements. Published 
information regarding Sputniks indicates that no attempt was 
made to stabilize their attitude but rather that their tumbling 
Notions were employed as a means to measure upper atmosphere 
properties. See Sedov, L. I., “Dynamic Effects on the Motion 
soma Sputniks,’”’ Proc. [IXth IAF Congress, Aug. 1958, Am- 

am. 


* Numbers in parentheses indicate References at end of paper. 
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accomplished by employing devices and instruments, such as 
gyros, horizon scanners, star, sun or planet sensors, accelerom- 
eters, pendulums and many others as part of the feedback 
loop through the control system and vehicle attitude. In 
addition to their role of providing the “intelligence” to the 
control system, attitude indicators are valuable in their own 
right as transducers of attitude information to a telemetry sys- 
tem for transmission to the ground for evaluation. 

Although the title of this paper indicates the application to 
satellite vehicles, some of the sensing and control methods dis- 
cussed here are equally applicable to space missions other than 
satellites, such as lunar, planetary and sun probes, some of 
which may involve satellite phases of operation. 

Although not explicitly discussed here, guidance during 
ascent to orbit can influence attitude control and stabilization 
indirectly, for example through the initial conditions in atti- 
tude at injection, the air drag and aerodynamic forces espe- 
cially at perigee, and the orbit eccentricity (6). The ascent 
guidance requirements can vary widely depending on the par- 
ticular mission, ranging from the relatively simple task of 
placing the vehicle in any orbit to the stringent requirements 
for precise orbit matching and rendezvous of satellites which 
might rival the ICBM requirements for accuracy and timing. 

Because of security restrictions, it is not possible to give 
adequate credit to certain individuals and organizations whose 
pioneering work in the field of satellite stabilization and con- 
trol has not been reported in the open literature. 


Gravity Gradient Stabilization 


The existence of a natural satellite of the Earth—the 
moon—which always maintains the same face toward the 
Earth, has inspired investigations leading to an understand- 
ing of the role that the gravitational force plays in stabilizing 
a satellite. Astronomers and mathematicians for many years 
have studied the librations of the moon, that is, the apparent 
oscillations about its center of gravity relative to the line of 
sight to the Earth. Routh (2) has derived the equations of 
motion about the axis normal to the orbit plane and deduced 
that the motion is stable if the principal axis of least moment 
of inertia lying on the moon’s equator would point toward the 
Earth and if the moments of inertia about the two principal 
axes assumed to lie in the equatorial plane were sufficiently 
unequal. This result is attributed to Laplace. The method 
of stabilization derives its torque from the gradient of the 
gravity field; its analysis may be simplified if applied to a 
configuration in which two similar masses are concentrated 
at the ends of a rigid weightless rod—hence the term of 
“dumbbell effect” is applied. 

The torques on a satellite due to the gravitational field 
have been discussed in a number of recent papers (3-15). 
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The equations of motion for the satellite attitude have been 
derived and solved with varying degrees of rigor and com- 
pleteness by Klemperer and Baker (3), Roberson (4-6), Davis 
(11), Stocker and Vachino (12) and Schindler (13). The im- 
portance of the choice of a coordinate reference system has 
been pointed out by Roberson (6). Following his notation, 
one can derive the attitude equations for small angles from the 
well-known Euler equations as 


Angle (8) have suggested the use of vibration absorbers or of 
variable speed inertial wheels driven from rate gyros to pro- 
vide damping for a gravity stabilized satellite. 

If a constant angular momentum flywheel is fixed in the 
satellite vehicle with its axis normal] to the axis of minimum 
moment of inertia (the natural vertical axis), the vehicle on 
orbit will be subject to a torque tending to align the flywheel 


1,6, + — 12)0; + + 12 1y)6s = external and control torques D,(t) + parametric excitation function P,(9, 6, t) [1] 


+ — 12)02 = D,(t) + Py(8, 6, 0) [2] 
1; + — — + — Ty). = 
Dit) + 8, t) [3] 


where 


I,, Ty, I, = moments of inertia about the principal axes 

6,, 02, 6; = attitude deviation angles in roll, pitch and yaw, 
respectively, relative to the forward sense of the 
vehicle motion in the instantaneous orbital plane 
and the vertical 

Wo = mean angular velocity of orbital motion 


The parametric excitation torques P(@, 6, t) depend on the 
choice of axes and are usually quite small. 

Davis (11) has shown that the second term on the left of 
each of the Equations [1, 2 and 3] may be interpreted as aris- 
ing from a combination of the effect of torques due to the gra- 
dient of the gravitational field and the centrifugal force of or- 
bital motion. In the case of pitch (Eq. [2]) only the gravity 
gradient exerts a torque on the vehicle of magnitude 3a,?(J, — 
T;)62; for yaw (Eq. [3]) the centrifugal force (due to the use of 
a rotating frame of reference) exerts a torque of magnitude 
— I2)03. For roll (Eq. [1]) the gravity gradient gives a 
term — and the centrifugal force a term w»?(J, — 

A number of important observations can be made by in- 
spection of these equations. Except for the parametric ex- 
citation P,, motion in pitch is uncoupled from that in rol] and 
yaw, whereas the latter are crosscoupled through the terms in 
6, and 63. No inherent damping is present about any axis. 
The motion is inherently stable, although undamped, if J, < 
I,<TIy. For stable motion, the restoring torques (the second 
term on the left of Eqs. [1, 2 and 3]) are very small, amounting 
to only a few hundred to a few thousand dyne-cm per degree 
for typical satellite vehicles, and hence the periods of oscilla- 
tion are very long, the period in pitch being 


0.577 V1, — 1) To 


or more than 40 min (11). Here 7) is the orbital period which 
is greater than 84.4 min for satellites of the Earth. 

In order to use the gravity gradient or “dumbbell effect’’ (3) 
for satellite stabilization, it is first necessary to choose proper 
values for the moments of inertia about the principal axes so 
that the vehicle will have restoring torques about all three 
axes. The vehicle will tend to orient itself with the axis of 
minimum moment of inertia along the vertical and with the 
axis of maximum moment of inertia normal to the orbit plane. 
Next, since the restoring torques reach a maximum value at 
angles of about 45 deg from the reference orientation, when 
the satellite is put under the influence of gravity stabilization 
the initial conditions must be such that the vehicle will be 
constrained by the gravity gradient field and will not tumble. 
This means that when the satellite is released, the angular 
velocity and position deviation must be sufficiently smal! so 
that the vehicle will oscillate about the equilibrium position. 
Finally, since no inherent damping is present, it would be very 
desirable to introduce some source of damping torques to re- 
duce these oscillations, eliminating the effect of transient dis- 
turbing torques such as meteor hits. Roberson (14) and 
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angular momentum vector with the angular momentum vee- 
tor of the vehicle’s rotation at orbital rate in inertial space, re- 
sulting from the gravity gradient constraint tending to keep 
the axis of minimum moment of inertia oriented to the verti- 
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Fig. la Mean particle velocity of the atmosphere and velocity 
of vehicle in circular orbit vs. altitude 
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cal. Thus the axis of the flywheel will tend to be aligned nor- 
mal to the orbit plane, and this effect can be used to provide 
a preferred yaw orientation to the vehicle as well as to aug- 
ment the natural yaw and roll gravity and centrifugal restor- 
ing torques. The addition of such a “pitch wheel” has been 
proposed by several authors (6, 8). A natural result of the 
stiffening of the restoring torque in roll and yaw is the decrease 
in the natural period of oscillation about these axes. 


Aerodynamic Stabilization 


The possibilities of stabilization by aerodynamic forces 
which are not inappreciable at altitudes intermediate between 
the minimum for reasonable lifetime and the maximum for 
such forces to be usable have been discussed by DeBra and 
Stearns (15,16), and by Wall (17). An indication of the mag- 
nitude of these forces can be obtained when one computes the 
dynamic pressure on an orbiting vehicle: At 80 miles it is 
approximately 0.01 lb/ft?, falling off to 3 x 10-8 lb/ft? at 350 
miles. Sedov (27) reports drag forces on Sputnik III at peri- 
gee (226 km) of about 4 gr, leading to decelerations of 3 X 
10-* g. Figs. la and lb show properties of the upper at- 
mosphere and drag coefficients for orbiting vehicles. Natural 
stability is obtained by insuring that the center of pressure 
lies behind the center of mass relative to the direction of travel. 
At altitudes usually considered suitable for aerodynamic sta- 
bilization, between 80 and 300 miles (15-17), the aerody- 
namic forces provide no damping, so that some means of 
damping must be provided. Wall (17) has suggested viscous 
damping by means of a flywheel in oil or by a flexible joint 
coupling to a drag device. 

Aerodynamic forces at the altitude of interest here (above 
80 statute miles) are a study in themselves. The computa- 
tion of drag based on free molecular flow is complex. A good 
approximation can be made assuming Newtonian flow, how- 
ever, if the molecular speed ratio is sufficiently high. The as- 
sumption of Newtonian flow infers a drag coefficient of 2; 
so, when the drag coefficient based on free molecular flow ap- 
proximates 2, the assumption of Newtonian flow yields reason- 
able results. Figs. la and 1b present a method of determin- 
ing in what range of altitude this approximation can be used. 
The drag characteristic plotted is for a sphere, but the shape 
of the curve is characteristic. The assumption of Newtonian 
flow is therefore justifiable for altitudes less than 375 statute 
miles for accuracies on the order of 10 per cent. Theoreti- 
cally, it is necessary that the Knudsen number (the ratio of 
particle mean free path to a significant vehicle dimension) be 
greater than 10 to justify free molecular flow. From experi- 
mental results, however, it appears that the flow is essentially 
free molecular for Knudsen numbers greater than 2. 

DeBra and Stearns (15) have pointed out that gravity 
gradient stabilization and aerodynamic stabilization can be 
incompatible in that each may play the role of a disturbing 
torque for the other unless special designs are employed (17). 


Radiation Pressure Stabilization 


This method is similar to aerodynamic stabilization in that 
it depends on the presented area and the locations of the cen- 
ter-of-pressure and the center-of-mass. The sun’s radiation is 
usually considered the source of pressure, and this amounts to 
4.3 o0r4.5 X 10~>dyne/cm? (6,18). 

The effect is quite small compared with other effects, but in 
addition to constituting a disturbing torque for some applica- 
tions, it may play a useful role in interplanetary missions (19). 
In order to evaluate the effect of solar radiation pressure for 
attitude stabilization, consider the radiation falling on a body 
which is a right-circular cone with a mass protruding forward.* 


* Although no specific reference exists, the contribution of R. H. 
Delp to the analysis of solar radiation stabilization must be 
acknowledged. 
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The cone has the following properties (see Fig. 2) : 
Cone half angle, 6 
Center of mass location, d — forward of vertex 
Cone slant height, 
Surface area of cone, unity 
Axis of cone, z-axis 
Moment of inertia about Y-axis, Jy 
Sun, in z-z plane such that incident radiation makes angle 6 
with z-axis 


The torque acting on the cone which arises from radiation — 
pressure is about the y-axis and is given by 


Ly = ne [ G) h cos? 6 + a sin 26 sin 6 


where pp is the radiation pressure. 
The torque gradient with sun angle is 


[ cost + sin 20 


For all values of d/h, a unique value of 6 < 2/2 will exist for 
which the torque gradient is a maximum. 
The natural frequency of such a cone is given by 


oLy/26 


For a vehicle with the following properties 


Iy = 90 slug ft? 
d = 8ft 

6 = 70 deg 

h = 6.0ft 


the natural frequency is computed to be wy = 1.5 X 10~‘ sec, 
and the period is about 12 hr. 
The attitude of such a vehicle may, in principle, be con- 
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Fig.2 Satellite vehicle stabilized by solar radiation pressure 
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trolled using solar pressure if relatively small control surfaces 
which might be called “solarons” are added. By driving these 
surfaces from the servo error signals of a position and rate 
sensitive control system, the vehicle attitude may be com- 
pletely controlled with the time constants as indicated. 

Recent investigations have indicated the existence of a “‘so- 
lar wind.” This is described as a motion of charged particles 
through the solar system; their motion is in the general di- 
rection radially outward from the sun (29). The exact nature 
of this solar wind is not well known, but it would appear that 
it is such as to reinforce the attitude control derived from solar 
radiation pressure. 

The heat radiation from internal sources in the satellite ve- 
hicle can produce torques if radiated asymmetrically (6). 
Large amounts of power such as that from a nuclear reactor 
would be required to produce an appreciable effect. For ex- 
ample, the power radiated must be compared with solar en- 
ergy falling on the vehicle; at the orbit of Earth this is about 
130 w/ft?. 


Attitude Sensors 


Among the various kinds of instruments and devices that 
have been proposed for sensing and controlling attitude from a 
satellite or space vehicle, one can list inertial devices such as 
gyros, including the rate sensitive type (20), instruments such 
as star trackers for establishing lines-of-sight to celestial bod- 
ies (21,22), equipment to measure the direction of the Earth’s 
magnetic field (23), instruments for optical or radio sighting to 
or from the Earth, and even cosmic ray counters (24). 

Of particular interest is the optical or infrared horizon 
scanner which, in addition to determining the local vertical 
(25), can also be used to give a rough measure of altitude by 
measuring the angle subtended by the Earth’s disk (22,32), or 
the so-called dip-angle of the horizon. The use of microwave 
thermal radiations from the Earth to detect the local vertical 
might be of some interest. 

Roberson (32) discusses the use of the horizon scanner for 
interplanetary guidance and examines the various sources of 
error, such as the effects of averaging and the oblateness of the 
planet. 

Among the more unusual proposals for sensing attitude is 
that of Oberth (26) for pendulums to detect the gradient of 
the gravity field. Because of the extremely small accelera- 
tions arising from the very low frequency oscillations of a sat- 
ellite vehicle, the feasibility of this technique is questionable. 

Another interesting instrument reported under develop- 
ment is an “‘angle-of-attack” meter for intermediate altitudes, 
which measures the direction of motion relative to the residual 
atmosphere by means of sensitive microphones (28). 

If used in conjunction with a local vertical attitude or ref- 
erence, a gyroscope can be used to detect the direction of the 
orbital angular momentum and thereby provide an azimuthal 
reference in a satellite (33). This “gyrocompass” effect is re- 
lated to that produced by the previously mentioned addition 
of a “pitch wheel” of constant angular momentum to the grav- 
ity gradient stabilization system to provide or augment yaw 
stability (6,8). In both cases, the vehicle or the sensing in- 
strument must be stabilized to the local vertical (or horizon- 
tal) for proper operation. 


Attitude Control Devices and Systems 


The most popular methods discussed in the astronautical 
literature for providing control torques have been by means of 
reaction jets (8,34,35) and by rotating flywheels (6, 8, 14, 24, 
36) or combinations thereof (8,41) in a configuration where 
rates due to disturbances are sensed and used to generate reac- 
tion torques which just counterbalance the disturbances. The 
reaction jets have the disadvantage of requiring matter to be 
ejected, thus limiting the useful life on orbit, whereas the ac- 
celerating flywheels can be saturated by unidirectional 
torques. In both cases, the limitations can be overcome or 
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minimized by clever design, and much remains to be done to 
realize their full potential (6,14,22,37). 

Roberson (6,14,23,37) has emphasized the importance of 
inertial control devices based on internal moving parts and 
has indicated the general methods of analysis (37). It can be 
anticipated that many ingenious mechanical designs for such 
inertial control devices will be evolved. 

The Earth’s magnetic field was mentioned earlier in con- 
nection with attitude sensing (23), and its effect on a spinning 
satellite has been examined in the literature (38,39). The 
interaction of the field due to a controlled current flowing in 
the satellite with the Earth field could form the basis of a con- 
trol technique with no moving parts and might merit further 
investigation. 

The generation of control torques is but one aspect of the 
overall servo control problem. Roberson (6,14,22,33,37) 
has pointed out the importance of a unified design approach 
and has proposed a synthesis methodology (6,14). 


Sources of Disturbing Torques 


All of the sources of stabilizing or control torques discussed 
can equally well act as potential sources of disturbing torques 
which must be taken into account when designing an attitude 
control system for a satellite or a space vehicle. In addition, 
because of the small magnitude of many of the control torques 
and forces that might be used, the effect of internal moving 
parts and machinery can be extremely serious, unless great 
pains are taken to balance out the resulting angular momenta 
by such means as counterrotating masses. Roberson (37,40) 
has given an exhaustive analytical treatment of the effect of 
internal rotating parts as well as a qualitative summary of the 
various sources of disturbing torques, which can be sum- 
marized as follows (6): 

Earth’s magnetic and electric fields. There is some uncer- 
tainty about the electrostatic field at satellite altitudes (6), 
but the magnetic field can cause eddy currents due to the vary- 
ing components of the field which will interact with the field. 
Also, there will be torques on any paramagnetic or ferromag- 
netic material in the vehicle. In addition, there will be inter- 
action with any electric currents flowing in the vehicle. Any 
electrostatic field will cause torques due to interaction with the 
induced electric field as well as with the electric field produced 
by the motion through the Earth’s magnetic field. 

Aerodynamic forces. 

Sun’s radiation pressure. These have both been discussed 
above in connection with stabilization. 

Meteorite impacts. These hopefully will not be serious, ex- 
cept for the occasional catastrophic collision. Much more ex- 
perimental] data need to be collected and studied. 

Cosmic ray impacts. These should be negligible in effect 
and small, even compared with the sun’s radiation pressure. 

Internal moving parts. Such things as inertia reaction 
torques from rotating parts, gyroscopic coupling torques, cen- 
ter of mass shifts and shift of principal axes of inertia can cause 
difficulties. 
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Guidance Techniques for 


Interplanetary Travel 
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CHARLES J. MUNDO 
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The problem of guidance to near planets with low specific impulse engines is examined. Trajec- 
tories to which the vehicle must adhere in order to minimize fuel consumption are treated in 


order to evolve which measurable parameters are suited for guidance. 
the judging of suitability of these measurement parameters. 


Criteria are established for 
Various possible measurement tech- 


niques are catalogued into active electromagnetic techniques, passive electromagnetic techniques 
and inertial techniques. The merits of the individual methods and the classes are studied. 


HERE appears to be little question that guidance tech- 

niques exist for controlling the flight of ballistic vehicles to 
other planets in the near future. The purposes of this paper 
are to survey these techniques, the hardware that appear suit- 
able for implementing them, and to discuss their merits and 
limitations. To provide a basis for comparison of these tech- 
niques, a specific problem—the guidance of a vehicle to Mars— 
istreated. The guidance requirements for such a flight, need- 
less to say, are dependent upon many parameters. For 
example, a system with a very high specific impulse, 10°, and a 
very high thrust would require little more than the capacity 
to sight the target; at the other extreme, a vehicle with only 
marginal propulsive capacity to make good the mission would 
require a complex hybridization of highly accurate measure- 
ment and computational equipment. Therefore, it will 
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be first necessary to develop an understanding of how system 
parameters are interrelated, and, further, of the specific re- 
quirements that must be fulfilled by the guidance hardware 
in terms of accuracy, range, speed of response, bandwidth, 
size and weight. To provide a wider scope of understanding 
of the capabilities and limitations of various techniques, 
trajectories resulting in two different orders of magnitude in 
the miss coefficients will be treated. The first, a hard impact 
upon Mars, falls within the realm of possibilities for current 
techniques for initiation guidance and ballistic flight. The 
second flight, a photographic graze of Mars and return to 
Earth, involves errors in our knowledge of the solar system 
and, therefore, is beyond what can be accomplished at initia- 
tion. Therefore, the aid of midcourse correction impulses will 
be required. 

The guidance system is part of the whole Mars vehicle and, 
therefore, must interact with other elements of the spaceflight 
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system. To bound the system, the authors have limited the 
overall system to equipment that will be available before 
1962. Therefore, exotic means of propulsion have been elim- 
inated. This limits consideration of propulsion units to those 
in the specific impulse range of 300-400 sec and maximum 
thrusts of 10°lb. This implies, in turn, that the mission will 
be unmanned, and, hence, any equipment which is used must 
be automated. 

The purpose of the guidance system is to control the vehicle 
so that it follows a trajectory and arrives at some predeter- 
mined target which is generally moving in space. The prob- 
lem that is involved is fourfold: 

1 Establish a set of trajectories that are suitable for ful- 
filling the mission. 

2 Define what classes of measurements can be utilized to 
establish the vehicle on one of this set of trajectories. 

3 Define the general problems that exist in making such 
measurements. 

4 Establish what class of instrumentation is suitable for 
making these measurements. 


Trajectories 


The trajectory lies at the heart of the guidance problem. 
Trajectories define the set of possible solutions to which the 
guidance measurement and computing equipment keep the 
spacecraft so that its mission is achieved. In this section the 
problems that arise in the choice of trajectories will be exam- 
ined. Then, how the various measurable quantities fit into 
the guidance picture will be treated. There has been exten- 
sive discussion of the general trajectory question in the litera- 
ture by Battin (1,2),! Vertregt (3), Lawden (4-6), Preston- 
Thomas (7,8), Ehricke (9-11) and others. The choice of 
orbit is related to the complete spaceflight system. The 
nature of the propulsion available, in terms of both specific 
impulse and gross thrust, establishes definite bounds upon the 
set of trajectories that can be used. At the same time limits 
of guidance accuracies establish another set of limits upon 
the problem in terms of the miss coefficients. 

As a consequence of the available propulsion, the trajectory, 
in the main, can be assumed to be a ballistic glide. The major 
element of the impulse will be applied at the beginning of the 
flight, while the spacecraft is within less than 2000 miles from 
Earth’s surface. Minor correction impulses can be suppliec 
if required after the vehicle has escaped from the Earth’s 
gravitational field. 

A poorly chosen trajectory could result in multiplying the 
gross weight of a vehicle many times. Compare, for example, 
the price paid in terms of fuel of applying the impulse required 
to transfer from the Earth’s orbit to the Martian orbit before 
and after escape from the Earth’s field. If the velocity re- 
quired to transfer between the two orbits is Vz and the 
velocity to escape from the Earth’s gravity field is V ;, then the 
impulse V7’ required to escape from the Earth’s gravitational 
field would be V7" = Vz + Vey if the two operations were 
accomplished successively. However, if the total impulse 
were to be applied at the beginning of the flight, this could be 
materially reduced. The initial velocity required to leave 

sufficient velocity after escape from the Earth’s field to make 
good the Mars flight is given by 
2 


whereas the velocity required to barely escape is 
1 K 
2 Ve r 
Hence 
Vp = VV ex? + Vi 


1 Numbers in parentheses indicate References at end of paper. 


Thus, the ratio of increase in impulse required when applied 
after escape from the Earth’s field relative to that applied be- 
fore is given by 


Vr _2VeuV 
Ve + Ve 
When this ratio is examined in the light of fuel requirements, 
it reflects an even larger price because of mass ratio, as shown 


Table 1 Cost of transfer impulse above escape impulse, 


per cent 
Transfer impulse Isp = 300 Tsp = 400 
before escape Vr 30 20 
after escape V7’ 160 115 


in Table 1. This improvement in fuel performance that is 
attained by the early application of impulse, however, is paid 
for in terms of increasing guidance requirements by a factor 
of 4 to 1 as shown in Table 2 (11). However, a small correc- 
tion impulse may be added after escape without an exorbitant 
cost in excess fuel. The ratio of the total escape velocities in 


this case is 
+1 


where 


6 = remaining impulse to be made good 
V, = total impulse initially imparted to the vehicle 


A 30-fps deficiency in the Earth’s orbit at escape would result 
in less than 4 per cent increase in mass even with a 300 specific 
impulse. 


Table 2. Miss coefficients Mars transfer orbit 


Departure orbit 
satellite orbit (300 n. mile alti- 
tude) 
Earth’s orbit 


21,947 n. mile/fps 
5700 n. mile/fps 


TRAJECTORY 
OF SPACE CRAFT 


Fig. 1 Orbit for Earth-Mars transfer ellipse 
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The transfer orbits between Earth and Mars cannot be co- 
planar with the Earth’s orbit because of the severe shooting 
time restrictions this would impose. However, an ample 
range of shooting times is available if an orbit plane is chosen 
defined by the sun, the Earth at the time of firing, and Mars 
at time of arrival (Fig. 1). If such an orbit is chosen, care 
must be taken to avoid those shots where the transfer plane 
makes large angles with the plane of the Earth, such as the 
condition when the vehicle leaves the Earth 90 deg before the 
line of nodes for the Earth-Mars ellipse and arrives at Mars 
90 deg after, so that the transfer orbit must cross the pole of 
the Earth’s orbit. Fig. 2 shows the high price in mass ratio 
for high angle orbits. By firing 10 deg and arriving 10 deg 
from these 90-deg points, this condition can be avoided. 
With the exception of Battin’s work, the literature on three- 
dimensional interplanetary orbits is limited; particularly 
absent are miss coefficients studies (13). 

The point where the trajectory studies play their most im- 
portant role in the design of guidance equipment is in the 
decision of what parameters should be measured to establish 
the vehicle’s trajectory. There are three sets of measurable 
quantities which can be utilized to guide the vehicle: A 
sequence of position measurements, a velocity measurement 
plus initial condition in position, and acceleration measure- 
ments plus initial conditions in both velocity and position. 
The choice of which to use is not a simple matter; there are a 
number of aspects to it: 

1 The question of orthogonality of the measured param- 
eters as they appear in the guidance solution heavily weights 
their value: To give a simple example of orthogonality, con- 
sider the problem of locating a point B based upon base line 
c-d with only the capacity to measure radial distance, and this 
with an error € R (Fig. 3). The error is given by e R. How- 
ever, when the point moves to B’, a large cross track uncer- 
tainty develops proportional to « R/sin A. Such errors also 
may appear much more subtly in the guidance system. 

2 The miss coefficients which result from the control of a 
particular set of parameters: It is through the miss coeffi- 
cients that difficulty of measurement can be related to level 
of system performance. 

3 The fact that the suitability of a particular set of 
measurement parameters varies throughout the flight. 

4 The suitability of a particular parameter to make an or- 
bit determination when the vehicle is accelerating, so that the 
orbit is continuously changing. 

5 The accuracy of individual measurements alone may not 
be an adequate criterion for accuracy: Techniques which lend 
themselves to the generation of great quantities of data 
wherein the errors in the individual measurements are random 
in nature obviously result in greatly improved accuracy in the 
final data. 

The guidance process is one of making the vehicle trajectory 
match one of the infinity of trajectories that pass through the 
target. To alter the current trajectory so that it matches a 
proper trajectory, a thrust is applied to effect an impulse o1 
velocity on the vehicle. The direction of this thrust is such as 
to minimize the amount which must be applied in order that 
this match is effected. The magnitude of the velocity impulse 
is controlled by terminating the thrust at the appropriate 
time, called the cutoff. This cutoff determination gives rise 
to critical problems in guidance, since the accuracy of cutoff 
directly affects the accuracy of the missile. 

With high impulses at termination, two problems arise: 

1 The mechanical and chemical processes involved in ter- 
minating the impulse must be sufficiently predictable in their 
action and tailoff so that the error in added impulse after the 
termination signal is provided does not exceed the desired ac- 
curacy requirements for the mission. 

2 The time required to accomplish a measurement, i.e., 
smoothing and data processing times, are sufficiently short so 
that the prediction of the terminal conditions do not vary from 
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Fig. 3 Nature of orthogonality errors 


the actual terminal conditions by an amount in excess of the 
allowed error. 

Let us turn briefly to a comparison of the three kinds of 
measurables in the light of these system demands. The 
suitability of velocity measurement is made apparent from 
examination of the velocity miss coefficients. From Table 2, 
it is apparent that these are not beyond reasonable bounds 
of measurement if Mars is the target, and further that they 
vary materially during the progress along a given trajectory. 
Magness et al. (12) have shown that the miss coefficients 
depend critically upon the nominal trajectories and may be 
improved by a factor of 10 or more if the nominal trajectory 
is optimized. 

Direct mcasurement of velocity has a positive advantage 
when the system is in dynamic transition. That is, if pro- 
pulsion were terminated at this point, these conditions would 
represent the static energy orbit the vehicle would pursue. 
Unfortunately, many methods of velocity measurement are 
inherently noisy, and, as a consequence, a filter must be used. 
The result of the filter is a smoothing lag which means the 
system output indicates the condition of the system at some 
time in the past. In a static case, this is not serious because 
this error can be predicted. In the dynamic case, it obviously 
gives rise to a problem, particularly if the thrust and, con- 
sequently rate of change of velocity, is high. This can be 
overcome partially by use of low thrust correction intervals 
or propulsion system in which the performance is accurately 
predictable. Inertial measurements on the other hand derive 


velocity from integrating acceleration and do not suffer from 
this smoothing lag problem. 
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It should be pointed out that a high density of position 
measurements and their associated times are in effect also a 
good measurement of velocity. This is the case with many 
tracking radars. 

Accelerations measurement also can serve as a basis for 
space guidance. This process is one which is really only 
adapted to measuring a change in the orbital state of the 
vehicle. While the vehicle is pursuing a static trajectory it 
undergoes no measurable accelerations, and, therefore, this 
approach cannot be used to measure what orbit a vehicle is on. 
If the initial conditions—that is, the orbit the vehicle is cur- 
rently traveling—are determined, the measurement of ac- 
celeration is an excellent method for determining the change 
in orbit. 

A sequence of position measurements can also be utilized 
to establish the trajectory of a vehicle in space. In this case, 
the vehicle must make good a segment of the trajectory which 
is being determined before the trajectory can be established. 
If the location of a target planet on its orbit is known simul- 
taneously with that of the vehicle and two other position 
measurements for the vehicle, the miss of the spacecraft can 
be defined completely on a geometric basis. However, suit- 
able position measurements are for establishing the trajectory 
a vehicle is pursuing; they are not at all adapted to metering 
out changes in velocity, and must be supplemented by a 
system which gives a good dynamic measurement of the 
correction increment. 

In lieu of miss coefficients, Battin has studied particular 
trajectories using a position measuring system. In particular 
he has studied (13) the use of a 10-see multifix astro-seeking 
position measuring system for the round trip to Mars. This 
is an extremely difficult guidance problem requiring a terminal 
accuracy of 250 miles which would require an accuracy of 
39 fps if accomplished by a velocity measuring method. This 
high precision is required to limit the errors caused by the 
Mars gravity deflection. His studies indicate that with an 
impulse of 1500 fps, this guidance problem can be solved. 
He points out that the clock is not critical in this problem if it 
is degraded from 1 to 2.5 parts per 10% The cost is only 4 
per cent more fuel. However, a similar degradation in the 
guidance accuracy costs 30 per cent more fuel. 

Before discussing specific kinds of equipment, it should be 
pointed out that even with perfect equipment the problem of 
errors that occur from uncertainties in the constants of our 
solar system will still arise. First, the scale of measurements 
used for calibrating our instruments on the Earth is calibrated 
in feet or meters, whereas astronomical distances are measured 
in astronomical units. A scale uncertainty of js; exists 
between the two systems of coordinates. This can be over- 
come in space only by the class of systems which makes angle 
measurements based upon base lines known in astronomical 
units. Perturbations from other planets will be small, that of 
Jupiter on the Earth being only 420 ft. However, the un- 
certainty in the moon perturbation will cause a sizable error 
in the initial launch phase, so that a correction must be made 
after the vehicle departs from its influence. 


Measurement Techniques for Guidance 


There are many ways in which position, velocity and ac- 
celeration can be measured in space. It is the purpose of this 
section to examine what these measurement techniques are 
and what attributes and limitations they have. These meth- 
ods fall into four broad categories: Active electromagnetic, 
passive electromagnetic, inertial and contact. 


Active Electromagnetic Techniques 

Systems in this category measure position or velocity 
through the measurement of position increments and asso- 
ciated time. 

Active electromagnetic techniques for guidance are those 
where the radiation used is generated within the system itself. 


These systems have part of their equipment located in the 
vehicle and part located on the ground. In principle, these 
parts will be interchangeable, but in practice, the equipment 
will be designed to place the heaviest elements on the ground, 
There are four principal types of systems that fall in this 
category: 

1 Measurement of the direction from which the radiation 
is coming—for angle measurement. 

2 Measurement of the transit time of energy from target 
to known reference point in space—for range measurement. 

3 Measurement of the relative phase of coherent signals 
coming to or from the target along different paths for angle 
measurement. 

4 Measurement of the shift in frequency caused by rela- 
tive motion between the target and the observer which can 
be used for both range rate and cross range rate. 

The first method involves only the ability to measure the 
angular direction from which the signal is coming. The last 
three methods are all synchronous and either explicitly or 
implicitly involve a clock. This clock may be the radiation 
itself. 

Although each of these systems has its own problems, there 
is one set of problems common to all of these methods, that is, 
the tradeoff that exists between the signal-to-noise ratio, the 
bandwidth required to ascertain how the vehicle is moving in 
space, and the smoothing time required to obtain the accuracy 
level desired for the system. The signal-to-noise problem is 
treated in detail in another paper in this issue, ‘‘Radio Guid- 
ance,’ by Stodola. Briefly, however, the problem is that a 
certain bandwidth is required to measure the errors that arise 
in acceleration of the spacecraft. This error signal must com- 
pete with the noise background of space and the thermal noise 
of the input elements to the system, in order that the accuracy 
of measurement is maintained within certain bounds. 

Some of the steps which may be taken to improve the signal- 
to-noise ratio are: 

1 Use of a beacon aboard the spacecraft so that the dis- 
tance attenuation for two-way reflected transmission 1/R? is 
reduced to the one-way attenuation 1/R?. 

2 Reduction of the bandwidth required by the system by 
simplifying the measurements, so that only the unpredictable 
elements of information are involved in the measurement. 

3 Reduction of the noise input to the system by use of low 
temperature input devices, such as masers (14, 36) and high 
gain low spill over-feed (15) in the antennas. 

4 Use of phase-coherent detection (16-18) systems which 
permit the realization of the narrow bandwidth systems that 
are compatible with the information content of the guidance 
signals. 

Radio techniques have already and will continue to play an 
important role in space guidance. Obviously, their prime 
suitability is for the case when the vehicle is near the Earth. 
However, they are not limited to this region. It has been 
reported that the Russians have used these techniques in 
their recent high accuracy shot around the moon. Jet 
Propulsion Laboratory (19) has reported communication 
with the Pioneer space shot to a range in excess of 400,000 
miles, and this with a radiated power of only } w. Theo- 
retically, this range can be extended indefinitely. The ability 
to sense dynamic state range tracking at these great ranges is 
open to question, and, as will be pointed out in the following 
discussion, large problems loom for obtaining any accurate 
cross range tracking data—an orthogonality problem. 

The first category of active guidance methods is based upon 
the measurement of the direction of incoming radiation. It 
is accomplished in the same manner that is used for light. 
A parabolic surface causes the reflected plane wave front to 
arrive at the focus in phase when the axis of the parabola 1s 
normal to the wave front. However, because of diffraction, 
the antenna may be turned to either side of the normal by an 
angle 2.4 \/d before the radiation is reduced perceptibly 
(d = size of reflector and \ = wave length of the radiation). 
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Fig. 4 Measurement of position by lobe comparison techniques 


This angular accuracy can be improved by making a large 
number of readings so that the shape of the lobe can be ac- 
curately determined statistically. This means paying for 
greater angular accuracy by longer measuring time. One of 
the common methods for doing this is referred to as lobe 
switching, that is, perturbing the radiation pattern to look 
alternately to the right and the left of the target, then pointing 
the antennas, so that the two signal returns are equal when 
averaged over many pulses from the two returns (Fig. 4). 

The problems in this approach arise primarily from the 
large size of the antennas and atmospheric refraction uncer- 
tainties. Antennas which have sufficient resolution for guid- 
ance far out in space generally fall in the 100- to 200-ft size 
range for the parabolic dish. This entails great difficulty in 
pointing the antennas toward the vehicle with any accuracy, 
in the light of normal outdoor factors, such as winds and tem- 
perature variations, and maintaining the shape of the parabola 
undistorted to sufficient accuracy. In addition, the energy 
must pass through a variable density variable thickness at- 
mosphere at angles which vary materially from the zenith, 
and hence are unpredictably refracted. In the opinion of the 
authors, the best accuracies that can probably be expected 
are in the 1 mile per 5000 miles of range, although better re- 
sults have been obtained in radio astronomy (20). 

Measurement of transit time can be utilized with great 
precision to determine the range of a target (21). A coded 
pattern is transmitted to the target where a transponder picks 
up and retransmits the pattern. The transit time when the 
pattern is returned to the receiver is measured. The major 
problems that arise in this system are delays caused by ioni- 
tation far out in space. In general, a simple pulse pattern is 
used in this type of system because the same signal-to-noise 
ratio for a given average power can be maintained if the energy 
is narrowed into a pulse and the bandwidth is increased to re- 
ceive that pulse. If the trajectory of the target is known, in- 
formation theory approaches can be used, in effect, to narrow 
the effective bandwidth of the system to a point where only 
the bandwidth required for error transmission is needed. 
This measurement and the associated range velocity measure- 
ments will be among the more accurate measurements that 
can be made in spaceflight. It should be pointed out that a 
space scale error will exist here. 

The measurement of the Doppler frequency shift (22) of the 
returning radiation can be used to indicate the velocity of the 
spacecraft. This frequency will shift proportionally to the fre- 
quency times V/C, where V is the velocity of the spacecraft 
and C is the velocity of light. The primary problem that 
exists here is signal-to-noise ratio. 
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Fig. 5 Measurement of position by interferometer techniques 


The interferometric method (23) of angle and angular rate 
measurement is based upon measuring the difference in path 
length to a target from two stations displaced from one 
another a distance 6 the base line (Fig. 5). The de- 
structive interferences in the signal coming from the target re- 
sult when the angle of deviation @ of the target from the center- 
line is given by n\/2b = sin 0, where } is the wave length of 
radiation used. The line of destructive interference defines 
the radiation lobe which is used to locate the vehicle angularly. 
Such a system, obviously, has many lobes so that some sort 
of fine-course system where the course system has a shorter 
base line must be used. If the paths are identical in their 
propagation characteristics and if the ground system can be 
balanced and maintained balanced, such a system is capable 
of providing great accuracy. Particularly for targets in the 
close-in region, great precision can be obtained; however, 
when a target moves into space and the ratio of base lines to 
distance is increased, many of the problems become critical. 
For example: 

1 The variability of index of refraction along the two 
paths in space. If attempts are made to increase the base 
line to improve angular resolution, the atmospheric structure 
may alter the path length along the two paths, thus shifting 
the lobe pattern. At 1000 miles, a path difference of one part 
in 10~7 would lead to a 1-mile error. 

2 The combination of the rotation of the Earth and the 
limited viewing angle requires either intermittent tracking or 
a large number of stations. When the tracked vehicle varies 
far from the plane perpendicular to the base line, the accuracy 
deteriorates because of the foreshortening of the base line as 
viewed by the target and because of refraction in the atmos- 
phere. 

3 The apparent cross base line motion of the target gives 
an apparent motion of about 300 fps per 1000 miles of range 
which must be subtracted from the measured motion of the 
target to give true cross track velocity. At 10° miles this 
velocity would be three times the total velocity of the vehicle 
and in a direction perpendicular to it. 

Two-way transmission is not necessary if a precision clock 
such as an atomic clock is available aboard the spacecraft. 
In this case, the clock can transmit according to a pre-es- 
tablished plan, so that with a synchronized clock on the 
ground the difference in clock time can be measured which 
amounts to the travel distance. Fig. 6 shows the error in 
range as a function of clock precision. 

This clock system offers the possibility of a very narrow 
bandwidth system where only the errors in trajectory position 
and velocity are sensed by the missile. A frequency signal 
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transmitted from one clock on the ground to a second syn- 
chronized clock in the vehicle differs in phase by an amount 
proportional to the distance of travel as shown in Fig. 7. If 
two frequencies are used, the second clock will have a dif- 
ference in phase pattern proportional to distance. A phase 
comparison between these two frequency signals will give an 
interference pattern which changes more slowly with dis- 
tance, so that we have, in effect, a fine-course system for 
measuring distance. If it is desired to convert this system to 
an error system, the ground-based frequencies can be shifted 
based upon the preplanned trajectory of the vehicle, so that 
the frequencies arriving at the spacecraft are always in phase 
with the spacecraft clock if the vehicle is following the pre- 
planned trajectory. Deviations in phase and frequency are, 
then, error signals which can be used in series expansion to 
develop command signals to keep the missile on target. 


Passive Electromagnetic Radiation 


Guidance based upon measurement by passive electro- 
magnetic means depend upon the measurement of the same 
type of physical phenomena as the active systems. They 
differ from the active systems in that the guidance system 
for the spacecraft utilizes the natural radiation from the sun 
or stars as a source of illumination for the reference bodies. 
The planets in this case will serve as the reference bodies so 
that the system is freed from the limitations of the Earth- 
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Fig.6 Error in range as a function of clock precision 
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Fig. 7 Measurement of range by phase shift in signal received 
from a fixed clock with respect to the signal from a clock aboard 
the vehicle 
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based radiators. The general characteristics of this type of 
systems can be categorized as follows: 

1 Sources of illumination—the sun and stars provide much 
more effective sources of illumination, so that signal-to-noise 
ratio is not such a serious problem. 

2 In general, it will be found that the sources of illumina- 
tion will shift to shorter wave lengths in the infrared and visi- 
ble range; as a result, the beam widths for a given size of re. 
ceiving aperture will be reduced. 

3 The radiation patterns will not, in general, be control- 
lable from the Earth, and as a result the measurements will 
not be reducible to a form in which errors are sensed directly, 

4 No counterpart exists for systems which measure only 
the transit time of light between the reference object and the 
guided craft, because nature provides no sufficiently accurate 
and regular coding of its radiation. 

5 The utility of this type of system will be, in general, low 
near the Earth but will increase as the vehicle moves out into 
space. 

6 Individual measurements will have low accuracy in 
general because of the great distances that are involved. As 
a consequence large amounts of data will have to be gathered, 
This in turn involves a long smoothing. 

The most practical and common type of passive guidance is 
the star tracker. The direction of the incoming radiation is 
measured by an automatic star tracking sextant and trian- 
gulation techniques based upon the precision astronomical 
knowledge of the relative positions of reference objects, such 
as planets, and the measured angles will permit a precise 
sequence of position measurements to determine the space 
trajectory. This method has been extensively examined in 
the literature. Stuhlinger (24) has suggested that the angles 
subtended by individual planets also be used to supplement 
this data. This method would be limited to close approach 
to planets, which probably could be better accomplished by 
active methods. Carroll (25) has suggested an excellent 
method of handling data in computing positions from star 
data which results in both position and error sensitivity out- 
puts. Battin (13) has examined trajectories using this type 
of guidance and reported suitability for round trip flights to 
Mars and Venus. 

This type of system will have greatly improved performance 
capacity over its active counterpart because of the combina- 
tion of more intense source, the shorter wave length of in- 
coming radiation and no problems from atmospheric refrac- 
tion. These factors will result in an improved signal-to- 
noise ratio for the system. The shorter wave length of 
incoming radiation will permit a reduction in the receptor 
aperture and at the same time a narrowing of the system beam 
width. The latter results in the improvement of signal-to- 
noise ratio by reducing the space background total angle 
while maintaining the signal input constant. In changing 
from 3-cm radiation to red light, the beam width could be 
narrowed by a factor of 10° at the same time permitting a 
reduction of aperture size by 108. With this improvement in 
angular accuracy the limiting factor becomes the accuracy of 
the angular pickoffs. A reasonable accuracy for a pickoff 
which could measure the angular position of such stars might 
be expected to have an error of 10 sec, so that at 10’ miles re- 
moved from a reference planet the error in a single line of 
position would be as high as 400 miles for a position. 

It is difficult to design such an astro tracker to measure 
large angles to an accuracy of 1 sec. The reference circles 
must have errors the order of a few parts in a million. Either 
the stable reference must be held to fractional seconds or the 
telescopes arranged to measure several objects at once. 
Stuhlinger suggests a setup with 10 telescopes to cover five 
stars, the sun and four planets. Present star trackers have 
errors measured in minutes rather than seconds. Although 
these problems may not be insoluble, the more conventional 
star tracker systems do not promise the desired accuracy in 4 
simple inexpensive instrument. 
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Bock (26,27) has suggested a method of avoiding these 
pickoff errors. This method is referred to as occultation and 
is based upon establishing a line of position in space by lo- 
cating a planet in relationship to its star background (Fig. 8). 

By contrast with the conventional tracker, use of the al- 
ready calibrated celestial sphere offers a natural solution to 
the measurement of large angles in space. If we assume a 
reference star half a degree away, 1 sec is only a part in 2000, 
for which conventional gearing, or micrometers, are easily 
made. 

The question of what magnitudes of star we must be able to 
use determines the needed sensitivity. A look at the space 
distribution of stars of various magnitudes shows that to keep 
above a probable density of one star per square degree we 
must be able to use stars as weak as tenth magnitude. The 
stars are thinnest near the poles of our galaxy, with a dis- 
tribution as shown in Table 3. Since the galactic pole is 
about 30 deg from the ecliptic plane, we must operate near 
minimum star densities. 


Table 3 Star densities 


Up to —————Galactic latitude, deg——-———. 
magnitude 0 30 60 
4 0.016 0.007 0.005 0.005 
6 0.129 0.062 0.042 0.037 
8 1.0 0.48 0.32 0.275 
10 7.8 3.5 2.2 1.8 


The light needed for tracking an eighth magnitude star can 
be collected by a 4-in. telescope provided a good photomulti- 
plier tube is used. Such a star gives 10~! w per in.? at the 
Earth. An effective aperture of 1 in.? would just meet the 1- 
eps threshold (8) of the 1P21 photomultiplier. Hence, rea- 
sonably good tracking should be possible with an 8-in. aper- 
ture at tenth magnitude. By using extra aperture and band- 
width, the need for special cooling of the sensor can be elimi- 
nated. 

The telescope design seems to present no unconventional 
problems. (Fig. 9.) 

The temperature compensation of magnification and focus 
must be given special attention. If good results at 2 deg are 
desired, scaling provision will be needed in addition to com- 
pensation. The stabilization requirements are severe. 
Movement around the mean pointing direction should be kept 
toa few seconds if the mean value is to be correct to a fraction 
ofa second. This could be managed by making the inertial 
platform integral with the telescope. 

This system has the advantages that it lends itself to the 
direct measurement of trajectory errors through measurement 
of displacement of the planet from its expected position 
against its star background at a particular time. 

Let us examine some of the difficulties we must overcome to 
operate this system to obtain fraction of a second accuracy. 
They may be listed as follows, much as Larmore (28) has done: 

1 Planets will appear crescent-shaped. Nonpredictable 
variations in albedo and moon illumination of the dark side 
will limit the accuracy of correction possible. 

2 Sunlight must be kept off the lenses, since the bias would 
depend on the star magnitude. 

3 Star proper motion must be corrected, along with veloc- 
ity aberrations and planet position delay. 

4 Double stars may give an average position. 

5 Weaker stars in the field may give a bias, but this can 
be predetermined if they cannot be masked out. 

6 Relative star magnitudes and background light will 
differ from that seen on Earth. Use of visual light only will 
minimize the differences due to atmospheric effects in cali- 
bration on the Earth. 
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PATTERN OF STARS 


Fig. 8 Line of position in space established by planet position 
against star background 
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Fig. 9 Schematic diagram of occultation tracker 


7 Long averages of the star position data, perhaps several 
minutes, will be needed to suppress the sensor noise. 

8 Full symmetry of the optical system must be preserved ; 
e.g., masking part of objective will offset the image too much. 

Although straight transit time measurements of either 
source synchronous or bisynchronous-type are unlikely, other 
types of passive systems using correlation synchronous meth- 
ods are possible. Zilezer (29) has suggested an interferometric 
type of system based upon a correlation comparison of direct 
sun signals and signals reflected from a planet (Fig. 10). 
This system depends upon frequent large nonrandom varia- 
tions in the sun’s emission, and the coherence of this with the 
pattern of reflected radiation from a planet. If a cross cor- 
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Fig. 10 Hyperbolic astronavigation by correlation of direct and 
reflected light 


relation is made between the intensity of light from the planet 
and delayed light from the sun, and the delay is adjusted to 
yield a maximum value for the cross correlation, a measure of 
the time differential in path is available. The system has the 
advantage that it offers a broad base line. Zilezer has pointed 
out several possible problems that will arise with this type of 
system: 

1 The uncertainty in length of base length arises because 
the correlatable events are point events on the surface of the 
sun. This results in a possible million mile uncertainty in 
the base line. 

2 Smoothing of sun output by variable path length. 

Doppler techniques can also be used to passively measure 
velocity (35). In this case, the bisynchronous sources are the 
Fraunhoffer absorption lines of the light coming from the 
star. This can be compared with spectral lines in an atomic 
source located on the craft. If visible light is used and a 
Fabry Perot interferometer, the limitations of the instru- 
mentation would limit the accuracy to 20 fps provided, of 
course, that pressure broadening of the lines or the random 
velocity of the molecules did not provide a much higher 
bound. This technique may be more workable in the micro- 
wave region where the emission spectra from such large mole- 
cules as NH; in the atmosphere of Venus could be compared in 
a square law detector using the same microwave line from a 
local source with a sensitivity of 1-cps frequency shift per fps 
of reactive velocity at a frequency of 1 kilomegacycle (34). 


Inertial Guidance 


Inertial guidance is unique among the techniques that can 
be used for the guidance of spacecraft. It is the only method 
wherein changes of the trajectory are apparent as they take 
place; with all other techniques the knowledge of this change 
is delayed. In the radiative techniques which measure veloc- 
ity, the velocity data must be delayed in a smoothing filter 
because of the poor signal-to-noise ratio which results in low 
precision of measurement before smoothing. In systems 
which measure position, an adequate deviation from the track 
is required to establish what the new track is—again; in a 
sense this is a signal-to-noise problem. The time constant 
associated with the measurement is of importance because of 
the precision of thrust termination required in spaceflight. 
In systems which require this smoothing lag either an incre- 
ment or excess velocity is gained because of the impulse ac- 
cumulated during the smoothing interval, or the thrust 
cutoff is based upon present rate of making good the velocity 
impulse needed to establish the new trajectory and no pro- 
vision is made for thrust perturbations during the smoothing 


interval. The inertial system, on the other hand, has the 
ability to determine instantaneously the appropriate time for 
cutoff even at high thrust, because it directly senses the rate 
at which the trajectory is being altered. Unfortunately, 
the inertial system is subject to errors at the other end of the 
frequency spectra—bias and drift errors in the measurement 
of the total impulse. It is thus apparent that inertial and 
radio systems, rather than being in direct competition, can 
be used to supplement each other when high precision 
guidance is required. 

An inertial system works very simply (30,31). It is based 
upon three perpendicular accelerometers which sense the 
components of acceleration. The coordinate orientation of 
the accelerometers is maintained by alignment to space refer- 
ences, such as free gyros or the stars. The accelerometers 
consist of a proof mass and a sensing constraint which forces 
the proof mass to follow the vehicle along its trajectory. It 
will follow the vehicle without any force being applied by the 
constraint, as long as no thrust is applied to the vehicle. If 
gravity is present, it accelerates the proof mass and the vehicle 
together. The constraint exerts no force upon the proof 
mass, and hence there is no accelerometer output. However, 
when a thrust acts on the vehicle, such as the propulsion, a 
force must be applied across the constraint to make the proof 
mass follow. Hence, it can be said that the accelerometers 
only sense thrust-caused accelerations. 

These accelerations can be used to compute the change in 
trajectory of the vehicle. There are a number of different 
ways that this can be accomplished. For example, the output 
of the accelerometer can be corrected for the gravity and inte- 
grated once to yield velocity and a second time to yield posi- 
tion. The initial position and velocity of the vehicle must be 
provided as constants for this process. The computed posi- 
tion and velocity parameters are now available for a trajectory 
computer to establish the new orbit along which the vehicle is 
going to fly. The computer in this case will continue to com- 
pute the new position and velocity of the vehicle when the 
thrust terminates, even though there is no input to the com- 
puter, because the ballistic flight is itself an inertial process. 

The errors that arise in inertial guidance are different from 
those that arise in the radiative-type guidance (32). Inertial 
errors are low frequency in character rather than the random 
noise type of error that can be expected in the radiative-type 
system. Their low frequency nature results from the fact 
that the sensed data are integrated, thus reducing its noise 
content in the high frequency part of the noise spectra. How- 
ever, low frequency noise of the drift type tends to be ac- 
centuated if long thrust guidance periods are involved, be- 
cause of the accumulation of otherwise small errors in the 
components. These errors will be introduced into the system 
through the accelerometers. They can be classified as bias 
errors, scale errors, linearity errors and alignment errors. 
These errors will depend greatly upon the way the velocity 
impulse is introduced into the system. Bias errors favor a 
short, high intensity impulse, since they depend upon time 
alone, whereas scale errors probably will favor slightly the 
short duration impulse because less total impulse will be re- 
quired. Linearity errors tend to favor the long duration low 
intensity impulse, since they are acceleration dependent. 

Briefly, the properties of inertial guidance can be sum- 

marized as: 
1 It measures rate of change of orbital constants and 
therefore has excellent sensitivity to instantaneous changes. 

2 It is subject to deterioration because of cumulative er- 
rors. 

3 It requires input of initial conditions and is capable of 
correcting errors in its own initial condition. 

4 It is self-contained. 

5 It does not require the complex computing that is as- 
sociated with a moving base line system, such as any Earth- 
based radio system would require. 
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Contact Navigation 


Navigation over the surface of the Earth is frequently done 
by recognizing objects from maps at each point along the 
trajectory. It may be possible that recognizable landmarks 
precisely identify position in space, for example, magnetic 
fields, gravity fields, electrostatic fields, radiation density, etc. 
These methods are not treated here because the missions un- 
der consideration are proposed for the period before extensive 
mapping of space has taken place. 


Problems in Synthesizing Guidance Systems 


The principal problem in synthesizing a guidance system for 
the Mars flight lies in the area of attaining an overall balance 
in the design of the system rather than in the area of tech- 
nological approaches, where there appear to be many suitable 
mechanisms. The engineer must look not only at the vehicle 
itself but also must take into consideration the scope of the 
associated ground equipment and its logistics against the price 
of increased vehicle size. The guidance equipment that is 
carried aboard the vehicle must justify the level of accuracy 
that it produces in terms of an appropriate reduction in fuel 
weight required to transport it. All of these factors must be 
studied in the light of carrying out the mission reliably in a 
high stress environment. 

The trajectory of a space vehicle will be closely planned in 
advance of the flight. A nominal or ideal trajectory will be 
as established. However, minor variation in factors, such as 
mass flow rate and specific impulse, will cause the vehicle to 
deviate from this nominal flight path. Much can be done to 
simplify the system if full advantage is taken of this a priori 
knowledge so that there are only minor deviations from the 
nominal trajectory. 

In the first place the guidance measurements should be 
based upon measuring the deviations from the preassumed 
trajectory which will lead to a reduction in the required band- 
width of the system and also reduce the precision of the meas- 
urements in that the full value of the parameter will not need 
tobe measured. Certain of the guidance schemes lend them- 
selves to this technique, such as the occultation technique and 
the radio guidance scheme that was proposed. The data 
processing can also be simplified if it is based upon small devia- 
ations from a nominal trajectory. The correction orders can be 
written in a series expansion (33) of the deviation from the 
nominal trajectory. 

The guidance problem is one of dynamic trajectory condi- 
tions, so that in some way the impulse which is introduced to 
correct the flight will necessarily have to be introduced ac- 
curately in its direction. This requires accurate orientation 
information which must be remembered by an inertial system 
of some type. 

The inertial system also affords the opportunity to utilize 
higher thrusts in the thermal period since it can directly sense 
what happens during the smoothing interval required for any 
of the electromagnetic techniques. In some cases it may 
prove sufficient in itself for pre-escape guidance. However, 
the inertial system alone is not sufficient to provide post escape 
corrections because it is an extrapolative type of system. 
That is to say, it must start its computation from a set of 
initial conditions. Therefore, at the beginning of the correc- 
tion procedure in space, the inertial system will indicate that 
the system is flying on course to target. Some system which 
has the capacity to measure errors in this trajectory must be 
used to supplement the inertial system. The active radio 
type of system can accomplish this for the less precise guid- 
ance problems where the accuracy in relative velocity required 
is not beyond the scale accuracy considerations, such as the 
Mars flight. This method would lead to establishing the 
trajectory over a moderately short time. Although the sys- 
tem aboard the vehicle would be relatively simple, such a 
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configuration would require relatively complex ground-based 
units which have a base line moving with respect to the ve- 
hicle. The cost of these units against the added size of missile 
that would be required to accommodate an astro tracker would 
be the determining factor in the configuration that was chosen. 

When one turns to the problem of photographic graze and 
return to Earth, the margin of advantages is in the celestial 
guidance system primarily because the scale errors in the radio 
systems are too large to provide sufficient accuracy for the 
mission. The occultation method of star tracking has a 
substantial advantage over the conventional star tracker even 
if it is assumed to be heavier, because the accuracy gained 
more than makes up for the large price paid in excess weight. 
Battin has examined several Mars trajectories where a 10-sec 
astro tracker was used for guidance. He has found that a 
change of 2.5 times in the accuracy of the tracker results in a 
30 per cent change in fuel requirements. The added accuracy 
of the occultation method is easily paid for in terms of fuel 
savings, even at the expense of added guidance weight, which 
seems unlikely. 
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The radio methods of guidance depend upon communications to determine the navigational 


parameters of the vehicle and to command alteration in its course. 
graphs are developed which present the tradeoff between the communications parameters. 


In this paper a series of nomo- 
A set 


of possible system configurations derived on the basis of these tradeoff curves are examined. 


T IS the purpose of this paper to discuss some aspects of 

radio guidance of space vehicles and to indicate some of the 
system requirements for any desired guidance range. The 
varieties of detail in such guidance systems make it neces- 
sary to limit this discussion to general considerations. This 
paper will be directed particularly to a discussion of the range 
to which present techniques may permit radio tracking. 

A radio guidance system implies a radio communication 
over required distances, generally between one or more Earth- 
bound stations and the space vehicle being guided. Direc- 
tions from one point to the other may be obtained by direc- 
tion finding techniques, whereas range may be determined by 
measurement of time of travel of the signal between the 
stations. This time measurement may be made by deter- 
mining the round trip travel time with a precise timing system 
at one end or, conceivably, by one-way measurement if precise 
clocks were available at each station to maintain sufficiently 
accurate synchronization over a long period. Doppler 
measurements on the transmissions may also be used to ob- 
tain velocity and acceleration data which may also be useful 
in a guidance system. 

In still other variations of radio guidance systems, radio 
patterns are established in space by which it is possible in 
the vehicle to infer guidance by reference to these patterns. 

However the guidance is accomplished in detail, it is nec- 
essary to provide communications between the guidance point 
and the vehicle. At present the most interesting possibil- 
ities for space vehicle guidance and communication involve 
relatively high frequencies and line-of-sight paths or, es- 
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sentially, free space transmission. This subject can be 
approached using the concept of an isotropic antenna radiat- 
ing in all directions uniformly with consequent spheri- 
cal dispersion of energy from it. 

It can be shown that if two isotropic antennas are located 
in free space Pr, the signal power available from the receiving 
member is related to P;, the power transmitted by the ra- 
diating antenna by 

Pr 1 (1 


— = 22 


where 


F = radio frequency, mc/sec 
R = spacing between antennas, statute miles 


This equation is presented conveniently in the nomo- 
grams of Figs. 1 and 2 where Pp/Pr is given in decibels 
attenuation (—10 logiPe/Pr). 

These nomograms enable one to determine attenuation 
between two isotropic antennas located in free space. At 
tually, of course, one seldom uses isotropic antennas in such & 
situation, and, in fact, it usually proves most difficult to 
construct such an antenna when it is required. Generally, 
one or both of the antennas used is highly directive. Such 
directive antennas may consist of an array of properly 
phased radiators or an electromagnetic lens or a parabolic 
reflector properly illuminated. Generally the illumination 
is not uniform in order to concentrate the energy largely 
into a single “pencil” in the desired direction with “side lobes” 
minimized. (The matter of illumination will be discussed 
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Fig. 2. Free space attenuation from transmitter to receiver for 
various frequencies with antenna gains of 1 (with respect to an 
isotropic radiator) 


further at a later point in connection with noise.) The di- 
rectivity of an antenna can be expressed as “gain,’’ the ratio of 
the power at the receiving point to that which would have 
been received had the transmitting antenna been isotropic. 
Where the usual parabolic reflecting antenna is used, and as- 
suming a 55 per cent efficiency factor to account for the usual 
nonuniform illumination of the aperture 


G = D*F? X 3.9 X 10°* [2] 
where 
D = parabola diameter, in. 
G = gain with respect to an isotropic antenna 
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Fig.3 Approximate gain for a parabolic dish or lens antenna with 
respect to an isotropic radiator 
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Fig. 4 Approximate gains for lens or parabolic antennas (gain 
referred to an isotropic antenna) 


The results of this with G expressed in decibels are given 
in the nomograms of Figs. 3 and 4. 

Gain and beam width are directly related, since gain is 
but a measure of the concentration of the antenna’s energy, 
and the half-power beam width of such an antenna is given 
approximately by 


6=8 10°/F xX D [3] 


where @ is the beam width in degrees. The results of this 
equation are shown in the nomogram of Fig. 5. 

In determining the attenuation from transmitter to receiver, 
the attenuation given by Equation [1] must be modified by 
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the receiving and transmitting antenna gain as indicated by 
Equation [2]. For example, assume 3000-mc operation at 
400 miles range, a 100-in. diameter transmitting antenna and a 
10-in. receiving antenna. We have: From Fig. 2, attenua- 
tion between isotropic antennas 158 db; from Fig. 4, gain 
for 100-in. antenna, 35.2 db, gain for 10-in. antenna, 15.2 db. 
Path attenuation is then 158— (35.2 + 15.2) = 107.6 db. 

This gives the necessary data for determining path attenua- 
tion; we must now consider what attenuation is permissible 
from the viewpoint of transmitting and receiving systems. 

The receiving antenna can be considered as a generator 
from the viewpoint of both signal and noise, with the signal 
power being determined by the considerations of the pre- 
vious section, and noise corresponding to the equivalent 
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Fig. 5 Approximate half-power beam width for circular aperture 
antennas 
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Fig. 6 Available thermal noise power for various bandwidths 
and temperatures 


temperature of the antenna. This noise is given by 


P, = KTB [4] 
where 
K = Boltzmann constant = 1.37 X joules/C 
T = absolute temperature, K 
B = receiver bandwidth, cps 
P, = noise power, w 


The result of Equation [4] is shown in nomogram form in 
Fig. 6 where powers are given in decibels with respect to | 
milliwatt (dbm). This noise shown is thermal noise in- 
herent in the antenna and is the minimum with which the 
signal must compete. An antenna which is heavily coupled 
to the Earth’s surface will show essentially the Earth surface 
temperature (about 290 K). If, however, the antenna is di- 
rected to outer space, its equivalent temperature may be much 
lower. This fact makes important the method of coupling 
the feed in a receiving antenna. If the illumination has sub- 
stantial “spillover,” appreciable coupling to the “hot” 
Earth may contribute undue noise even though the main beam 
of the antenna is directed toward cold outer space. It 
should also be realized that very appreciable noise in ad- 
dition to temperature thermal noise may be picked up 
from the sun and other stars and sources. 

Much of the work in radio astronomy is directed to the 
distribution of sources of radio noise in the universe. A 
Cosmic Noise Map giving data for 150 and 600 mc is now 
available from the Harvard College Observatory, Cambridge. 

Unfortunately, the thermal noise in the antenna is not the 
only noise with which the signal must compete, since the 
receiving system adds a noise which may be characterized 
by the “equivalent receiver temperature.” This can be 
defined as the temperature which a receiver input source at 
absolute zero appears to have when viewed through the 
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Fig. 8 Doppler shift in radio transmission 


actual receiver. This receiver temperature must be added 
to the antenna temperature to evaluate the noise with which 
the signal must compete. (Receivers are also evaluated by 
the equivalent terms noise factor or noise figure (NF) which 
refer receiver performance to typical Earth temperature 
20 K. For very low noise receivers used with low tempera- 
ture antennas, the temperature concept is more useful. The 
relation between noise factor and equivalent receiver tem- 
perature is given by 7’, = 290 (NF—1). Fig. 7 is a curve 
showing relation between 7p and NF, where the noise factor 
NF has been converted to decibels.) 

It will be seen from Equation [4] that the noise power with 
which the signal must compete is proportional to bandwidth 
B. Actually the bandwidth required is determined by the 
character of the signal being used in the guidance system and 
may vary from a few cycles to many megacycles. It might 
superficially appear that the narrowest bandwidths might be 
most desirable, but the matter is not this simple. Wide 
bandwidths are required for pulse-type signals which, al- 
though they have high peak powers to compete with the rela- 
tively high noise level, prove to have low average power be- 
cause of the low duty factor involved. Conversely, a narrow 
band system involves lower signal peak powers, but because of 
the necessarily high duty factor, the average power can be 
expected to be comparable. (See, for example, Haeff, Proc. 
IRE, Nov. 1946.) 
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In consideration of system bandwidth, Doppler effect must 
not be overlooked. It can be employed for radial velocity 
measurement, and inferences as to range and position may be 
drawn from it. On the other hand, in a system where it is 
not directly utilized, sufficient bandwidth or frequency con- 
trol must be allowed to cover the difference between re- 
ceived signal and transmitted signal frequency. Doppler 
effect shifts the frequency in the ratio of the vehicle velocity 
to propagation velocity 


AF = F(V/C) [5] 
where 
AF = frequency shift 
F = operating frequency in same units as AF 
V = rate of change of radial path length 
C = velocity of propagation in same units as V. (Average 


value approximately 186,200 miles/sec) 


It should be noted that V is the rate of change of path 
length, and that this may be either one or two times the rate 
of change of radial range, depending on the nature of the 
signaling system. If the transmitted signal is fixed in 
frequency independent of the frequency of any interrogating 
signal, the unity factor applies as, for example, in a (pres- 
ently) conventional radar transponder. On the other hand, 
when the transmitted frequency depends upon that of the 
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Table 1 Velocity of propagation, miles per sec 
Per cent relative 
humidity > 0 20 40 60 80 

Temperature, C 

—40 186,213 186,213 186, 213 186,213 186,213 

—30 216 216 215 215 215 

—20 218 218 218 217 217 

—10 220 220 219 219 218 

0 222 221 220 219 218 

+10 224 222 220 218 216 

+20 226 222 219 215 212 

+30 228 222 216 209 203 

+40 229 221 209 200 189 


Taking 186,219 miles per sec as the velocity (a recommended average value), the delay is 10.74 microsec per mile 
way transmission). 
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In determining actual range, delays in local transmission and transducer circuits must be accounted for. 
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Fig. 9 Attenuation by oxygen and water vapor Fig. 10 Attenuation by moisture 


Table 2 State of development of elements of a 3000-mc communication system 


Ground Ground Space Space 
antenna receiver Space receiver station 
Status diameter, ft sens, dbm trans, kw sens, dbm antenna 
Well within present art 10 —98 2 —72 isotropic 
Near limit of present art or 
reasonable practical limit 60 —110 10-250 —98 10-ft diam 
ARS JouRNAL 
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g Table 3 Approximate ranges for space communication and tracking at 3000 mc 
Ground Vehicle Ground Vehicle Ground Beacon 
antenna antenna transmitter transmitter, receiver, receiver, 

diameter, ft diameter power kw dbm dbm 
10 isotropic 250 kw 2 — 98 —70 
10 2 ft 250 kw 10 —110 —90 
60 isotropic 250 kw 2 — 98 —70 
60 2 ft 250 kw 10 —110 —90 
60 isotropic 10 megawatts 250 —110 —98 
60 10 ft 10 megawatts 250 —110 —98 
received signal, as in the case of a radar reflection, the Doppler Bibliography 


effects in both directions must be added. This gives a factor 
of 2 if both paths are at substantially the same frequency. 
Fig. 8 is a plot of Doppler effect to indicate its magnitude. 

It will be seen that at 20,000 mph radial speed, a Doppler 
shift of about 100 kce/sec occurs for an operating frequency 
of 3000 me. 

Range can be measured in guidance systems by measuring 
time of travel over the path and using velocity of propagation. 
Velocity of propagation is quite constant, but is affected 
dightly by material in the path. Table 1 gives velocity of 
propagation as a function of temperature and humidity. 

In utilizing radio range data in a radio guidance system, 
account must be taken of the fact that the data obtained 
relate to the time at which transmission from the vehicle 
occurred, rather than the time at which it is received, an 
important consideration when time of travel reaches many 
seconds or minutes. 

It should also be mentioned that oxygen and water vapor in 
the atmosphere produce attenuation of signals in a manner 
shown in Figs. 9 and 10. 

The previous discussion has set forth some of the considera- 
tions which are vital to a high frequency radio guidance 
system. In order to indicate the possibilities of such systems 
some constants which would be practicable for a particular 
system will be assumed and the range capabilities assessed. 

Suppose a ground system involving a pulse transmitter and 
receiver operating at 3000 mc and a vehicle-borne transponder 
beacon having a suitable receiver and transmitter. Assume a 
pulse width of 2 microsec and a receiver bandwidth of 1 mc. 
The possibilities of other constants are summarized in Table 2. 

Various combinations of these possibilities are set forth 
in Table 3 which shows the possibilities of such systems from 
satellite tracking range all the way to the nearer planets. 

It should be noted that the figures given are only approx- 
imations and will be affected by many system details. How- 
ever, they give an indication of the kind of ranges available 
with minimum signal margins. To provide additional signal 
margin, ranges of one half to one quarter of those given should 
be considered more realistic. 
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Recent Progress in Inertial Guidance 


Introduction and Survey 


AVIGATION is traditionally the art of steering a vehicle 
from an origin to a destination over a mapped course; 
inertial navigation is a mechanization of this art. In inertial 
navigation, the force in the vehicle is measured with acceler- 
ometers in a gyro referred coordinate system. Thus, during 
certain intervals, navigation is carried on without reference to 
the environment of the vehicle. From the measured force and 
a foreknowledge of the gravitational field through which the 
vehicle moves, the acceleration of the vehicle through the 
field is deduced. Part of this acceleration may be due to 
the rotation of the Earth, which must then be accounted for; 
thus sidereal time is also an input to the navigation system. 
The acceleration on course is doubly integrated to indicate 
the displacement along the course, or position; these data 
are then used for steering. 

Inertial navigation’s beginnings, involving partial inertial 
guidance systems, go back to the first practical marine 
gyrocompass by Anschiitz of Germany early in the present 
century (1).2_ The next development pertinent to inertial 
navigation was the artificial horizon for air navigation, a 
long period pendulous gyroscope. As this device was im- 
proved it became a nonpendulous gyro coupled, through a 
pneumatic control system, to separate single axis pendulums. 
Thus, the general principles of today’s inertial navigation 
devices emerged: The measurement of force with single axis 
accelerometers in coordinates determined by gyros. This 
type of system was the basis of the guidance of the German 
V-2 rocket during World War II (2). 

After the war, reports from abroad (3), plus the tech- 
nological improvements developed during the war, stimulated 
fresh approaches, and the method was investigated for various 
airborne, marine and missile applications in this country. 
Most of the present system principles were in use in the 
designs of the mid-1950’s (4) and successful tests were re- 
corded. In 1953, for example, the MIT Instrumentation 
Laboratory was responsible for the first fully inertially guided 
coast to coast airplane flight. During this period, several 
other groups were also working on this problem: Among the 
earliest work may be mentioned that of the Autonetics 
Division of North American Aviation, Inc., and also that of 
the Army Ballistic Missile Agency. Engineers in the USSR 
also appear to have been interested in the navigation system 
problem (5) and particularly in the design of gyros (6). 

The distinctions between airborne, marine and missile 
applications of inertial navigation are drawn in terms of two 
circumstances: The force environment to which the naviga- 
tion system is subjected, and the expected time of operation 
as a purely inertial device. With respect to the force environ- 
ment, the burden is, first, on the accelerometers, in that they 
must have the desired precision (this includes precision of 
analog to digital data conversion, if digital computation is 
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used) and range of operation; and second, on the computer, 
the interpretive mechanism that yields position data as an 
output with accelerometer data, gravitational field data and 
time as inputs. Thus, gravity is apt to be the dominant 
force in airborne and marine systems, whereas thrust is apt 
to be the dominant force in missile systems during powered 
flight. With respect to operating time, the behavior of the 
gyros raises certain limitations; that is, gyro drift will sooner 
or later cause the axes in which the force is being measured to 
depart far enough from their reference directions to seriously 
impair navigation accuracy. This is clearly a less serious 
matter in missiles and satellites, where the time of powered 
flight is relatively short, than in, say, marine navigation, 
where there may be a need to retain reference coordinates 
mechanically simulated by gyros for several days. 

A group of engineers at the Instrumentation Laboratory 
at MIT present their views, in the short papers to follow, of 
certain recent aspects of inertial guidance. The authors see 
these developments from the point of view of the wide variety 
of research efforts that are under each man’s supervision. In 
the first paper, by Hursh, airborne inertial systems, i.e., 
for use in the atmosphere, are discussed from the point 
of view of a type of system developed at MIT for long range 
flights, which is contrasted with a short time of flight sys- 
tem indicating geographic coordinates—north, east and 
vertical. 

In the second paper, Frey considers missile and space 
vehicle guidance problems, where “navigation” in the tradi- 
tional sense of the interpretation of measurements to provide 
data for steering gives way to the view of guidance as a 
problem in classical mechanics modified by the use of control 
mechanisms. Both views, of course, amount in the end to 
the same thing, but the second more easily merges guidance 
with astronomy, which is the principal background science in 
space technology. 

In the third paper, Denhard provides a view of recent 
gyro development, with particular attention to perform- 
ance criteria and testing. Thus, after a preliminary discus- 
sion of design and materials choices, the author proceeds to 
detail the test procedures with which he is familiar, examining 
the concept of “gyro drift,” both as a physical quantity to 
be graphed against time and as a figure of merit. 

In the fourth paper, Grohe discusses accelerometer 
development, particularly in missile applications where the 
problems are toughest. Accelerometer calibration is charac- 
terized generally by a dependence on the elastic properties of 
a material, since accelerometers in general are devices which 
indicate the applied force as a displacement, i.e., in terms 
of elasticity. Even the pendulous integrating accelerometer, 
in which the applied force causes a gyro to exhibit its un- 
balance as an angular velocity proportional to the force (s0 
that the angular displacement is proportional to the integral 
of the force, or, making due allowance for the gravitational 
field, the integral of the acceleration), does not escape this 
limitation entirely, because of the gimbal bearing material 
requirements. 

In the fifth paper, Gilinson takes up the problem of elec- 
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tromechanical converters for torquing gyros aud accelerom- 
eters, for deriving signals from them, and also—a related 
but distinct problem—the torquing of the gimbals on which 
the gyros and accelerometers are mounted. 

In the next paper, Vander Velde contrasts analog and 
digital computers, with particular emphasis on recent de- 
velopments in the latter. 

The last paper is a brief statement of the problem of 
marine navigation, where inertial techniques started, and 
where they appear in a highly refined form today. The appli- 
cation of inertial guidance to submarines has, in fact, made 
the Polaris missile possible. By putting the problem in 
reverse, so to speak, marine inertial techniques can also be 
used in oceanographic research. 

The objective which we hope has been achieved is to give 
a broad view of recent developments in these specialties 
which, while necessarily brief and therefore somewhat super- 
ficial, will nevertheless be stimulating. To this end, an 
extensive bibliography is appended to the set of papers. 

—Joun Hovorka 


Recent Developments in Airborne Inertial 
Systems 


All airborne inertial systems developed to date use gyros 
to establish physically a set of reference axes isolated from 
aircraft rotational motion. Three single degree of freedom 
gyros or two two degree of freedom gyros have been used, 
the single degree of freedom design being preferred for highest 
accuracy over long periods of time. The gyro signals are 
resolved along the drive motor axes of the gimbals which sup- 
port the gyro platform. The resolved signals are amplified 
and applied to the gimbal drive motors, forming a closed loop 
system that isolates the gyro package from aircraft motion. 
Inertial systems may be divided into the following three cate- 
gories depending on the gyro reference coordinate system 
used : 

1 Inertially fixed system. 

2 Earth fixed system. 

3 Local vertical fixed system. 

Systems may be further subdivided according to the dispo- 
sition of the sensitive axes of the specific force measuring 
instruments (accelerometers) with respect to the gyro 
reference axes (4). 

The purpose of the nonrotating gyro coordinate system 
is to provide reference directions with respect to which 
specific force measurements can be made. The specific force 
(force per unit mass) measured by the accelerometers is equal 
to the force of gravitation acting on the unit mass minus the 
acceleration of the unit mass with respect to inertial space. 
Gravity, as distinguished from gravitation, is defined as the 
accelerating force acting on a mass stationary in Earth space. 
The direction of this vector defines local vertical. Using 
appropriate angular rate and position vectors, the specific 
force may be expressed analytically in terms of gravity and 
acceleration with respect to any one of a number of coordinate 
systems. A wide choice faces the designer, and since the 
rate and position information needed can be obtained from the 
indicating system, the selection of accelerometer coordinates is 
made on the basis of expected accuracy of measuring and com- 
puting instrumentation. In order to avoid computing the 
force of gravitation or gravity to a high order of accuracy, 
most airborne systems built to date have been designed with 
the sensitive axes of the accelerometers perpendicular to one 
or the other of these forces. 

In one inertial system design, both the gyro reference axes 
and the accelerometer input axes are fixed with respect 
to local vertical. Three gyros are used with their sensitive 
axes orthogonal, two in a horizontal plane and a third along 
local vertical. Two accelerometers are mounted with their 
sensitive directions also in the horizontal plane perpendicular 
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to each other. The accelerometer outputs are integrated and 
fed into the gyro torque motors. The sensitivities are ad- 
justed such that the platform is precessed at precisely the 
same rate as the vehicle moves over the surface of the Earth. 
Thus, the sensitive directions of the accelerometers are driven 
toward perpendicularity to the vertical and a condition in 
which no component of gravity is sensed. Angular rate may 
be obtained directly from the gyro torquing signals, but 
position computation requires an external open loop integra- 
tion of the rate signals. Earth rate must be resolved along the 
gyro axes using the position thus obtained in order that the 
gyros may be torqued to compensate for rotation of the Earth. - 
In addition, compensations must be computed and subtracted 
from the accelerometer outputs. The resulting system has the 
advantage of being relatively simple (except for the resolu- 
tion of Earth rate) and of being small in size and weight, 
for a given performance level and over a relatively short time 
of flight. A disadvantage is that after a few hours, errors 
in the resolution of Earth rate and in the open loop integration 
to obtain position cause the overall system errors to diverge 
rapidly. 

A system design (7) which has been developed and tested 
in the MIT Instrumentation Laboratory over relatively long 
times of flight extending over many hours falls under category 
1 above rather than category 3, which includes the system 
just described. The reference gyros are inertially fixed, 
Earth rate being removed by physically rotating the outer 
gimbals about the gyro package by means of a time drive. 
The sensitive directions of the two integrating accelerometers 
are maintained perpendicular to the local vertical by means 
of precision drives under the control of the indicating system. 
A single integration in each channel of the indicating system 
generates the accelerometer platform positioning signals. 
Thus, the accelerometers are maintained perpendicular to 
the gravity vector and the gyros are left untorqued. Ac- 
celerometer compensations must be computed, but Earth 
rate computations based on indicated present position are 
not necessary. Time of operation is therefore not limited 
by such computations, although the gimbal system is neces- 
sarily somewhat larger and more complicated than that of 
the local vertical fixed system of category 3. 

It should be noted that in those systems described in the 
foregoing, undamped indicators are described. Internal 
damping can be used together with velocity compensation 
using airspeed or groundspeed information which may be 
available aboard the aircraft. Relatively low damping ratios 
are used since presently available accelerometers have dy- 
namic range sufficient for the system to be set in operation on 
the ground prior to flight, keeping initial condition errors 
small. The indicators are null systems, a design which tends 
to minimize errors due to computing instrumentation inac- 
curacies. Flight performance tests of the Instrumentation 
Laboratory system showed that undamped operation over 
relatively long periods of time was entirely feasible. Ferced 
errors due to wind changes in the damped system using air- 
speed compensation may well be more serious than long term 
error buildup due to nonideal instrumentation in the un- 
damped system. 

The trend of inertial system design in all three categories 
is toward reduced size and weight, made possible through 
the use of smaller and lighter inertial and electronic compo- 
nents. Digital computing techniques have high accuracy 
capability compared to the analog techniques previously used, 
and have made possible advancement in inertial system design 
concepts. For example, since resolutions may be performed 
by the digital computer with extreme accuracy, a system has 
been designed under category 1 above (inertially fixed gyro 
reference frame) employing three accelerometers, also iner- 
tially fixed. The vertical is indicated in the gyro coordinates 
as a set of numbers in the computer. The use of digital 
computers has accelerated a trend toward the development of 
inertial components capable of producing digital outputs and 
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accepting digital inputs. Much progress has been made in 
the development of integrating accelerometers with digital 
outputs. Some success has been achieved in digital torquing 
of inertial gyros units as well. The use of integrating ac- 
celerometers eases the speed of computation requirement on 
the digital computer. 

At the present time effort is being directed toward the 
integration of the inertial guidance system into the overall 
weapon system of which it forms a part. The inertial system 
is used directly as an attitude reference and to provide sta- 
bilization information for other equipment in the weapon 
system in addition to performing its navigational functions 
of position and velocity indication. 

—Joun W. Hurs# 


Application of Inertial Navigation to Ballistic 
Missile Guidance and Launch Guidance of Space 
Vehicles 


A function that must be performed by a ballistic missile 
guidance system is the solution of a fire control problem in- 
volving some rather unusual interior ballistics. As the name 
ballistic missile implies, at the point where the final rocket has 
cut off and the missile is in free fall, the guidance job is com- 
plete. In other words, a ballistic missile guidance system 
is concerned primarily with establishing a velocity vector 
which will carry the missile in free fall to its target; thus 
such a guidance system is primarily a velocity control system. 
The “gun barrel’”’ may be several hundred miles in length and 
the projectile may spend several minutes in its course through 
the flexible gun barrel which ends at whatever point the last 
propulsion is shut off. 

The launch guidance of satellites and space vehicles is 
essentially similar, as long as propulsion consists of chemical 
rockets burning over short periods of time. In this case, too, 
one is interested in solving a boundary value problem, whether 
it be placing a satellite in orbit or sending out a space probe. 
In satellite and space vehicle launchings the periods of 
propulsion may be separated by intervals of free fall, the 
precise nature of the trajectory depending upon the propulsion 
system employed and the nature of the mission to be ac- 
complished. Although the specific equations may change, 
the general principle of establishing a suitable velocity vector 
still applies. { 

With this broad background in mind, let us consider the 
nature of a ballistic missile flight. First, an intercontinental 
ballistic missile with a free fall range of 5000 miles must have 
a velocity with respect to the Earth of well over 20,000 fps. 
This velocity is accumulated by means of chemical rockets 
providing substantial accelerations over a period of several 
minutes. Since the guidance system is fundamentally 
concerned with velocity measurement and control, the sensi- 

tivity of the overall system to velocity error must first be 
determined. . For example, at a 5000-mile range a velocity 
error of 1 fps provides a target miss of approximately 1 mile. 
Hence, for such a mission if, for example, 22,000 fps were the 
required velocity, velocity error of one part in 1000 means a 
target miss of approximately 20 to 25 miles. Obviously then, 
velocity measurement is a critical portion of this job. In 
addition, since large rocket engines are not yet capable of 
being constrained to follow precisely some specified thrust 
history, the guidance mission must be accomplished while 
both missile parameters and Earth parameters, such as at- 
mospheric winds, depart from nominal values. One may 
assume that the rocket can be controlled by means of swiveled 
rocket engines and by means of staging or cutting off rocket 
engines upon command. If, ‘however, one assumes that one 
cannot throttle a large rocket engine, it then becomes im- 
possible to constrain the initial flight path to nominal con- 
ditions if the propulsion system parameters vary from nom- 
inal. Even if the rocket flew a nominal path through space, 
it could pass through each point along the path either ahead 
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or behind time depending on the variations of the thrust pro- 
file of the engines. 

Consider first what sort of computation must be done in 
these circumstances. Obviously, since the guidance system is 
a velocity control system, in at least an implicit form one must 
first compute missile velocity and compare it to some desired 
velocity which will achieve the job, and second, take such 
control action as will insure that missile velocity becomes 
equal to desired velocity. At this point propulsion is shut off 
and the missile is in free fall to the target. The computation 
of actual velocity and desired velocity as well as the other 
parameters that may be required, such as time and position, 
is done by the indication system; the zeroing of the difference 
between desired and actual velocity is done by the flight con- 
trol system. The computation and control actions performed 
should be of the highest degree of simplicity consistent with 
satisfying the mission. Additional constraints may be placed 
upon the flight profile, for example, by the need to rise ver- 
tically initially, so that the missile velocity will not be too 
high while the missile is still surrounded by a relatively dense 
atmosphere, or by constraints which may be implied by the 
launching of the missile for an underwater submarine. These 
constraints, together with the constraints originating in the 
nature of the propulsion and airframe, form a set of “ground 
rules” under which the guidance system must work. Both 
indication and control may be solved in a variety of ways; 
those ways are best which keep the amount of airborne equip- 
ment to a minimum. 

When one considers the demands made on velocity com- 
putations, it becomes apparent that, at least at long ranges, 
digital computation techniques must be used. Certainly it is 
far from easy to make analog equipment perform with the 
accuracies mentioned in the foregoing; in addition, analog 
equipment of such accuracy is ordinarily far more complex 
than is desirable. Hence the modern trend is to digital com- 
puters for inertial guidance of ballistic missiles. Either spe- 
cial purpose or general purpose computers may be employed, 
depending upon a number of considerations. When the 
equations to be handled by the computer are exceedingly sim- 
ple, there can be distinct advantages to a special purpose com- 
puter such as the digital differential analyzer. As the equa- 
tions become more complex such a computer, in which each 
extra equation means extra equipment, becomes less efficient 
in comparison with the general purpose computer with a cen- 
tral arithmetic element. It should be pointed out, however, 
that both types of computer must communicate with other 
equipment and such communication is always in the form of 
special purpose input and output equipment. Thus, what- 
ever the nature of the computer, the virtues of airborne 
simplicity are once again apparent, since the greater the num- 
ber of elements with which the computer must exchange in- 
formation, the greater the complexity that is involved in the 
computer itself, regardless of its type. In general, the logic 
involved in all such computers is currently constructed of 
solid state elements. A variety of different storage elements 
are used. 

In putting together a guidance system, it is appropriate to 
consider next the special demands that the ballistic missile 
mission makes upon the basic sensing elements, that is, upon 
the gyroscopes and accelerometers. Consider first the case 
of the gyro and compare the demands made upon it with the 
demands of the navigation mission of a manned craft, such as 
an aircraft or submarine. 

Aside from the environmental conditions of acceleration, 
vibration, special thermal conditions, shock, etc., which may 
be inherent in a ballistic missile flight, the basically new de- 
mands made upon the gyroscope relate primarily to its rela- 
tively short period of use in the high acceleration environment. 
In the flight of a ballistic missile, those disturbing torques 
which over a course of hours or days in a manned craft would 
seriously affect the performance of the gyro and the reference 
held by the gyro, will have considerably less time in which to 
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act. Hence, gyros designed for the navigation of a manned 
aircraft over a period of hours are, in certain respects, over- 
designed for the ballistic missile mission. For example, the 
effect of unbalanced torques which are proportional to the 
specific force or g vector, will be more important to the naviga- 
tion of an aircraft over a period of many hours than to navi- 
gation of the ballistic missile over a period of several minutes 
even though the specific force vector is considerably larger in 
the ballistic missile. Compliance effects which produce 
torques proportional to the square of the specific force vector 
do become more important for the ballistic missile. It is this 
type of effect which is one of the reasons for the increasing use 
of beryllium as a structural material in gyros. The particular 
virtue demanded here is the extreme stiffness of beryllium 
which presents one possible means of reducing an isoelastic 
compliance. Currently both one degree of freedom and two 
degree of freedom gyros are in use, and floated gyros and air 
supported gyros are also in use. Both ball bearings and air 
bearings are used for spin axes. The relative virtues of one 
design over another will become apparent only from actual 
test. 

The demands upon the accelerometer presented by the bal- 
listic missile guidance are totally different from those which 
had been presented by earlier navigation systems for aircraft 
and submarines. In general, the specific force receivers for 
the earlier navigation systems were designed for relatively 
steady and moderate levels of force. In addition, they were 
ordinarily used in coordinate systems which moved with their 
location on the surface of the Earth so that the average was 
asteady 1g. Here too a variety of accelerometers have come 
to the fore. Currently the pendulous integrating gyro ac- 
celerometer (2), the vibrating string (8) and various forms of 
restrained pendula are in use. Most. of these instruments are 
now designed so that they can have a digital or a quasi-digital 
output. Many of them also feature an integration so that the 
output of the instrument is something with the dimensions of 
velocity. However, all of the designs are similar in that they 
are attempts to provide a specific force transducer for high 
and changing levels of force. In general, the more accurate 
guidance requires that the accelerometers be oriented with 
their input axes along a set of coordinates different from 
missile coordinates. The accuracy demands of intercontinen- 
tal missile guidance were mentioned earlier. One part in one 
thousand for a 4000-mile flight will produce over 20 miles miss 
at the target. If the accelerometer has a digital output, the 
granularity of this output must also be sufficiently fine to 
permit computation of the trajectory indication system with 
adequate accuracy. 

The inertial sensors or gyros and accelerometers are cus- 
tomarily mounted in a base motion isolation system. In gen- 
eral, this base motion isolation system is designed to hold a set 
of coordinates in inertial space physically, although it may be 
designed to follow some other reference, for example, a ro- 
tating Earth set of coordinates. In general, however, only 
modest motion of the stabilized package is involved. This re- 
lates primarily to the fact that at the present stage of de- 
velopment both gyros and accelerometers are not performing 
at their best when their axes are rotated at large rates. In 
other words, we cannot yet build highly accurate acceler- 
ometers that retain their accuracy when their sensitive axes 
are rotated at rapid rates. The same fact is essentially true 
for gyros. In the design of base motion isolation systems, 
various approaches are taken. There are the classical gimbal 
systems and the “inside out’’ or Hooke’s-joint systems, both 
in widespread use. In order to provide good base motion 
isolation in a vibrating, turning and bending missile, gear 
drives are being replaced by direct drives with a view to the 
elimination of backlash (11). In the electronics which drive 
such systems, tubes are being replaced by solid state elements, 
both at the signal and power level. In order to withstand the 
high acceleration and high vibration environment encountered 
in ballistic missile flights, design of gimbal systems and pack- 
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aging of electronics has taken a variety of directions, but all 
are primarily aimed at increasing reliability, increasing struc- 
tural integrity and reducing size and weight. The course of 
this development is not within the scope of this paper. 

A final word should be said about the nature of the con- 
trol system which constrains the missile to its mission on the 
basis of information supplied to it by the indication system. 
Here, too, a variety of approaches are possible, but all ap- 
proaches emphasize two features: First, simplicity and sec- 
ond, the avoidance of large angular motions. This last is 
desirable both from the standpoint of fuel efficiency and from 
the standpoint of keeping equipment working around a null ° 
rather than having the equipment go through major motion 
during a critical period of control. 

Inertial guidance systems of various designs have been 
tested in a number of missiles: The Redstone, the Jupiter and 
the Thor. Inertial guidance systems are currently being 
designed and built for the Polaris, the Atlas, the Minuteman 
and the Titan as well. It is merely a matter of time before all 
of these systems, some of drastically different approaches, will 
have been tested in actual missile flight. 

—E. J. Frey 


Gyros Used in Inertial Navigation 


In an inertial navigation system the gyro serves as a coordi- 
nate reference, or memory. The perfect gyroscope, when 
properly coupled into a servo system, will perfectly hold or 
stabilize a reference alignment for itself and, therefore, for 
the inertial navigation system of which it is a part. Since 
three orthogonal reference coordinates must be stabilized in 
inertial space, there must be three servo systems and three 
gyro stabilized lines of reference. In autopilot, fire control 
or panel instrument applications, the gyro must again stabilize 
a navigation (or fire control) reference line. However, the 
accuracy required is considerably less than that required of 
an inertial navigation gyroscope. In the case of the autopilot, 
for example, when more accuracy is required, there is a correct- 
ing override on the autopilot fed in by the pilot, radar or 
inertial navigation system, etc. Such combinations use the 
autopilot for maneuver without upsetting the inertial naviga- 
tion system coordinate reference lines. 

Nearly all gyros used for these purposes are either the 
single degree of freedom gyro or the two degree of freedom 
gyro; these are shown schematically in Fig. 1. The single 
degree of freedom gyro has only one defined axis of freedom for 
precession and, therefore, may be used to stabilize only one 
axis. The gyro will respond to the vector component of 
angular velocity that lies along its input axis, which is per- 
pendicular to the precession axis - spin axis plane. Three of 
these gyros are required to provide a set of three orthogonal 
reference coordinates. 

In some applications, the two degree of freedom gyro has 
two defined axes of freedom for precession and, therefore, may 
be used to stabilize two axes. In other applications, the 
axes of precession are not defined as such, but the gyro is 
still limited to stabilizing two axes and no more. Either 
type of two degree of freedom gyro is a so-called “free gyro.” 
By proper servo control and gimballing, two two degree of 
freedom gyros can provide a navigation system with three 
inertial coordinate reference axes (10, 11). 

It should be noted that for precision navigation equipment, 
emphasis has been placed on the single degree of freedom type 
gyro—the type used in the Thor, Titan, Redstone, Jupiter 
and Vanguard missiles, and planned for the shipboard naviga- 
tion system and the missile itself of the Polaris system. Cer- 
tain autopilots use single degree of freedom gyros, as do fire 
control systems involving high angular rates of the line of 
sight. This is mainly because of the difficulty of consistently 
achieving low drift rates with the two degree of freedom gyro. 
Ideally, the gyroscope is a precisely balanced mass supported 
by frictionless gimbals. Since the single degree of freedom 
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type has one less gimbal than the two degree of freedom type, 
gimbal bearing uncertainty torques, which cause gyro drift, 
are less of a problem. In addition, precise balance is easier 
to achieve in the single degree of freedom unit, where the only 
unbalance that can affect performance is that which causes a 
torque about the precession axis. Therefore, precise balance 
is necessary only about the precession axis. (Actually, the 
gimbal is also balanced longitudinally to equalize loading of 
the end supports, but this balance is not nearly as critical 
as the balance about the precession axis.) In contrast, a two 
; degree of freedom gyro’s performance is affected by any unbal- 
«4 ance at all, so that precise balance must be achieved—with 
; considerable difficulty—about the intersection of two axes, 
ora point. Thus, in spite of the fact that three single degree 
of freedom gyros are necessary to define a set of inertial ref- 
erence coordinates as opposed to only two two degree of free- 
dom gyros, the single degree of freedom type is widely used 
where high performance specifications must be met. 

The categories of effort in the design of gyros include reduc- 
ing their size, investigation of new materials, methods of 
driving the wheel, temperature control, methods of mounting, 
signal pickoffs and biasing torquers. However, the most in- 
tense development efforts have been concentrated on low 
friction shaft support, i.e., various forms of bearings. A 
summary of types of bearings is given in the following. 


} Wheel Support 


Bat Bearings. This is the most commonly used means, 


Gyro wheel 


Case 


Spin axis 


SINGLE DEGREE OF FREEDOM GYRO 


TWO DEGREE OF FREEDOM GYRO 


Fig. 1 Line schematic diagrams showing basic differences be- 
tween single degree of freedom and two degree of freedom gyros 
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although to date very little research effort has been put into 
perfection of bearings for this purpose. 

AUTOLUBRICATED Arr Brarines. Although this is an 
old and long used method of supporting a spinning wheel, it 
is only recently that it has begun to find any favor in precision 
gyro design. A primary reason for this is that only recently 
have the required dimensional tolerances been achievable 
by anything other than hand methods, and the same applies 
to measurement for inspection purposes. 

ELEcTROSTATIC FieLp. This is not a new idea in itself, 
but its potential feasibility has been demonstrated only 
recently. 

Magnetic Fieip, The interest in this means of support 
is concurrent with increased knowledge and success in cryo- 
genic work, because a suitable working unit could not nor- 
mally be obtained if large magnetic losses occurred. 

NEWER LaBoratory APPROACHES. These include the 
use of spinning electrons, atomic particles, etc. Not much 
information is available for publication on these methods. 


Support of the Spinning Member Assembly About the 
Precession Axis or Axes 


Fioration IN A Liquip. Most high precision gyros use 
this means of support, as do a major percentage of the gyros 
for less accurate applications. The gyro wheel is sealed ina 
can, which is as nearly neutrally floated as is feasible. There 
is no energy fed via the fluid for support. 

PressurizED AIR BearinG. External air under pressure 
is supplied to the clearance between the housing and the 
can containing the wheel, using orifices to establish stable 
support. 

Batu Bearines. These are not used for this particular 
purpose in highly accurate gyros, but are found in applica- 
tions calling for considerably reduced accuracy in a relatively 
low acceleration environment. 

Torsion Wire. This has very minor application. (See 
also discussion in next section.) 

Exectrostatic Fretp. With this means of support, a 
spinning ball is all that is needed, and, therefore, the electric 
field support of the ball is identical with that for the precession 
axes. In this case, the axes are defined by the pickoff system 
only. 

Magnetic Fretp. This is the same as for the electrostatic 
field case. 


Means of Defining the Precession Axis or Axes 


Pivot aNp JeweL Bearings. This method has been used 
for a major percentage of instruments employing the flotation 
principle. Each bearing is simply a pin (the pivot) in a 
clearance hole (the jewel) to provide radial support with low 
friction. The pivot end can also be used as part of the axial 
thrust bearing. 

PressurizEpD Fiuip Bearings. This method is also used 
with floated instruments and provides a positive energy con- 
suming radial (and axial) support bearing. 

Torsion Wires. Again, this means is used with floated 
instruments but, as indicated, not extensively. Torsion 
wires provide both radial and axial support, but the wires 
must be in line and in tension for the results to be successful. 

Crossep Reeps. This is a means of placing three reeds 
(or wires) in tension radial to the precession axis with one 
set at each end of the axis. By proper adjustment, it is at 
least theoretically possible to get a zero-restraint zero-friction 
support, but success depends on a critical adjustment. This 
method is generally used only with floated instruments. 

PressurizeD Air Bearinc. This bearing uses energy 
and can be used to define the precession axis, but it may exert 
unwanted torques about it, due to the energy in the air. 

Batt Bearines. The ball bearings mentioned in the fore- 
going can define the precession axis as well as support the 
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spinning-member assembly, but ball bearings in this applica- 
tion have high friction torques compared to other bearing 
types. 

The subject of defining gyro uncertainty or drift (12,13) 
is broad enough to fill a nonpocket edition, and the contro- 
versy over the validity of various tests in terms of operating 
conditions, if converted into Btu, could operate the Nautilus 
for a year. The basis of the controversy seems to hinge on 
whether tests on a gyro jn a constant-g field are truly indica- 
tive of instrument reliability and whether the tests are appli- 


SPIN REFERENCE AXIS (SRA) 


NORTH SOUTH 


EARTH'S POLAR AXIS (EA) 
TEST TABLE 


WHEEL 


TABLE AXIS 


TABLE SUPPORT 


L 


GRAVITY 
Fig. 2. Unit positioned with input axis parallel to Earth’s polar 
axis and controlling servo to fix platform in inertial space 


SPIN REFERENCE AXIS (SRA) 
WHEEL 


EAST WEST 
GYRO UNIT 
OUTPUT AXIS (OA) 1 
TEST TABLE 
INPUT AXIS (1A) 


TABLE AXIS 


R 


GRAVITY 
Fig. 3 Unit fixed with respect to Earth coordinates and control- 
ling servo to fix platform with respect to the Earth (input axis 
Vertical, output axis horizontal) (vertical component of Earth rate 
compensated ) 
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cable to installations involving varying-g and/or high-g field. 
At the MIT Instrumentation Laboratory testing in a vary- 
ing-g field is emphasized. The Laboratory has actual data 
showing that inferior caliber gyro units can pass tests made 
in a constant-g field and yet fail those in a varying-g field. 
Figs. 2 and 3 show test configurations for the two cases. The 
gyro in each case is oj erating in a closed loop positional servo. 

The definition of gyro uncertainty is generally based upon 
the ability of the gyro to react either consistently with time 
to a given input (linear acceleration and angular velocity, 
where one or both factors may be chosen as zero or compen- 
sated out) or to react consistently with repeated tests under ° 
the same conditions. 

Under the test conditions of Fig. 2, the gyro will stabilize 
the turntable in inertial space and, therefore, take out Earth 
rotation. In doing so, the component of the Earth’s gravity 
field parallel to the turntable top will sweep around the gyro 
in the spin reference axis-output axis plane. This varying 
gravity component will tend to dislocate or move any mass 
free to move in this plane. Such mass shifts will, of course, 
affect the balance of the gyro and thereby the ability of the 
gyro to stabilize the turntable against the Earth’s rotation 
correctly and repeatedly. By recording the rate of rotation 
of the turntable for repeated cycles of rotation and comparing 
it to Earth’s rate, the uncertainty or drift of the gyro can be 
determined. Such drift can be defined as a time history of the 
deviation, as in Fig. 4, or can be defined in terms of a single 
number (but less usefully) as the mean rate of drift which 
produces either the final or peak displacement error during 
the time of test as shown in Fig. 4. The drift also may be 
defined as the rms of the ordinates of Fig. 4. 

Under the test conditions of Fig. 3, the turntable will stand 
still with respect to the Earth as it also would do if everything 
were turned off. Therefore, this test can be misleading. 
However, the data resulting might also appear as in Fig. 4 
and be described in the manner of the preceding paragraph. 

Other methods of testing used elsewhere include variations 
on Fig. 3, i.e., output axis vertical and table shaft horizontal, 
as well as so-called “cogging” tests where the configuration 
might be as in Fig. 3, but with Earth rate not compensated 
out. Here the reaction of the gyro to the vertical component 
of Earth rate results in rotation of the turntable. Data are 
taken for repeated sweeps through a given azimuth angle. 
The average is removed to allow an rms analysis of the remain- 
der for the series of runs. These tests are short and inexpen- 
sive but are unreliable indication for high caliber varying-¢ 
inertial performance. 

Variations on the cogging test of a more severe nature have 
been introduced (or at least introduced to MIT) by British 
engineers. For these, the table shaft is horizontal and the 
tests are run for various inclinations of the output axis to the 
horizontal. Some analysis is required to correlate the data 
but this test gives more reliable results. It is not, however, 
of itself considered accurate enough for determining highest 
caliber inertial performance. 

The type of gyro designed, built and tested at the MIT 
Instrumentation Laboratory (14,15) is the Draper floated 
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Fig.4 Typical plot of gyro deviation angle vs. time for an inertial 
gyro in laboratory test 
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single degree of freedom integrating gyro unit shown in the line 
schematic diagram of Fig. 5 and the pictorial schematic dia- 
gram of Fig. 6. Fig. 5 shows, in simple form, the principles 
and functional parts of the unit. The synchronous (16) gyro 
wheel, providing the angular momentum, is carried in a sealed 
unit called the float gimbal structure. This is referred to as 
either the float or the gimbal, depending on whether opera- 
tional or structural characteristics are emphasized. The 
single degree of freedom construction is shown by the single 
pair of pivot and jewel bearings located at either end of the 
float. The axis passing through the pivots is the output 
axis of the gyro. 

The wheel, rotating on its own spin-axis ball bearings, is 
sensitive to angular velocities of the supporting case about 
any axis that is radial to the wheel shaft. Because of the 
single degree of freedom construction of the MIT gyro unit, 
the float is free to precess only in response to the components 
of angular velocity received along the gyro unit input axis. 

The output signal of the gyro unit is produced by a signal 
generator, an electromagnetic reluctance bridge device called 
a microsyn. The microsyn rotor is mounted on one end of 
the float and the stator is mounted concentrically with the 
rotor on the gyro unit case. The signal generator detects 
rotation of the float with respect to the case and produces a 
polarized voltage signal proportional to the angle of rotation. 

The torque generator, which is also a microsyn, is mounted 
at the other end of the float in a similar manner. The torque 
generator is a two winding element, similar to the signal 
generator, which responds to the in-phase product of the cur- 
rents in the two windings. The torque generator can be 
excited so as to create controlled torques about the output 
axis, giving a means for correcting any predictable errors in 
the gyro unit, such as those due to mass unbalance. 

In addition to performing the function of signal or torque 
generator, each microsyn is a magnetic suspension device 
that senses any radial displacement of the rotor with respect 
to the stator and changes the magnetic flux distribution in 
the air gap, so that a force acts on the stator, tending to 
return it to perfect centralization with respect to the stator 
gap. Since the sealed float gimbal structure is supported by 
a fluid film that supplies a buoyant force approximately equal 
to the weight of the float, the magnetic suspension microsyns 
are required to support only the unfloated portion of the total 
float weight. Note that the buoyant force as well as the float 
weight is proportional to the applied acceleration, thereby 
reducing to a negligible amount the load on the output axis 
bearings at all times. The function of the pivot and jewel 
bearings is to provide radial limits of travel of the float during 
storage as well as axial thrust limits at all times. 

The highly viscous supporting fluid serves also as a damping 
fluid. High damping is obtained by the small thickness of 
the film of fluid between the float outside diameter and the 
case inside diameter. High damping increases the speed of 
response of the gyro unit to such inputs as step functions and 
makes the response time of the order of a few milliseconds. 
The unit composed of the float and the torque generator and 
signal generator rotors is called the torque summing member 
(13). The rotation of the torque summing member, and 
hence the gyro output signal, is proportional to the sum of 
the torques about the output axis. 

The gyro unit case supports the gyro float in the fluid and 
provides the restricted clearance necessary for damping. The 
case also supports the signal and torque generator stators, 
and the fixed half of both jewel pivot combinations. Other 
elements are necessary to complete the gyro design, but a 
detailed description of them is not necessary for an under- 
standing of the basic instrument. In this category, for ex- 
ample, are balance adjustments, power lead baffles, thermal 
control devices, etc. 

Although this description is of a specific gyro design, some 
combination of the elements listed in the foregoing performing 
functions similar to those described here will be found in any 
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Fig.6 Pictorial schematic of an early MIT design of the floated, 
single degree of freedom, integrating gyro 


single degree of freedom integrating gyro (17). Note that, 
by simply adding the additional gimbal shown in Fig. 1, the 
description in this section would apply equally well to the 
two degree of freedom gyro design. 

—WituiaM G. Dennarp 


Accelerometers 

The basic elements of any acceleration measuring device 
evolve from the application of the principle of force or torque 
balance, which may be simply expressed as torque is propor- 
tional to the product of inertia and angular acceleration, or 
force is proportional to the product of mass and linear acceler- 
ation. 

The basic elements are: 

1 Mass or inertia element. 

2 Force or torque summing member suspension. 

3 Linear or angular displacement indicator. 

4 Controlled force or torque restraint device. 

A mass or inertia element usually consists of a concen- 
trated mass of some high density material securely mounted in 
a rigid frame. Efficient design often permits the same struc- 
ture to support components of the displacement indicator and 
torque restraint. 

The force or torque summing member suspension serves to 
maintain the acceleration sensitive element in a single plane 
and determine the axis of measurement. The support should 
be passive in that it should contribute a minimum of coulomb 
friction or unpredictable forces. There are numerous ways 
to accomplish this, some of which are described in further 
detail elsewhere in this paper. Examples of output axis 
bearings are: 

1 Magnetic bearings. 

2 Fluid bearings (liquid or gas). 

3 Elastic support (cross reed or torsion filament). 

Displacement indicators are often chosen from the follow- 
ing: 

1 Microsyn signal generator. 
2 Capacitive. 
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3 Optical. 

4 Moving vane. 

Signal-to-noise ratio, i.e., signal resolution and selectivity, 
stability of nonpassive reaction forces and signal transmission 
line coupling problems, usually influence the choice of a 
pickoff. 

The controlled force or torque production device is the 
subject of intense research activity because the ultimate 
linearity and range of the accelerometer are limited by its 
action. Some currently used restraint devices are: 
Constant speed gyro wheel. 

Controlled variable speed rotor. 

Microsyn torque generator. 

D’Arsonval torque generator. 

Electrostatic torque generator. 

Eddy current torque generator. 

Elastic restraint. 

The choice of restraint method gives the instrument designer 
considerable opportunity for ingenious application of new or 
unusual engineering materials. The objective is always to 
minimize disturbances resulting from temperature, pressure 
deflection and coulomb friction (18,19). 

It is the manner in which the four basic elements of an 
accelerometer are combined that produces variations in the 
basic theme; these variations may be likened to the subject 
matter of a patent application in that any originality pres- 
ent is apt to be in a reassembly of familiar objects rather 
than in a new principle. What happens to the output of the 
measuring device, i.e., the mechanical or electrical operations 
performed, depends on the guidance system requirements. 
The decision to single integrate for velocity information or 
double integrate for distance information depends on the 
degree of accuracy attainable in the integration technique. 

Ballistic missile applications require the range of accelera- 
tion measurement to extend over several decades, and further- 
more it is desirable that any acceleration within this range 
be known to high precision. The linearity and repeatability 
requirements represent a significant challenge to an instru- 
ment builder when one considers the shock vibration and ther- 
mal environment to be encountered during the measuring 
process in flight. Although sufficient accuracy and stability 
are attainable in laboratory instruments, there is fierce com- 
petition among guidance system manufacturers for the reduc- 
tion in size, weight and complexity. A review of current 
literature shows that accelerometer builders are striving to 
miniaturize prototypes which, though presumably meeting 
the specifications, remain too large and heavy. 

The forward strides in today’s accelerometer development 
are not the result of any new concepts of physical principles 
but are the result of basic research in the fields of chemistry 
and metallurgy. This research provides new engineering 
materials: Metals, fluids, potting compounds, bearing steels 
and dielectric materials, etc. 

The ultimate utilization of these new materials depends 
on an increasing recognition by designers of devices which 
embody linear, nonsaturating torques employing feedback ar- 
rangements to minimize cross coupling errors. In addition, 
an accelerometer should contain elements with inherently good 
signal-to-noise ratios, matched thermal expansion coefficients, 
high ratio of structural stiffness to weight and, above all, 
good dimensional stability. 

To describe the many types of accelerometers under con- 
sideration or manufacture would entail extensive space and 
time; however, the current approaches to the problem of 
— and velocity measuring, fall into three categories 
20): 

1 Torque restrained pendulum or force restrained slug. 

2 Vibrating string. 

3 Pendulous integrating gyro. 

_ The torque restrained pendulum is simple and economical 
in design and construction, but it suffers from its inherent 
susceptibility to cross coupled acceleration forces. It must 
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therefore be constrained to a small dynamic displacement 
angle thus imposing a stringent displacement indicator resolu- 
tion requirement at low accelerations. In order to accommo- 
date high accelerations the torque motor must deliver a high 
torque level linearly, i.e., without saturating. 

Some interest has been stirred in the direction of pulse 
torquing a pendulum in order to alleviate the magnetic 
linearity problem. This technique provides digital informa- 
tion to the computer, thereby making this class of instrument 
a strong contender for future accelerometer use. If the 
electronics associated with the pulse torquing can be made 
simple and reliable as well as compact, a very neat reduction 
in instrument complexity and size will result. 

In the vibrating string accelerometer (8) the change in 
frequency of a tautly stretched wire is proportional to the 
square root of the tension of the wire. This in turn de- 
pends on the wire’s obeying Hooke’s law; i.e., strain is pro- 
portional to stress in a perfectly elastic material. The 
sensitivity, size reduction and tendency to average cross 
coupling effects makes this accelerometer attractive at first 
glance. The stability of calibration depends on the metal- 
lurgy of the wire. History shows that high unit stress is not 
conducive to low creep or drift characteristics in metal crystal 
groups. Frequent calibration coupled with compensation 
devices and networks may be employed to offset the short 
time instability. 

The pendulous integrating gyro accelerometer is an out- 
growth of the basic integrating accelerometer used in the 
German V-2. Certain techniques developed by MIT In- 
strumentation Laboratory and others have extended this 
philosophy to a high degree of perfection to produce the 
current accelerometers in missile guidance systems. Its 
great virtue as an acceleration measuring device lies in the 
fact that it does not use any restraint device which is limited 
by Hooke’s law. A linear, unsaturable torque generated by 
a rigid pendulous element is balanced by a similar linear, 
unsaturable torque developed by the gyroscopic precessional 
torque as it responds to the angular velocity of a high per- 
formance servo. 

One other aspect of the integrating accelerometer that 
makes it attractive is its linearity and accuracy as an inte- 
grator. Other types of accelerometers (with the exception of 
the vibrating string) must depend on external mechanical or 
electrical integrators, which are limited in precision, are very 
complex and require extra weight and space. 

—Lester R. GRrowE 


Electromechanical Components Used in Inertial 
Navigation 


The electromechanical components discussed here are used 
in inertial navigation as transducers for converting informa- 
tion from shaft rotation form to electrical signals or power, 
and vice versa. The information may be differentiated or 
integrated in the conversion process. The most interesting 
of these applications are devices called angular displacement 
signal generators, angular velocity signal generators and 
torque generators. There is a corresponding class of linear, 
rather than angular, displacement transducers which operate 
on the same principle. 

The design objectives may be summarized broadly as 
follows: 

1 High output-input sensitivity with low null signal giving 
good resolution for signal generators. 

2 Minimum reaction or residual torque on both signal and 
torque generators. 

3 When necessary, good linearity over a large range of 
input for both signal and torque generators. 

These devices have two categories of use in inertial guidance 
systems: Within gyro and accelerometer components to con- 
vert their input and output quantities from electrical to me- 
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chanical form or vice versa, and externally, with similar func- 
tions, on the gimbal systems to which the gyros and accelerom- 
eters are mounted. The internal use category is discussed 
first. 

An electromagnetic variable reluctance bridge type device 
called the “microsyn’”’ (22) lends itself to many gyro and 
accelerometer applications in inertial navigation systems for 
the following reasons: ; 

1 High signal-to-noise ratios over commonly used fre- 
quency ranges and high angular resolutions. 

2 Input and output winding impedances are very flexible 
and can be obtained in manufacture over a wide range by 
simply using appropriate numbers of turns and wire sizes in 
the microsyn coils. 

3 No flexible lead-in wires needed to attach to the out- 
put axis with its resultant error torques. 

4 Extremely rugged and self-contained. 

The microsyn consists of a high permeability stator core of 
4, 8, 12, or 16 salient poles each with a primary and secondary 
winding, and a rotor core (with no windings) so shaped that a 
rotation of the rotor with respect to the stator increases or 
decreases the mutual inductance of the primary and second- 
ary windings, relative to a quiescent or zero angular value. 

In the microsyn signal generator, the primary coils serve 
as the excitation winding and the secondary coils serve as the 
output signal winding whose terminal voltage is proportional 
to the excitation current and frequency and the rotor dis- 
placement angle from the zero or null voltage position. 

In the microsyn torque generator, the primary coils serve as 
the reference excitation winding, and the secondary coils serve 
as the control current winding. The output torque is pro- 
portional to the scalar product of the primary reference and 
secondary control currents. 

The microsyn has a further advantage in that it can be 
used in such a manner as to magnetically support its own rotor 
core in the center of its stator bore when used in a floated type 
single degree of freedom gyro or accelerometer. The gyro or 
accelerometer float is held by a radial elastic magnetic force 
with respect to its outer case even under large case accelera- 
tions such as are found in missile applications. This is called 
the microsyn magnetic suspension (21). 

The microsyn can identically be used as either an angular 
displacement signal generator or a torque generator for ap- 
plying any desired torque or sum of torques to the gyro or 
accelerometer output shaft. Each microsyn type can be used 
to magnetically support its own rotor and the float in a floated 
type single degree of freedom instrument. 

Microsyns have the disadvantage of having residual or re- 
action torques due to core assymmetries, and hysteresis 
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torques in the torquers, if used with direct current excitation. 

The use of two similar microsyns mounted “back to back” 
as a signal generator and a torque generator at both ends of 
a floated gyro or accelerometer shaft, as shown in Fig. 7, 
assures that residual or reaction torques due to environ- 
mental changes or stray fields will compensate to some 
extent. Also the use of two microsyns to lend elastic sup- 
port to the floated gyro or accelerometer prevents the float 
from moving radially and axially while under the influence of 
high accelerations. The combination of the elastic magnetic 
support and the axial and radial damping of the viscous liquid 
make up a dynamic “shock absorber” on the instrument 
float. 

Electrodynamic devices (22) with a fixed and moving coil 
can be used as both an angular displacement signal generator 
and torque generator, but this necessitates a delicate moving 
coil structure on the output shaft together with flexible lead 
wires. 

The electrodynamometer type of torque generator, with two 
coils and no iron core, has the advantage of having no uncer- 
tainty torques due to hysteresis effects. Its big disadvantage 
is its low maximum torque per unit current density in the wire 
coils, because of the low permeability of air. 

A widely used torquer, which combines the advantages of the 
microsyn torquer, which has a relatively high maximum torque 
with little or no hysteresis or reaction torques and excellent cur- 
rent input torque output linearity, is the d’Arsonval or ‘‘voice 
coil” type of torquer. This consists of one movable control 
current coil in a permanent magnet field. It has another 
advantage in that no power is required nor dissipated by the 
fixed or permanent magnet field. It has the disadvantage in 
gyro or accelerometer torquing of having to bring current lead 
wires to the moving coil on the instrument output shaft. 
These lead wires exert an uncertainty torque analogous to 
the magnetic reaction torque in microsyn type torquers. 

Optical types of instruments are sometimes used as signal 
generators, but signal voltage generation in gyros and acceler- 
ometers may be difficult. Electrostatic devices with a fixed 
and moving set of vanes have been used for some time as 
capacitive signal generators and torquers. They avoid the 
lead-in difficulty to the instrument shaft but they have the dis- 
advantages of high impedance and high voltage circuits. 

Most torquers of the electromagnetic type discussed are 
limited in maximum torque due to heating or magnetic core 
saturation or both. Torquers of the electrostatic type are 
limited in maximum torque because of dielectric rupture of 
the air due to excessive voltage. 

The second use category for electromechanical transducers 
is, as mentioned in the foregoing, their use on gimbal drive 
systems external to the gyros and accelerometers. These 
gimbal drive system components include, as before, angular 
displacement signal generators and torquers, of the following 
general types (23): 

1 Signal Generators: Resolvers, synchros, microsyns and 
other miscellaneous inductive devices. 

2 Torquers: a-c two-phase induction motors and d-c per- 
manent magnet field motors. 

These signal generators are required to have good angular 
resolution. The resolver and synchro type may be used over 
a range of multiples of one revolution whereas the microsyn 
can only be used over a limited range. The torquers may be 
used with gear trains or as direct coupled drives (9). Heating 
rather than magnetic saturation limit the maximum control 
torque in gimbal drive torquing. 

Most modern inertial gyro spin motors are driven by the 
so-called hysteresis motor (24,25) which is a synchronous poly- 
phase motor. It is very rugged and reliable and can be built 
to have a relatively high efficiency resulting in low heat dis- 
sipation to the gyro float. It consists of a silicon-iron stator 
core with a polyphase winding fixed to the float, a gimbal and 
a hard magnet material for the rotor. The rotation of the 
polyphase electromagnetic field causes magnetic poles to be 
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set up in the rotor at synchronous speed. The rotor will con- 
tinue to rotate at synchronous speed until its maximum 
torque limit is reached. 


—P. J. Giuinson Jr. 


Computer Subsystem 


The computer subsystem of the inertial guidance system 
may be thought of as the assembly of equipment which takes 
the data from the inertial instruments as inputs and supplies 
outputs to the flight control and other operating subsystems. 
Thus the computer has a data processing job to do which may 
involve converting the data form, solving sets of equations and 
performing logical and other functional operations. 


Application of Analog Computers 


The computer designer has the immediate choice between 
analog and digital instrumentation for the computer sub- 
system. The choice is by no means unique, and there may 
well be subjective as well as objective arguments employed in 
practical design situations. In general, however, one may 
think of the analog computer as having appropriate applica- 
tion to situations in which a single, specified computation is 
to be carried out—that is, situations in which the ability to 
time-share computing equipment over different computations 
would be of little advantage, and in which a computing pre- 
cision of one part in 1000, or in certain cases one part in 10,000 
isadequate. The precision required in a given computational 
situation depends to a marked degree upon how the equations 
are formulated and upon the nature of the other equipment 
to be used with the computer. One might conclude that ana- 
log computation is not applicable to IRBM guidance. Ac- 
tually, analog computation can be used if the accelerometer is 
of the integrating type such as the pendulous gyro integrating 
accelerometer. In that case the nongravitational accelera- 
tion is integrated to a velocity by the inertial instrument it- 
self, and the computer need supply only a small increment to 
the velocity indication—that which is due to perturbations 
from the nominal trajectory. 

If analog instrumentation is to be used, the designer still has 
the choice between d-c and a-c signal levels—or perhaps a 
combination system. The d-c computer normally performs 
integration with a chopper stabilized d-c integrating amplifier, 
multiplication with a servo driven potentiometer, and trigono- 
metric operations with sine-cosine plots or with a resistance 
card with wipers carried over a circular path. The a-c com- 
puter normally performs integration with a motor-tachometer 
integrator, multiplication with a servo driven potentiometer, 
and trigonometric operations with induction resolvers. The 
problems of d-c drift and the reliability of brushes and 
commutators which are inherent in d-c systems may be bal- 
anced against the problems of phase shift of the carrier and 
harmonic generation which are inherent in a-c systems. The 
d-c systems are the more common choice for analog computers 
used in laboratory situations and a-c systems are probably the 
more common choice for computers used in operating systems 
such as guidance systems. 

The analog computer currently enjoys one distinct advan- 
tage over the digital computer: Many more engineers and 
technicians are familiar with analog technology than with 
digital. For this reason, no more will be said here about ana- 
log computers, although much remains unsaid. 


Application of Digital Computers (26-29) 


Some factors which point toward digital instrumentation 
of the computer subsystem are the following. 

1 Accuracy. If a computing precision of one part in 
1000 or perhaps a little better is clearly inadequate, then no 
choice exists in today’s technology—a digital computer must 
be used. This is the case, for example, in the guidance of 
ballistic missiles of intercontinental range. 
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2 Fuiexipiuity. The digital computer can more easily be 
arranged to use the same equipment to perform different tasks 
at different times. This kind of flexibility is especially true of 
the arithmetic type of computer. 

3 Compactness. The basic elements of which digital 
computers are composed have steadily become smaller and 
lighter, so that it is now possible in almost every case to con- 
struct a more compact digital than analog computer to per- 
form a given task. 

4 Rewiasiuity. Although very little is ever proved re- 
garding reliability, one has the general feeling that the digital - 
computer offers promise of greater operational reliability. 
This is due to the lack of dependence upon stable voltages 
and careful balancing. Usually the only critical quantity in 
a digital computer is the basic clock frequency, and for years 
the engineer has been able to effect more precise control over 
frequency than any other quantity. 


Types of Digital Computers 


If digital instrumentation is to be used, the designer still has 
a basic choice between two types of digital computers which 
will be referred to here as the arithmetic and incremental com- 
puters. 

The arithmetic digital computer is like the common general 
purpose laboratory computer, which solves problems nu- 
merically in essentially the same way a human would using a 
desk calculator. This computer processes whole-number in- 
formation; that is, a number being used in the arithmetic 
unit might represent to a known scale the velocity of the 
vehicle at that instant. Fundamentally, this machine simply 
adds numbers and performs certain logical comparisons. 
Integration is accomplished numerically, using an integration 
rule or quadrature formula of the designers choice. Multi- 
plication is performed numerically by repeated shifting and 
adding. Trigonometric functions are usually evaluated 
using power series expressions. This computer solves a stated 
problem by carrying out one basic operation after another 
under the control of the program. The program is a sequence 
of coded instructions which usually are stored in the computer 
memory together with the required data. Thus the task 
which this computer performs can be changed just by causing 
the computer to follow a different program which also is stored 
in the memory. The arithmetic digital computer is then the 
most flexible of computers. 

The incremental digital computer usually takes the form 
known as the digital differential analyzer or DDA. This com- 
puter processes incremental information; that is, the only in- 
formation which it would receive from an inertial instrument 
which indicates velocity due to nongravitational acceleration 
would be a sequence of pulses—each one signifying that the 
velocity had changed by a prescribed increment. The basic 
element of the DDA is the DDA integrator or increment multi- 
plier. This device yields an output pulse rate AZ propor- 
tional to the product of a whole number Y and a pulse rate 
AX. This increment multiplier is sometimes called a DDA 
integrator, because each output pulse AZ is proportional to 
YAX which is an element of the integral of Y with respect to 
X using the rectangular integration rule. The accumulation 
of these AZ pulses then represents the integral of Y with 
respect to X. Trapezoidal and higher ordered integration 
rules can be instrumented with increment multipliers if de- 
sired. Products and trigonometric functions are determined 
by solving for the increment in the desired quantity in terms 
of known quantities and their increments. The computer 
processes all of the increment multipliers in a time known as 
the cycle time of the computer. Usually the cycle time and 
increment values are chosen in such a way that no variable 
changes by more than one increment in one cycle time. The 
problem which a DDA solves is defined by the interconnection 
of the increment multipliers; it is thus not so flexible in the 
changing of its program as is the arithmetic computer. 
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Fig. 8 General system configuration using an arithmetic digital computer 


System Configurations Using Digital Computers 


The general system configuration for an inertial guidance 
system using an arithmetic digital computer is shown in Fig. 
8. At fixed time intervals A7’.. the current indications of the 
interial instruments, encoded into whole numbers, are gated 
into the computer memory. The computer then steps 
through its program solving the given equations. When the 
computer has executed the entire program it reads the output 
data into buffer storage and stops. At time AT later, fresh 
data are read in and the program is repeated. At the output 
end, whenever a new number appears in buffer storage, it is 
decoded into an analog signal for use by the flight control sys- 
tem. 

For an operating system such as this the encoders may very 
well be repeater servos, if needed, and whole number shaft 
angle encoders. The computer probably would use a magnetic 
drum memory, which is the most compact storage medium 
in today’s technology when all required auxiliary equipment 
is considered. The main disadvantage of drum storage is that 
instructions and data must be carefully placed on the drum if 
waiting time for required words to appear under the real heads 
is to be minimized. This is a severe limitation for a general 
purpose laboratory computer, but is less so for a special 
purpose computer which always will operate with a single pro- 
gram. To minimize waiting time, the computer will use a 
two-address instruction code or perhaps a relative address 
system, and parallel arithmetic will probably be required. 
The buffer storage may be flip-flop registers, and the decoders 
may well be servos with shaft angle encoders used in feed- 
back loops. 

The general system configuration using an incremental digi- 
tal computer is shown in Fig. 9. In this case the computer 
operates almost continuously, accepting input pulses whenever 
they occur and putting out output pulses whenever required. 
The incremental encoders may be incremental shaft angle en- 
coders, which are considerably smaller than whole number en- 
coders. The computer may use magnetic drum memory or, 
if the problem is too small to warrant the use of a drum, 
magnetic core shift registers may well be used. The incre- 
mental decoder is smaller than a whole number decoder; 
it may be a stepping motor with an analog signal generator on 
its shaft, or in some cases, a simple smoothing of the output 
pulses yields directly the appropriate d-c analog signal. 


Characteristics of the Systems 


The choice between the arithmetic and incremental com- 
puters is by no means clear. Nor is the design procedure in 
either case a simple matter. Having a statement of the 
problem to be solved and the accuracy required, there is no 
obvious way of determining the best values for cycle times 
and increments for the variables. The world is still waiting 
for some inspired graduate student to provide some answers. 
One might expect in general, however, that the smaller prob- 
lems can be solved in a more compact computer of the incre- 
mental type; if significantly different problems are to be 
solved at different times by the same computer, the arithmetic 
computer is probably indicated; in a complicated problem, a 
combination of the two types of computer might very well 


be of advantage. 
—W. E. Vanper VELDE 


Marine Inertial Navigation 


Marine inertial navigation was initially conceived in 1950 
in terms of a system for submarines which would replace the 
gyrocompass and the dead reckoning position indicator. Two 
requirements sharply distinguished the problem from other 
forms of inertial navigation proposed at that time: The 
initial alignment of the gyros relative to the Earth’s polar axis, 
and the long operating time, during which the behavior of the 
gyros was expected to be less and less predictable. The first 
problem was solved by making the system track the Earth’s 
polar axis in a manner broadly analogous to the way a gyro- 
compass tracks north—the inertial navigation system track- 
ing the Earth rate vector, while a gyrocompass tracks the 
horizontal component of this vector. 

The second problem involved realignment while the system 
was in use, without external references. The first system at- 
tempting to answer these requirements was tested by the MIT 
Instrumentation Laboratory in 1955; since that time, both the 
Sperry Gyroscope Co. and the Autonetics Division of North 
American Aviation, Inc., have entered the field. The latter 
group is responsible for the systems used in the recently 
famous subpolar explorations. 

The impetus for recent effort in this field stems from the 
launching requirements of the IRBM Polaris. The ship’s 
inertial navigation systems (SINS) provides Polaris with firing 
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Fig.9 General system configuration using an incremental digital computer 
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data. The role is probably the most taxing, in terms of 
accuracy and stability, that has thus far been assigned to an 
inertial guidance system. 


—Joun HovorKka 
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Doppler Radars for Guidance— 


Design Techniques and Performance 


WALTER R. FRIED 


General Precision Laboratory, Inc. 
Pleasantville, N. Y. 


The fundamental principles of self-contained Doppler velocity measuring radars and Doppler 
guidance systems are described. A comparison of the various design techniques for Doppler radars 
and the advantages and limitations of each are presented. The overall configuration of a typical 
Doppler radar is described. The performance characteristics of Doppler radars, with regard to 


accuracy and range capabilities are discussed. 


It is shown that basic velocity information with a 


probable error of near 0.1 per cent is obtainable from Doppler radar. The use of a Doppler radar as 


one element of a complete guidance system is discussed. 


It is shown that the overall system accu- 


racy of such a system is a function of the accuracies of all of the sensor and computation elements 
and, in many cases, can be no better than that of the weakest element. The nature of some of the 
system errors are described, including the effects of the directional and attitude references. Some 
recent advances in Doppler radar techniques and applications to space guidance problems are 


discussed. 


NE OF the basic pieces of information needed for the 
guidance of any vehicle is its velocity vector. In one 
form of application, the velocity, once determined, is combined 
with directional information and integrated to obtain miles 
traveled so as to compute the position of the vehicle. In 


Received July 17, 1959. 


DECEMBER 1959 


addition, the velocity information can be used to determine 
other elements of guidance information which are a function 
of the vehicle’s velocity, or to compensate the information 
from sensors which inherently require velocity correction. 

In 1842 the Austrian physicist Christian Doppler predicted 
an effect in connection with sound waves which was destined 
to make a tremendous impact on the guidance field over 100 
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years later, by providing an accurate means for the determi- 
nation of the velocity of a vehicle. This effect, known as the 
Doppler effect, can be described as the observed change in 
frequency due to the relative motion of the source and the 
observer. When the velocity of motion is small compared to 
that of the propagating medium this change in frequency, the 
Doppler shift, exhibits a direct proportionality relationship to 
the relative velocity between the source and the observer, 
and hence represents a direct means of measurement of this 
velocity. 

Christian Doppler dealt with sound waves in the 1840's; 
the Doppler effect was demonstrated in connection with mi- 
crowaves in 1938 by workers at the U. S. Naval Research 
Laboratory. The use of the effect for the determination of 
velocity for navigational purposes by means of Doppler radar 
was first proposed in the 1940’s by W. J. Tull and J. J. Hib- 
bert at the MIT Radiation Laboratory (1).! Subsequently, 
the U. S. Air Force, General Precision Laboratory Inc. and 
other organizations began an extensive research program in 
the field of Doppler radar navigation. The results of this 
work clearly demonstrated that a Doppler radar, located on a 
vehicle, provides a highly accurate means of determining the 
velocity of the vehicle with respect to the Earth or other re- 
flecting body from which the energy is backscattered. Thus, 
self-contained, i.e., vehicle-borne, Doppler radar emerged as a 
new sensor of great value for the accurate guidance of airborne 
vehicles without the need for any ground based stations. 
Continued effort has lead to many new developments in the 
field of Doppler radar techniques for navigation and guidance 
and to a tremendous growth and progress in this field. 

It is the purpose of this paper to present a detailed dis- 
cussion of the theory and practice of Doppler radar techniques 


1 Numbers in parentheses indicate References at end of paper. 


Fig. 1 Basic Doppler beam configuration 
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for guidance. The fundamental principles of a Doppler 
velocity measuring radar will be described. This will be 
followed by a critical comparison of the different design tech- 
niques for Doppler radars and the advantages and limitations 
of each. The performance capabilities, as regards range and 
accuracy, and the various sources of error of a Doppler radar 
will be discussed. The interrelationship of the Doppler radar 
sensor with the other components of a guidance system is of 
considerable importance. It will be shown that, in general, 
the overall accuracy of a complete integrated Doppler guid- 
ance system can be no better than that of the poorest of the 
components of the system. Moreover, possible intercon- 
nections with other velocity and position sensors and typical 
methods of application of Doppler radar for the guidance of 
aircraft, missiles and spacecraft will be discussed. A com- 
prehensive bibliography is given at the end of the paper. 


Fundamental Principles of Doppler Radar 


If one mounts a radar transmitter and receiver on a vehicle 
so that it transmits energy toward the ground and receives 
the backscattered energy, the difference between the received 
and transmitted frequencies is the Doppler shift. This shift 
exists since the transmitter and also the receiver are moving 
with respect to the Earth from which the energy is backscat- 
tered. If one measures this Doppler shift and knows the 
frequency of transmission, the velocity of light and the angle 
of radiation, one can determine the only unknown quantity, 
the velocity of the vehicle. The velocity can then be com- 
bined with directional information and integrated to measure 
the miles traveled and to compute the vehicle’s position. 
This is illustrated schematically in Fig. 1. The basic output 
of a Doppler radar is therefore in the form of frequency, and, 
in general, the observed Doppler shift is given mathematically 
by the Doppler equation 


9. y 
c 
where 
fa = Doppler shift 
v = velocity of the vehicle 
c = velocity of light 
Y = angle between the velocity vector and the direction of 
propagation 
f = frequency of radiation 
\ = wave length of radiation 


Since the antenna beam has a finite width and since the 
scattering from the Earth is of random-like nature, the infor- 
mation received from the ground is not a single frequency, 
however; rather it is in the form of a noise-like frequency spec- 
trum, like the one shown in Fig. 2. A certain amount of 
smoothing time is therefore required to determine the velocity 
to a given accuracy, with the accuracy increasing with smooth- 
ing time. A velocity smoothing time constant must be 
chosen, and its value usually represents a compromise between 
the velocity accuracy and rate of information required on one 
hand and the dynamics, e.g., maximum acceleration, of the 
vehicle on the other hand. If too large a smoothing time 
constant were selected, the Doppler radar would not be able 
to follow the vehicle accelerations or only with too great a 
lag. However, the effective smoothing time for average 
velocity or distance measurement is the total time flown and 
for typical systems it turns out that the fluctuation error due 
to the random-like nature of the information is completely 
overshadowed by certain instrumentation errors after only a 
few miles of flight (3 to 5). 

It is the function of the frequency tracker of the Doppler 
radar, which will be discussed later, to determine the center of 
area of the Doppler spectrum, i.e., to determine the single 
frequency which is proportional to the desired velocity com- 
ponent. The half-power width of this spectrum Af, is quite 
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important with regard to velocity accuracy considerations. 
It is dependent on the antenna beam width and several other 
radar parameters, and is given mathematically by the expres- 
sion 


Af, = (2v/d) sin yAy [2] 
where 
Af, = half-power spectrum width 
Ay = two-way beam width of the antenna in the y direction 


In order to measure the total velocity vector three non- 
coplanar beams are required. However, it is possible to 
measure two horizontal velocity components with respect to 
the vehicle axis with only two beams radiating energy toward 
the ground, provided information on the vertical component 
is furnished by another source, such as a barometric device. 
This is shown schematically in Fig. 3. In a fixed antenna 
system, the longitudinal (along-heading) velocity component 
can then be obtained by adding the Doppler shifts obtained 
from the two beams. The lateral (cross-heading) velocity 
component can be obtained by taking the difference between 
the Doppler shifts from the two beams. In a gimballed 
antenna system, the drift angle or ground track angle can be 
obtained directly by servoing the antenna until equal Doppler 
shifts are obtained, and the ground speed by using the Doppler 
shifts from either one or both of the beams. It is clear that 
the measurement of along-heading and cross-heading velocity 
components is equivalent to the measurement of ground speed 
and drift angle, since the former two are simply components of 
the ground velocity vector, of which the ground speed is the 
magnitude and the drift angle is the angle of the vector with 
reference to the vehicle longitudinal axis. The hyperbolas 
appearing on the right side of Figs. 3 and 4 are contours of 
constant Doppler shift on the ground plane (‘‘isodops”) for a 
velocity vector which is coincident with the longitudinal axis 
of the vehicle. By considering these contours, one can see 
how the Doppler shifts from the left and right antenna of a 
fixed antenna system will be different, if the velocity vector is 
not coincident with the longitudinal axis, i.e., when a drift 
angle exists. The difference between these two Doppler 
shifts is then proportional to the cross-heading component of 
velocity. 

For a number of reasons it turns out that the use of two 
beams is not optimum for most applications, rather the use 
of three or four beams, as shown schematically in Figs. 4 and 
5. This configuration has been given the name Janus con- 
figuration, after the Roman god who was said to have the 
facility of looking forward as well as backward. Such a two- 
way looking or Janus system has the following advantages at 
the cost of one extra beam, over the one-way looking or non- 
Janus system (2 to 5): 

1 It provides for inherent cancellation of the vertical 
velocity components when the forward and rearward looking 
beams are combined to measure horizontal velocity compo- 
nents, and hence information on the vertical velocity com- 
ponent from another source is not required. 

2 The measurement of the horizontal velocity components 
is highly insensitive to errors in the vertical reference (pitch 
and roll) for both horizontal and nonhorizontal flight. 

3 Measurement of the vertical velocity component, and 
hence of the total velocity vector, is possible, whereas it is not 
possible in the two-beam (non-Janus) case. In fact, in the 
non-Janus case it is necessary to furnish vertical velocity in- 
formation from an external source as a correction signal. 

The mathematical expressions showing this difference in 
dependence on the vertical attitude and vertical rate are 
easily derived (5) and are shown in the following for the some- 
what simplified case of no drift and roll 


E, = 6v/v = tan y(dy) non-Janus (pitch only) [3] 
E, = bv/v = 1 = cos (dv) Janus (pitch only) [4] 
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Fig. 3 Two-beam Deppler system configuration 


Fig.4 Three-beam Doppler system configuration 


FIG. 5A 


FIG. 58 


FIG. 5C 


Fig. 5 Typical Doppler Janus system beam configurations 
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E, = 6v/v = 1 — cos (6y) + sin dy tan € 
Janus (pitch and vertical velocity) [5] 


where 
E, = fractional velocity error 
6v = error in velocity 
v = velocity 
dy = uncertainty in pitch angle 
Y = angle between the horizontal velocity component and 


the direction of radiation 
angle of climb or descent 


€ 


It is seen from these expressions that for a y angle of 70 
deg (a typical value for many Doppler radars) the non-Janus 
system suffers approximately a 4.7 per cent velocity error for 
1 deg of uncertainty in pitch angle, whereas the Janus system 
suffers approximately a 0.014 per cent velocity error for a 1- 
deg error in pitch angle. Similarly, the error due to vertical 
velocity is very small in the Janus case, while it must be com- 
pensated for in the non-Janus case, with uncertainty in ver- 
tical velocity appearing as a direct factor. Janus systems use 
three or four beams of radiation; four beams are used in some 
systems primarily because of the symmetry of this configura- 
tion, which usually results in greater computer simplicity, and 
also because four beams are naturally produced by certain 
types of antennas, such as planar arrays. 

In a Janus system the Doppler shift obtained with the for- 
ward beam is effectively added to the Doppler shift obtained 
with the rearward beam. For the condition of no pitch and 
roll, so that the forward and rearward Doppler shifts are 
equal, the equation for the total Doppler shift from two beams 
takes the form 


fa = (4v/¥) cos [6] 


where the symbols are the same as those defined earlier. 

The particular beam configuration shown in Fig. 4 has been 
called } configuration. Since it is a Janus system using three 
noncoplanar beams, all three components of vehicle velocity, 
i.e., the along-heading, cross-heading and vertical components 
of velocity can be obtained with it. For the condition of no 
pitch and roll, the mathematical expressions for the computa- 
tion of the three velocity components are 


Va = (fas — fa) [7] 


4X cos 6 cos a 


Vo = (fa — Far) [8] 


~ 4) cos 6 sina 


4X sin 6 9] 


along-heading velocity component 

cross-heading velocity component 

vertical velocity component 

Doppler shift of beam n 

depression angle of the antenna beams 

azimuth angle of antenna beams (smallest angle be- 
tween projections of longitudinal axis of vehicle and 
antenna beam on the ground plane) 


Hun 


Since a condition of no pitch or roll was assumed for the 
foregoing expressions, the quantities Vz, Ve and Vy can be 
described as the three orthogonal velocity components in 
vehicle coordinates. 

The choice of y angle for a Doppler system represents a 
compromise between high velocity sensitivity (eps per knot) 
which increases with smaller y angles, and high signal return 
over the sea which increases with larger y angles (or at least 
with larger antenna depression angles, which generally in- 
crease with y angles). Most early equipment designers 
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adopted a y angle of 70 deg as the optimum compromise value, 
Another disadvantage of y angles larger than this value has 
been a larger land-to-water bias error (which is discussed in 
more detail in a later section); however the use of land-sea 
calibration methods have reduced the importance of this fac- 
tor to a very considerable extent, resulting in the selection 
of larger y angles in later designs. 

The choice of the a angle depends largely on the application 
of the system and certain technical considerations such as 
drift angle sensitivity and signal return. Typical a@ angles 
range all the way from 20-90 deg. Fig. 5 shows three exam- 
ples of azimuth beam configurations for typical Janus systems. 
Figure 5a is the configuration already discussed. Fig. 5b is 
a typical four-beam configuration particularly suited for 
certain planar array antenna systems. Fig. 5c is a configura- 
tion which is suitable for Doppler systems requiring a com- 
plete +180-deg drift angle range. 

In a practical Doppler radar the Doppler shift obtained is 
the beat between the transmitted and received signal. In 
order for such a system to function it is necessary that the 
received and reference signals be phase coherent with one 
another. This can be accomplished by a number of methods, 
depending on the type of transmission, and these will be dis- 
cussed in some detail in the next section. 

A block diagram of a typical Doppler radar is shown in Fig. 
6. It consists of four major components; the antenna system, 
a radar transmitter, a radar receiver and one or more fre- 
quency trackers. In general, the outputs of the Doppler 
radar are frequencies, voltages or pulse rates representing the 
orthogonal velocity components of the vehicle. 


Comparison of Design Techniques for Doppler 
Radars 


Type of Transmission 


The types of transmission for Doppler radars can be divided 
into three general categories: 

Pulse. 

2 Pure continuous wave (CW). 

3 Frequency modulation continuous wave (FM-CW). 

Pulse systems can be further subdivided into incoherent 
and coherent systems, and into low duty ratio (5 per cent or 
less) and high duty ratio (25-50 per cent) systems. Low duty 
ratio pulse systems are normally found in the incoherent class, 
whereas high duty ratio pulse systems are found in both the 
incoherent and coherent classes. 

The low duty ratio incoherent pulse type of transmission 
employs techniques most similar to those used in conventional 
radars. In common with all of the pulse and FM-CW sys- 
tems, but contrary to pure CW systems, this type of trans- 
mission exhibits high receiver-transmitter isolation. Because 
of its low duty ratio, this type of transmission is the least 
efficient of the types of pulse systems mentioned in the fore- 
going. However, primarily because of the state of the art of 
techniques and the availability of components at the time, 
this is the type of transmission used in the earlier Doppler 
radars (16,17). 


ANTENNA RADAR 
SYSTEM TRANSMITTER 


VEHICLE 
RADAR FREQUENCY | VELOCITY 


RECEIVER TRACKERS COMPONENTS 


Fig. 6 Block diagram of typical Doppler radar 
ARS JourNAL 


t] 
3 ti 
t] 
st 
ts 
b 
re 
te 
I] 
m 
tl 
li 
re 
be 
fr 
al 
fa 
F 
: tii 
of 
lo 
m 
ti 
re 
os 
sif 
to 
m 
m 
tic 
os 
fre 
: 
sig 
ba 
At 
mi 
where 
hij 
eff 
tay 
| col 
sin 
an 
A co 
4 fre 
na 
alt 
for 
Al 
Cal 
ho 
pu 
an 
Tk 
Di 


The high (25-50 per cent) duty ratio pulse systems exhibit 
high spectrum utilization efficiency, in some cases approaching 
that of CW systems, and at the same time they have the high 
transmitter-receiver isolation lacking in the pure CW systems. 

Incoherent pulse systems (of high or low duty ratio) nor- 
mally use an incoherently pulsed magnetron and achieve the 
coherence required for Doppler radar operation by beating 
the returns from forward and rear beams, which are them- 
selves coherent with one another. The method has been 
called self-coherence and inherently requires a condition of at 
least partial time overlap. This type of system exhibits a cer- 
tain simplicity through the use of a single magnetron trans- 
mitter as compared to typical coherent pulse systems, as will 
be seen later. Also, in contrast to both CW and coherent 
pulse systems, incoherent pulse systems impose no severe 
requirements on transmitter frequency stability. In such sys- 
tems the frequency needs to remain only within the receiver 
IF-pass band, and the frequency deviation during a trans- 
mitted pulse must not be large compared to the reciprocal of 
the pulse duration. The incoherent pulse system has the 
limitation that backward velocity information (sense of di- 
rection) and the vertical velocity component cannot normally 
be obtained, since the separate frequency shifts of the echoes 
from the individual beams are not available. Also, at high 
altitudes, the signal-to-noise ratio (S/N) falls off somewhat 
faster with increasing altitude than in CW, coherent pulse and 
FM-CW systems, primarily because of certain effects of the 
time spread of the echoes, and, at very high altitudes, because 
of certain undesirable signal and noise products. At the 
lower altitudes, however, the rate of S/N falloff is approxi- 
mately the same for all of the types of transmissions men- 
tioned here (20,21). 

The coherent pulse transmission systems, which are usually 
found in the high (25-50 per cent) duty ratio class, obtain the 
required coherence through the use of a free running CW 
oscillator, which is also used as the source for the reference 
signal, and whose output is fed to some form of pulse modula- 
tor and then to one or more klystron amplifiers. The pulse 
modulation process can be performed by means of a crystal 
modulator, gridded klystron, or synchrodyne, or a combina- 
tion of these. The coherent local oscillator reference signal is 
usually obtained by means of a so-called side-step local 
oscillator arrangement, in which a small amount of energy 
from the CW oscillator is mixed with energy from an oscillator 
at intermediate frequency so as to produce the local oscillator 
signal. A coherent pulse system is capable of determining 
backward velocity (sense of direction) and vertical velocity 
and hence the total velocity vector, since the Doppler shifts of 
the echoes in the individual beams are available separately. 
At high altitudes, the S/N falloff of coherent pulse systems 
can be made better than that of incoherent pulse systems, re- 
maining at 6 db per octave (twice the altitude) throughout, 
provided no loss of coherence occurs. At high altitudes the 
high duty ratio coherent pulse system thus represents the most 
efficient of the various pulse systems. One of the disadvan- 
tages of the coherent pulse system, as compared to the in- 
coherent pulse system, is considerably greater complexity, 
since it normally requires specialized microwave modulation 
and gating devices and a multiklystron transmitter chain, as 
compared to the simple magnetron of incoherent systems. 
Furthermore, the frequency stability requirement for the 
free running CW oscillator of such systems is very stringent, 
namely it is a function of the maximum echo return time (or 
altitude), as compared to the much less stringent requirement 
for incoherent pulse systems which was described earlier. 
Also, in such systems, care must be taken to suppress coherent 
carrier leakage to avoid undesirable effects in the receiver (23). 

All types of pulse systems are subject to so-called “altitude 
holes,” which exist at periodic altitudes at which the return 
pulse arrives near or at the time of the next transmission pulse 
and can therefore be gated out, unless special steps are taken. 
The method normally used to reduce or completely eliminate 
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this problem is to vary the pulse repetition rate (PRF) either 
continuously or in discrete steps, so that energy is received at 
all altitudes, including those at which a “hole’’ would exist if 
the PRF were fixed at one value. 

Pure continuous wave (CW) transmission is inherently the 
simplest and most efficient type of transmission. No mod- 
ulators of any kind are required, and, ideally, the spectrum 
utilization efficiency is 100 per cent. Also, no altitude hole 
problems of any kind exist in such a system. However, pure 
CW transmission systems are faced with the problem of diffi- 
culty of transmitter-receiver isolation and an inherent lack of 
discrimination against echoes from nearby objects. The lack | 
of isolation can result in large undesirable carrier and noise 
leakage signals which can lower the receiver gain and increase 
the effective noise level, thus greatly reducing the signal-to- 
noise ratio. This is of particular importance for operation at 
high altitudes, where the backscattered signal is, of necessity, 
relatively small. Also, in this case, an increase in transmitter 
power will be accompanied by a proportional increase in 
leakage power and therefore will not produce any increase in 
signal-to-noise ratio. Similarly, reflection and backscattering 
from nearby objects, such as stationary or vibrating structural 
members like the radome, nearby turbulent air (supersonic 
shock waves) and precipitation, will cause undesirable noise 
power which is in the frequency band of interest and whose 
level is proportional to the transmitted power. To improve 
basic transmitter-receiver isolation, dual antennas (space 
duplexing) are usually employed, resulting in larger antenna 
cutouts. Moreover, in general the installation of a CW 
system is precarious and troublesome because of the problems 
of achieving rigidity and avoiding vibration and leakage paths. 
The problem of lack of discrimination against echoes from 
noise producing scatterers in the vicinity of the vehicle itself 
is inherent with CW systems and virtually unavoidable. 
These factors represent a severe limitation of CW systems 
with respect to high altitude operation and have discouraged 
many designers from choosing this type of transmission. CW 
systems are inherently coherent in view of their continuity 
of transmission and reception. The stability requirements 
of the transmitter of typical CW systems is essentially the 
same as that of coherent pulse systems; i.e., it is a function 
of the total echo time, such that partial loss of coherence 
usually results in spectrum broadening and an increase in 
S/N falloff to values greater than the ideal of 6 db per octave 
(18,24,36). 

The frequency modulation continuous wave (FM-CW) type 
of transmission attempts to combine some of the advantages 
of pulse and pure CW systems. The problems of transmitter- 
receiver isolation and discrimination against nearby echoes 
are eliminated in such a system on a frequency basis, much as 
they are eliminated in pulse systems on a time basis. In an 
FM-CW system the transmitter is frequency-modulated, and 
the receiver is designed to accept and use only the Doppler 
shift of a particular sideband, other than the zero-order side- 
band, of the beat between the received and transmitted sig- 
nals. Since the modulation index of the beat spectrum, and 
hence the amplitude of all but the zero-order sidebands, de- 
creases very rapidly with decreasing range, becoming zero at 
the receiver terminals, high transmitter-receiver isolation and 
suppression of returns from nearby objects is achieved. Since 
such a system requires only one transmitter klystron and a 
simple low power sine-wave modulator, it tends to resemble 
the simplicity of a pure CW system. One of the disadvan- 
tages of the system is a relatively low spectrum utilization 
efficiency, since the power in all of the other sidebands is not 
used. Another, even more serious, problem of typical single 
antenna FM-CW systems is the fact that the full transmitter 
power feed-through of the duplexer, which is determined by 
the duplexer isolation characteristics obtained in practice 
(frequently from 20-30 db maximum), is continuously applied 
to the receiver crystals. This can result in severe crystal 
deterioration and hence in a significant loss and accompanying 
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reduction in receiver sensitivity. This fact prevents the use 
of higher powers over and above some maximum value (a few 
watts or so) and represents a severe limitation of FM-CW 
systems with regard to very high altitude operation. Also, in 
such systems, the requirement for maintaining the transmitted 
modulation index is reasonably critical. FM-CW systems 
are inherently coherent in view of their continuity of trans- 
mission. However, the requirement on the stability of the 
transmitter is different for the two possible types of Janus 
FM-CW systems. In one type, in which mixing is done after 
tracking, the stability requirement is similar to CW and co- 
herent pulse systems, and any incidental FM in the trans- 
mitter can result in considerable spectrum broadening and a 
lowered S/N ratio (27). In the other type of FM-CW system, 
mixing is done before tracking and undesirable effects of in- 
cidental FM in the transmitter are inherently eliminated by 
cancellation through self-beating, so that the frequency sta- 
bility requirement of the transmitter is lowered considerably. 

FM-CW systems are subject to altitude hole problems in a 
manner equivalent to the one discussed for pulse systems 
(though for different reasons), and these problems can be 
solved in FM-CW systems by somewhat similar techniques as 
those discussed earlier in connection with pulse systems 
(26,27,33-35,38,39). 


Frequency of Transmission 


As seen from Equation [1] the sensitivity of a Doppler radar 
in cps per knot increases with increasing frequency of trans- 
mission. On the other hand, if the frequency selected is too 
high, the absorption and backscattering effects of the atmos- 
phere become objectionably large (7) and satisfactory radar 
components are less available. Thus, the choice of frequency 
becomes a compromise based on the foregoing factors and at 
the present time Doppler radars use frequencies in the X band, 
specifically 8800—10,000 me/sec, and in the band, specifi- 
cally 13.25 — 13.5 me/see. 


Polarization 


The types of polarizations presently used for Doppler radars 
are linear and circular-odd (opposite rotation received), al- 
though cross-linear and circular-even (same rotation received) 
have also been considered. The main advantage of circular- 
odd polarization has been more efficient duplexing, although 
ferrite duplexers have largely removed this advantage over 
linear polarization. The same is true for cross-linear polari- 
zation; however the scattering loss is quite considerable for 
this polarization. To date, there is no experimental evidence 
of any appreciable difference in backscattering characteristics 
between linear or circular-odd (opposite rotation received) 
polarization. Circular-even polarization (same rotation re- 
ceived) has very desirable and well-known rain discrimination 
properties. However, as cross-linear polarization, it suffers 
from an appreciable scattering loss, particularly over water, 
which has discouraged designers from using this polarization. 


Antennas 


Antennas used for Doppler radars include phased linear 
arrays producing partial fan-shaped beams and a variety of 
antennas producing pencil beams or near pencil beams such as 
those shown in Fig. 5. Among the latter types are phased 
planar slotted arrays, parabolas and cut parabolas, and dielec- 
tric and metal-plate lens antennas fed by horns. Linear and 
planar arrays are normally considerably thinner than equiva- 
lent lenses or parabolas, thus requiring less height within the 
vehicle. These antennas are also more adaptable to beam 
shaping and can be designed to make the Doppler calibration 
constant completely independent of transmitter frequency. 
Both phased planar arrays and lenses can provide multiple 
beams with a single aperture. In general, the size of the 
antenna aperture is determined by the desired beam width. 
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The latter has a marked effect on the velocity fluctuation 
error and on the over-water bias error. One-way beam widths 
chosen for modern Doppler radars range from 3-7 deg, with 
the majority of systems having adopted a value near 5 deg. 


Stabilization 


As indicated previously, all Doppler radars are sensitive to 
some degree to a knowledge of the attitude (pitch and roll) of 
the vehicle, although Janus systems less so than non-Janus 
systems. Some correction or stabilization for the pitch and 
roll of the vehicle must therefore be made by means of infor- 
mation from a vertical reference, and the two ways of ac- 
complishing this are antenna stabilization and data stabiliza- 
tion. Systems using fan-shaped beam configurations tend to 
favor physical ground track stabilization, because of the shape 
of the constant-Doppler hyperbolas shown on Figs. 3 and 4. 
Roll and pitch stabilization can also be done by physically 
moving the antenna; this is referred to as antenna stabiliza- 
tion. Data stabilization, on the other hand, constitutes pitch 
angle and roll angle correction of the data in some form of 
computer, and allows the use of fixed antennas. This gener- 
ally requires somewhat less radome cutout size and weight 
than stabilized antennas, but at the expense of the stabiliza- 
tion computer. Antenna stabilization results in somewhat 
greater accuracy in some cases, particularly for drift angle 
determination over water, and it eases the tracking rate re- 
quirement of the frequency trackers in certain types of sys- 
tems. It also permits considerably larger roll and pitch ex- 
cursions over water without loss of signal, since it avoids large 
increases in incidence angle with resulting decreases in scat- 
tering coefficient. 


Receivers 


Doppler radar receivers can be classed into the two cate- 
gories of crystal video (zero frequency IF) and intermediate 
frequency (IF) receivers. There are further differences de- 
termined largely by whether the system is CW or pulse, 
non-Janus, RF Janus or IF Janus, as discussed elsewhere in 
this paper. Zero frequency IF receivers heterodyne a portion 
of the transmitted energy directly with that of the received 
energy, thus producing an audio Doppler signal at the crystal 
of the receiver. Although this system is by far the simplest 
and also eliminates one of the carrier leakage problems, it 
suffers from the poor noise characteristics of crystals at audio 
frequencies resulting in an inherent reduction of signal-to- 
noise ratio by 15-20 db. Intermediate frequency systems re- 
quire the necessary local oscillators, mixers and filters, but 
exhibit the resulting 15-20-db signal-to-noise ratio improve- 
ment over crystal video receivers. 


Frequency Trackers 


As mentioned earlier, the function of the frequency tracker 
is to determine the center of area of the noise-like frequency 
spectrum obtained from the ground echo. The generic forms 
of practical frequency trackers are the axis crossing counter 
and the closed loop frequency discriminator. Practically all 
modern Doppler radars use some form of closed loop frequency 
discriminator as the frequency tracking device. The Doppler 
signal is usually fed to one or more modulators which modulate 
it with a signal from a variable frequency oscillator (tracking 
oscillator) and feed the output to the device which performs 
the discriminator function. The output from the latter is 
smoothed in an integrator and used to control the frequency of 
the tracking oscillator. The tracking oscillator can then pro- 
vide the frequency tracker output. Mechanically tuned 
discriminators have also been employed, although they appear 
to have less accuracy capability (3,17,35). A discriminator 
type of frequency tracker can assume different forms, depend- 
ing on whether the tracking operation is done at audio (d-c) or 
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at some intermediate frequency. Furthermore, a frequency 
discriminator can employ a sweeping operation, a comparison 
of two nearby filters, some form of autocorrelation technique 
or a combination of these methods. Practice appears to show 
that there are no large differences in the performance of most 
of the existing frequency trackers either as regards accuracy 
or sensitivity, although conclusive comparisons have not yet 
been made. 


Performance Considerations 


Altitude Range 


The altitude range capability of a Doppler radar is primarily 
dependent on the following factors: 

1 The radar system parameters. 

2 The scattering properties of the target area. 

3 The attenuation (absorption) and backscattering prop- 
erties of the atmosphere. 

4 The velocity of the vehicle. 

5 The efficiency of the particular type of system. 

6 The design practices employed to solve the critical 
system problems. 

The radar parameters include such factors as the trans- 
mitter power, antenna gain, looking angle, receiver noise 
figure and wave length of transmission. 

The scattering surface fills the entire antenna beam in 
Doppler radar operation, and the value of the backscattering 
coefficient of the terrain is an important factor in determining 
the signal power available at the receiver. Since the scat- 
tering coefficient of water surface is approximately 5-15 db 
worse than that of land surface (8-11) depending on incidence 
angle and sea state, the operation of a Doppler radar over 
water represents the most severe condition from the view- 
points of the type of target area and the altitude capability. 

If the atmosphere through which the energy must travel 
has significant attenuation (absorption) and scattering prop- 
erties at the wave length in question, the useful signal power 
available at the receiver is proportionately reduced. At the 
wave lengths generally used for Doppler systems (2.2-3.0 cm) 
these effects are normally quite small, however. 

The velocity of the vehicle is involved in the altitude per- 
formance of a Doppler radar in view of the spectral nature of 
the Doppler signal and the narrow banding property of 
Doppler receivers. The noise bandwidth in which the 
Doppler signal is measured is the width of the Doppler spec- 
trum. Since this Doppler spectrum width is proportional to 
the vehicle velocity, as shown by Equation [2], the noise 
power in the bandwidth of interest increases linearly with 
velocity, and the available signal-to-noise ratio decreases by 
the same factor. Stated differently, for a given spectrum 
power content the signal power per cps decreases with in- 
creasing velocity. 

The characteristics of the particular system, such as the 
type of transmission, type of antenna, form duplexing, sensi- 
tivity of the receiver and sensitivity of the frequency tracker, 
which were discussed in previous sections, have, of course, a 
significant bearing on the altitude capability of the system. 

The final item listed in the foregoing deals with the design 
practices employed in the solution of the system design prob- 
lems. Although these factors are frequently not amenable to 
ready calculation, they can be of extreme importance with 
regard to the altitude capability of the system. An example 
of these would be the requirement for extreme rigidity of con- 
struction in the case of a pure CW system, in view of the un- 
desirable effects of vibration of structural members which are 
located anywhere in the path of the transmitted or received 
energy. Vibration of this type can cause large noise levels 
in the bandwidth of the desired Doppler information and thus 
reduce the signal-to-noise ratio at the receiver. This assumes 
particular significance at high altitude at which the back- 
scattered signal is relatively small. Another important exam- 
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ple of this type of problem is the frequency stability of the 
free running oscillator in CW, coherent pulse and certain types 
of FM-CW systems. Lack of sufficient frequency stability 
of the oscillator which can be due to such factors as power 
supply ripple, microphonic pulling or temperature effects, 
causes partial loss of coherence and can result in appreciable 
broadening of the Doppler spectrum and correspondingly 
lower signal-to-noise ratios. 

Quantitatively, the altitude capability of a Doppler radar 
can be expressed as a function of the available Doppler signal- 
to-noise ratio at the highest altitude, highest velocity and over 
the worst terrain, as compared to the sensitivity of the fre- - 
quency tracker. The latter is expressed as the minimum 
Doppler signal-to-noise ratio required by the frequency 
tracker for acquisition and tracking of the signal. 

The following is an expression for the first of these two 
parameters: The Doppler signal-to-noise ratio. The expres- 
sion given is valid for coherent non-Janus systems and co- 
herent Janus systems using post tracker mixing. It is derived 
from the radar equation which can be found in any radar text 


(6) 


Nia 
where 
: 
—| = Doppler signal-to-noise ratio (Doppler S/N). (Ra- 
Nia tio of the total Doppler signal power to the noise 
power in the bandwidth of the Doppler spectrum. 
The bandwidth of the Doppler spectrum is meas- 
ured at the 3-db points) 
P, average transmitted power per beam 


G = one-way maximum antenna gain relative to an iso- 
tropic radiator 

W,; = RF attenuation in the plumbing of the transmitter 
and receiver paths, including duplexing and wave 
guide losses 

E = efficiency factor (ratio of available Doppler S/N 
to the Doppler S/N which would be available if 
all of the received signal were converted to Doppler 
information. This includes spectrum utilization 
in pulse and FM-CW systems, gating improve- 
ments and noise foldover losses) 

f(v) = scattering coefficient at the given y angle. f(y) = 

$00 sec ¥, where a is the average radar cross sec- 

tion per unit area) 


(NF)= RF noise figure 

K ~~ = Boltzmann’s constant 

T = absolute temperature 

Afa = bandwidth in which the noise is measured, i.e., the 


bandwidth of the Doppler spectrum. (See Eq. 
[2] for the coherent single beam case, for example) 

L = attenuation in the atmosphere 

A = antenna efficiency 

vy = angle of incidence, i.e., angle between the vertical 
and the direction of radiation 

F antenna pattern parameter (normally between 0.5 

and 0.67) 


From the foregoing expression the Doppler S/N can be 
calculated. The actual or measured Doppler S/N may be 
smaller in some cases because of the effects of certain of the 
design practices referred to under item 6 at the beginning of 
this section. 

To obtain an expression for the Doppler S/N ratio for co- 
herent Janus systems using pretracker mixing, Equation [10] 
must be modified to take into account the so-called signal 
suppression effect, which becomes significant only at ex- 
tremely small IF S/N ratios and causes the S/N altitude 
falloff to increase to as much as 12 db per octave (double the 
altitude). For the case of coherent and incoherent pulse 
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Janus systems using pretracker mixing, Equation [10] must 
be further modified to include the effects of the time spread of 
the echoes, which becomes significant at medium altitudes 
and can cause the S/N altitude falloff to increase from the 6 
db per octave value for low altitudes to 9 db per octave. For 
the case of incoherent pulse systems using pretracker mixing a 
final modification of Equation [10] is required to take into 
account the so-called pulse overlap noise which can occur at 
very high altitudes due to second detector noise produced by 
the beating of the returns from successive transmitter pulses. 
[See reference (20) and reference (3) cited therein. } 

The other important parameter, the minimum Doppler 
S/N required by the frequency tracker of course depends on 
the performance characteristics of the particular frequency 
tracker. Modern frequency trackers have been built in pro- 
duction which will acquire the signal at a Doppler S/N of 2-4 
db and which will track the signal at a Doppler S/N of less 
than 0 db. 

On the basis of the foregoing considerations and the present 
state of the art, it can be shown that Doppler radars can be 
designed to operate at the highest altitudes required for cur- 
rent commercial and military aircraft and cruise missiles, 
and over smooth water, using average transmitter powers of 
less than 15 w. 

It can also be shown that for certain terminal guidance 
spaceflight applications, for example for a landing on the 
moon, which is believed to have no water surfaces, a range of 
100 miles can be obtained with a high duty ratio coherent 
pulse system using currently known techniques and having an 
average transmitter power of 50 w. Recent work seems to 
indicate that only one third of this power would be needed 
over land for a coherent pulse system using a pulse length 
which corresponds to the echo return time and which is large 
compared to the Doppler correlation time, as is the case for ex- 
tremely high altitude operation. For shorter range lunar land- 
ing applications, Doppler radars using other types of coherent 
transmissions can be shown to provide satisfactory solutions. 


Accuracy 


Although the basic velocity accuracy achievable with a 
Doppler radar is extremely high, there are a number of sources 
of error which contribute to the error in velocity measurement. 
Following is a list of the major errors, and a discussion of each 
of them. Some of these are clearly random errors; some are 
clearly systematic (i.e., are amenable to being “calibrated 
out”), and some of the errors contain both random and sys- 
tematic components: 

Fiuctuation Error oz,. This random error is 
due to the noise-like nature of the Doppler signal spectrum, 
and is a function of the smoothing time, the velocity and the 
spectrum width. The latter is in turn dependent on certain 
basic radar parameters, such as beam width, wave length and 
looking angle. Since the expression describing the fluctuation 
error involves the smoothing time and the velocity only as a 
product (2,5), the fluctuation error is a function only of dis- 
tance traveled, observing an inverse square root dependence. 
Thus, the fluctuation error decreases very rapidly with dis- 
tance traveled. For instance, it is shown in (5) that for a 
typical Doppler radar, the standard deviation of this error is 
0.045 per cent after 10 miles and 0.02 per cent after 50 miles 
of travel. Hence, the Doppler fluctuation error is usually 
swamped by other instrumentation errors of the guidance 
system with regard to distance and position determination. 
However, it must be considered for short term velocity 
measurement. 

ERRORS IN THE BEAM DiRECTION g,. (ANTENNA AND BORE 
Sieutinc Errors). As seen from Equation [1], an error in 
beam direction directly effects the value of the measured 
Doppler frequency. This is clearly a systematic or bias 
error, however, and in many cases it can be removed by some 
form of calibration procedure. Moreover, Janus-type sys- 
tems are much less sensitive to any misalignment in the in- 
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stallation of the entire antenna because of the nature of the 
Janus self-compensation discussed previously. 

ERROR IN THE TRANSMISSION FREQUENCY c,. It is also 
seen from Equation [1] that an error in the transmission fre- 
quency directly affects the value of the measured Doppler 
frequency. However, when the frequency stability of exist- 
ing microwave tubes is considered in the light of Equation 
[1], it is seen that this error is normally quite small. More- 
over, as discussed earlier, phased linear and planar array 
antennas can be so designed as to make the Doppler calibra- 
tion constant completely independent of transmission fre- 
quency (3, 22). 

ERROR IN FREQUENCY MEASUREMENT g,,. (FREQUENCY 
TRACKER Error). This error is, of course, a function of the 
instrumentation of the frequency tracker. The error can 
normally be expressed as a fraction of the Doppler spectrum 
width and hence as a percentage of velocity. Frequency 
trackers having errors less than 0.02-0.05 per cent are within 
the present range of achievement. 

Error IN Data CoNVERSION o,. In many systems it is 
necessary to convert the Doppler frequencies representing the 
desired velocity components into some other form, such as 
analog voltages for instance, in order that the information can 
be operated upon in a computer or used by other equipments 
in the vehicle. This data conversion can deteriorate the 
accuracy of the velocity information. The error has been 
particularly significant in the earlier Doppler radars, which 
used relatively inaccurate tachometers in the conversion 
device. Recently, however, electronic frequency to analog 
conversion devices have been developed which exhibit errors 
less than 0.05 per cent. In addition, airborne digital com- 
puters are finding increasingly more widespread use, and con- 
version devices which transform Doppler frequency data into 
binary digital form can be designed with negligible error, or 
with an error which is limited only by the number of binary 
bits used. 

ERROR OF STABILIZATION OR CONVERSION FRoM VEHICLE 
To Grounp CoorpInaTEs o,. Since the basic Doppler ve- 
locity information is obtained in vehicle coordinates and is 
generally required in ground or other coordinates, a conversion 
from the former to the latter is usually required. For normal 
flying, this conversion amounts to stabilization about the 
pitch and roll of the vehicle. In antenna stabilized systems 
the information furnished by the Doppler radar is in the de- 
sired coordinate system, and the stabilization error is pri- 
marily a function of the errors of the vertical reference and of 
the servo which controls the antenna. In fixed antenna sys- 
tems the Doppler velocity information is furnished by the 
Doppler radar in vehicle coordinates and the data are cor- 
rected for the pitch and roll of the vehicle in some form of 
computer which again receives pitch and roll information 
from a vertical reference. In this case the resulting error 
consists of the error of the vertical reference system and of the 
computer error of the stabilization computer. As was shown 
earlier, the basic error due to pitch and roll uncertainties is 
quite small for Janus systems (0.014 per cent per 1 deg of 
uncertainity in pitch for instance). Reduction of this error 
to extremely small values can be achieved through the use of 
an accurate vertical reference system and a high precision 
servo or stabilization computer. 

Error DvE TO THE NATURE OF THE TARGET AREA G,. For 
operation over land this error is negligibly small. It is 
caused by a very small change in scattering coefficient with 
looking angle over the finite beam width, by range difference 
effects over the beam width and by nonlinearities in convert- 
ing ray angles to Doppler frequencies. For operation over 
water, however, this error can assume very appreciable 
values, primarily because now the change in scattering coeffi- 
cient with looking angle over the finite beam width can be 
quite large (3-5,9). This phenomenon has the effect of pro- 

ducing a somewhat skewed and shifted Doppler spectrum, 
which results in a so-called water calibration shift error. Al- 
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though this error is a systematic error for a given sea state, it 
varies for different sea states (3-5). Thus, it can be reduced 
to a considerable degree, although not completely, by a land- 
water calibration change based on an average sea state. The 
water calibration shift error is primarily a function of beam 
width, beam shape, incidence angle and sea state. Assuming 
a properly selected mean for the sea state calibration cor- 
rection and a random (gaussian) distribution of occurrence of 
sea states about the mean, the error can be reduced to a peak 
value of +0.7 per cent and possibly a lo value near 0.25 
per cent for typical systems and for a range of sea states de- 
fined as Beaufort 1 to Beaufort 4 (4,5). For sea states 
smoother than Beaufort 1, the error would be somewhat 
greater. New techniques (of which details are still classified) 
are being investigated, however, which are aimed at further 
progress in this area. This work is greatly justified since this 
error represents one of the largest errors in velocity measure- 
ment by a Doppler radar (4,5). Water surface droplet mo- 
tion and water current motion also cause Doppler velocity 
errors; however (unlike the calibration shift error discussed 
above), these errors decrease, percentage-wise, as the vehicle 
velocity increases, and therefore tend to become acceptably 
small for most modern vehicles (4, 5). 

On the assumption that the systematic errors have been 
removed by some form of calibration procedure, the total non- 
systematic Doppler velocity error a», can be obtained by 
combining the Doppler fluctuation error o¢, (for a desired 
distance or velocity and smoothing time) and the nonsystem- 
atic components of the other errors discussed above in a 
root-sum-squared manner as follows 


ve, Vo Pg + + + {11] 
where the subscript f denotes the nonsystematic (fluctuation) 
component of the error in question. 

For typical high performance systems, this results in a 
total lo Doppler velocity error over land of less than 0.1-0.3 
per cent and an equivalent error in drift angle or cross-heading 
velocity. A considerable amount of statistically significant 
measured flight data, in many yet unpublished and in some 
published papers (4,5,12), have clearly demonstrated Doppler 
radar velocity accuracy of this quality. 

For operation over water, the calibration shift error dis- 
cussed in the foregoing must of course be taken into considera- 
tion as an additional source of error. 


System Considerations 


In many applications Doppler radar velocity information 
is fed to some type of computer which combines it with in- 
formation from a directional (heading) reference, integrates 
the velocity to produce miles traveled and computes position 
and steering information. In this case, the Doppler radar, 
the computer and the directional reference constitute the 
three major components of a complete guidance system. 
It is important to note that the overall accuracy of such a 
guidance system can be no better than that of the poorest 
of the three major components. In fact, the overall along- 
track (range) error is obtained by combining, in a root-sum- 
squared manner, the range components of the errors of the 
Doppler radar and the computer, and the cross-track (trans- 
verse) error is obtained by combining the transverse compo- 
nents of the errors of the Doppler radar, the computer and the 
error of the directional reference (13). The importance of the 
directional reference is easily appreciated in this connection, 
when one observes that a 1-deg directional error results in a 
1.75 per cent error in position. Because of the difficulty of 
obtaining accurate directional references, it is the error of the 
directional reference which controls the overall system error in 
many present-day systems (4, 5, 12, 13). 

Typical directional references are the gyro-magnetic com- 
pass (40), the free gyro (41), the astro-compass and the north 
seeking gyro-compass (42, 43). 
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The north seeking gyro-compass is perhaps the least known 
of the four devices mentioned; it appears to have considerable 
potential. It is an inertial device which inherently seeks 
north by finding an Earth rate signal null, and it does not 
exhibit a drift error which accumulates with time, as does a 
conventional inertial platform or free gyro (41-43). Suc- 
cessful operation of this device requires accurate information 
on the vehicle’s velocity, which is available from Doppler 
radar. It also requires at least one gyro with drift rates of 
the order of 0.01 to 0.1 deg per hr. Gyros having such qual- 
ity have recently become practical. It also requires vertical 
stabilization, which can become an important design problem 
if the vehicle can be subjected to large attitude excursions. 
If the proper design techniques are used, the north seeking 
gyro-compass operated in conjunction with Doppler radar is 
capable of very high, sustained, azimuth (heading) accuracy 
(4, 5, 42, 43). 

The effect of the vertical reference error on the Doppler 
system error was discussed previously and was shown to be 
of lesser importance than the directional reference error, 
particularly for Janus systems. This is especially true for 
applications in aircraft and cruise missiles. Vertical sta- 
bilization may assume greater importance in connection with 
Doppler radar applications in space vehicles, since large ex- 
cursions of the vehicle are possible and cannot be tolerated 
beyond certain limits in view of the nature of the Doppler 
radar backscattering requirements. However, equipment 
which is designed to accurately stabilize such vehicles is being 
developed for other purposes and should, hopefully, provide 
sufficient performance to permit Doppler radar operation. 

The accuracy of the computer of a complete self-contained 
guidance system is also of importance, since it provides the 
function of velocity integration, and position and steering 
error computation. However, the development of high pre- 
cision analog and digital computers is so far advanced that a 
computer of almost any desired accuracy compatible with 
those of the Doppler radar and directional reference can be 
designed. It becomes necessary only to select a computer 
design which does, in fact, have performance characteristics 
which are properly compatible with those of the sensors. 

On the basis of the foregoing considerations, i.e., over- 
land 1a Doppler velocity errors of 0.1 to 0.3 per cent, com- 
puter errors of the same order and directional errors two or 
three times that value, typical high performance Doppler 
navigation systems exhibit overall rms position errors some- 
where less than 1 per cent of distance traveled (4, 5, 12, 13). 

Since approximately 1954, Doppler navigation systems have 
found widespread application in military aircraft (5, 47, 48), 
have been evaluated for certain cruise missile applications, 
and, more recently, have been designed for use in commercial 
aircraft (49-51). The characteristics of many of these sys- 
tems have been described in the literature (3-5, 16-39). The 
weight of the lightest of the Doppler radars in present-day 
production is approximately 60 lb, and the weight of the light- 
est complete systems is somewhere near 100 lb. However, 
extensive efforts toward further reduction of weight and size 
of Doppler radars are being carried on at the present time. 

For some applications extremely accurate short term ve- 
locity information is required, in addition to accurate vertical, 
attitude and position information. In this case, the in- 
terconnection of a Doppler radar and an inertial platform rep- 
resents an ideal solution, since such a system combines in a 
complimentary fashion the highly accurate long term velocity 
information furnished by the Doppler radar, useful for air- 
borne erection and damping of the inertial system, and the 
highly accurate short term velocity and vertical information of 
the inertial platform, which can in turn aid the Doppler radar 
tracking and provide dynamic inertial memory. Hence, such 
a combined system is capable of providing very accurate 
velocity and vertical information (45,46). If highly ac- 
curate position, and hence directional, information is re- 
quired for long periods, as in the case of long range vehicles, 
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an ideal Doppler-inertial interconnection is a system which 
employs a Doppler radar as part of a so-called Doppler-inertial 
compass, i.e., with a platform, which is interconnected so as to 
operate in a north seeking gyro-compass mode. In this mode 
of operation the platform is kept pointed north at all times 
through use of the basic principle discussed earlier in connection 
with the north seeking gyro-compass. The necessary vehicle 
ground velocity information is of course available in the system 
from the Doppler radar. Such a system provides accurate in- 
formation on long term velocity from the Doppler radar and 
short term velocity, verticality and long term azimuth from the 
inertial platform, and thus permits the computation of highly 
accurate position for long ranges and periods of time (46). 

Another possible combined system configuration is a so- 
called Doppler-inertial-stellar system, which uses a Doppler 
radar for long term velocity, an inertial platform for short 
term velocity and an astro-compass for accurate directional 
information and position correction. Various forms of such 
self-contained combined systems using Doppler radar have 
found application in military vehicles and their uses are 
destined to increase rapidly in the future. 

Doppler radars can also be used advantageously in other 
forms of combined systems, such as in conjunction with cer- 
tain ground based radio guidance systems. In such systems, 
the Doppler radar provides continuity of information but 
with an error which accumulates with distance, whereas the 
ground based radio system provides intermittent, but in- 
stantaneously highly accurate, position fix information (44, 
51). 

Recently, considerable work has been done in connection 
with the application of Doppler radar techniques for the 
guidance of satellites and space vehicles (52-54). The nature 
of Doppler radar operation makes it particularly suitable 
for such terminal guidance applications as the establishment 
of a precise “parking” orbit at a destination planet with re- 
spect to its center of gravity and the safe reduction of vehicle 
velocity for a soft landing. A coherent, long pulse, Doppler 
system using a fixed thin planar array antenna appears to 
represent one possible configuration for a Doppler radar to 
be used for the determination of velocity in space vehicles 
(52). Other types of lightweight coherent Doppler systems 
have also been considered for such applications. Some of the 
design problems to which particular attention must be paid 
for such applications are sufficient frequency stability of the 
reference oscillator in the Doppler radar and the stabilization 
of the vehicle. The former is required to assure coherence 
between the reference signal and the received signal in certain 
types of Doppler radars, considering the large ranges involved, 
and the latter is required to assure proper orientation of the 
radiated beams. Fortunately, highly stable microwave 
sources are either available or under development, and equip- 
ment capable of accurately stabilizing such vehicles is already 
being developed for a number of purposes. The successful 
development of low noise receivers should also greatly facil- 
itate the design and increase the range and hence the poten- 
tial usefulness of Doppler radars for space applications. 


Conclusions 


Self-contained Doppler radar represents a highly accurate 
means of measuring the velocity of a variety of vehicles, with- 
out the need for any ground stations. The Doppler velocity 
can be combined with directional information and integrated 
to provide continuous information on the vehicle’s position; 
it can be employed by itself as a guidance sensor; it can be 
used to compensate other equipments requiring velocity cor- 
rection, and it can be interconnected with other velocity and 
position sensors to optimize overall system performance. 
Vehicle-borne Doppler radar appears destined to find con- 
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tinued usefulness for the guidance of aircraft, missiles and 
spacecraft for many years to come. 
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The principles of Doppler-inertial system theory and design are developed following a description 
of the characteristics and limitations of individual Doppler radar and inertial navigation systems. 
It is shown that the combined system provides improved accuracy and the capability of in-flight 


vertical and heading alignment. 


DOPPLER-inertial navigation system is composed of a 

Doppler radar, an inertial navigation system and com- 
bining equipment. An individual Doppler or inertial system 
is capable of making an independent determination of the 
velocity of the vehicle in which it is carried. Each of the 
velocity measurements has some desirable and some unde- 
sirable characteristics, and it is the role of the combining 
equipment to process the information obtained from these 
two measurements to enable the system to indicate a velocity 
which contains as many of the desirable features as possible 
and as few of the undesirable features of each measurement as 
possible. 

One of the most important features of the combined system 
is that it can establish its orientation in a navigational ref- 
erence frame without ground alignment or dependence upon 
a magnetic compass. It erects itself to the vertical and can 
align itself to true north while in flight. 
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Doppler Radar 


A Doppler radar measures the velocity with respect to the 
Earth (ground velocity) of the vehicle in which the radar is 
carried by measuring the Doppler frequency shift in the re- 
turn from beams of microwave energy aimed at the ground 
and reflected back to the moving vehicle. The Doppler fre- 
quency so measured is proportional to ground velocity. 

Most systems operate with three or four beams and thus are 
potentially capable of measuring the total ground velocity 
vector in three dimensions. For normal aerial navigation, 
the two dimensions in the horizontal plane are of principal 
interest, and consequently, in Doppler design the vertical 
velocity measurement has not been stressed. However, with 
the advent of high performance vehicles and helicopters the 
importance of the three-dimensional capability will increase. 
Since the ground velocity is obtained in aircraft coordinates, 
auxiliary vertical and heading references are required to ob- 
tain the velocity in Earth coordinates to provide a self- 
contained navigation capability. 
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Because the Doppler radar beams have finite width, the 
return is composed of energy reflected from a group of random 
scatters on the ground, and instead of a single Doppler fre- 
quency the return contains a spectrum of Doppler frequencies. 
The process of determining ground speed consists of averaging 
over a time interval to find the center frequency of the spec- 
trum. Because of this averaging process, the Doppler meas- 
ured velocity is not highly accurate instantaneously. How- 
ever, the long term average is very accurate. 


Inertial System 


An inertial navigation system measures velocity by inte- 
grating the outputs of accelerometers whose sensitive axes are 
directed along the axes of a three-dimensional coordinate 
system defined by the mutually orthogonal reference axes of 
three single-degree-of-freedom rate-integrating gyros. The 
gyros and accelerometers are mounted in a structure which is 
isolated from the roll, pitch and azimuth motion of the 
vehicle by servo controlled gimbals. This configuration is 
called an inertial platform. Synchros or resolvers on the 
gimbal axes provide a direct measure of vehicle attitude with 
respect to the platform. If the platform is maintained level 
with respect to the Earth only two accelerometers are gen- 
erally required to perform the basic navigation function in the 
horizontal plane. The comments relative to the three-dimen- 
sional Doppler apply as well to the three-dimensional inertial 
system. 

It should be pointed out that since the accelerometers 
measure acceleration with respect to inertial space, their in- 
tegrated outputs give velocity with respect to inertial space. 
It is necessary, therefore, to correct for the effect of Earth’s 
angular velocity in order to obtain ground velocity for naviga- 
tion over the Earth’s surface. 

The gyros will sense any tendency of the platform to change 
its orientation in inertial space, and electrical pickofis on the 
gyro sensitive axes provide signals to the gimbal servos to re- 
turn the platform to its original attitude. If the gyro sensi- 
tive axes are torqued at the proper rate, a platform whose 
plane was originally tangent to Earth’s surface can be main- 
tained tangent as the vehicle is translated over the surface 
of the Earth. Furthermore, if one of the gyro reference axes 
originally pointed north, this axis can be maintained north. 
An inertial system can thus provide a heading reference and 
a vertical reference as well as velocity. 

It can be shown that the proper torquing rates to keep a 
platform level and to keep the reference coordinate axes re- 
spectively pointed east, north and up along the vertical are 


Vy Vin 
WE R R [1] 
V V 
wy = + w.cosh = [2] 
Ve Vie 
@, = tanh + sin = R tan [3] 


where 


Wr, ®y, ®, = torquing rates supplied to the east, north and 
heading gyros, respectively 

Earth’s angular velocity (assumed uniform) 

Viz, Vin = east and north components, respectively, of ve- 
hicle linear velocity with respect to inertial 
space 

R = Earth’s radius (Earth assumed spherical) 

latitude of the vehicle 

Ve, Vy = east and north components, respectively, of ve- 
hicle linear velocity with respect to the Earth 


In these equations it has been assumed that the vehicle alti- 
tude above the Earth’s surface is small compared with the 
Earth’s radius. 
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It is well to remark at this point that in many applications 
the heading gyro is left untorqued and the platform is not 
slaved to north. The heading is then computed from initial 
heading plus the integral of the rate given by Equation [3]. 
The north slaved configuration has been chosen for this dis- 
cussion because it is easier to understand. 

It may also be shown that the outputs of the east and north 
accelerometers for a platform torqued at the rates given by 
Equations [1, 2 and 3], if the platform is leveled so that its 
plane is normal to the local vertical, are 


ag = PViz — (VnViz/R) tan {4] 
ay = PVy + (Viz?/R) tan X — Rw,? cos d sin A [5] 


where P = d/dt. It has been assumed here that the vehicle 
is traveling at constant altitude above the Earth’s surface. 

The second terms on the right sides of Equations [4 and 5] 
are Coriolis accelerations, and the third term on the right of 
Equation [5] is a centripetal acceleration. These terms can be 
computed and subtracted from the accelerometer outputs. 
Assuming this is done, it is clear that the resultant term on the 
right side of Equation [5], if integrated and divided by R, can 
be used to torque the east gyro according to Equation [1]. 
The resultant term on the right side of Equation [4], if inte- 
grated and divided by R, can be used to torque the north 
gyro according to Equation [2]. Furthermore, since 


Vy/R = PX 


if the north accelerometer output is integrated twice and 
divided by R, it is possible to use the resulting value of \ to 
derive the heading gyro torquing rate (Eq. [3]), and to compute 
the centripetal and Coriolis accelerations to correct the accel- 
erometer outputs. In addition, the vehicle longitude can be 
derived from the relation 

Viz 


where ¢ is vehicle longitude. Fig. 1 is a block diagram of the 
inertial navigation system just described. 

The pure inertial system provides an accurate and simple 
means of obtaining velocity, heading, position and vertical 
references. Furthermore, the velocity instantaneously indi- 
cated by the system does not suffer the degree of dynamic lag 
which is characteristic of the Doppler radar indicated ve- 
locity. There are, however, some important disadvantages. 
To see what these are will require a more detailed analysis of 
a closed loop containing an accelerometer, a velocity integra- 
tor and a gyro. Such a loop is called a Schuler loop, and a 
thorough understanding of it is necessary as a reference point 
from which to consider the combined Doppler-inertial system. 
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Fig. 1 Block diagram of inertial navigation system 
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Schuler Loop 


In the material presented thus far, no consideration has 
been given to what happens when there is an error in the 
vertical (i.e., when the platform is not level). Nor has any 
consideration been given to the effects of gyro drift, ac- 
celerometer error and instrumentation errors in the computa- 
tions. An error in the vertical will cause a component of g 
the gravitational acceleration to appear in the accelerometer 
outputs. This component when integrated will lead to an 
error in velocity and subsequently to errors in the gyro torqu- 
ing rates, the heading and the position. Gyro drift and errors 
in computation of Earth rate lead to errors in the torquing 
rates and the ground velocity, respectively. Accelerometer 
errors have the same effect as a gravity component. These 
errors or noises are shown in Fig. 2, which is a more detailed 
block diagram of the Schuler loop containing the east gyro, 
the north accelerometer and the north integrator. 

The dynamics of the problem have been shown on the 
block diagram of Fig. 2. It has been assumed that yp, the 
error in the vertical, is small, so that the component of g in the 
accelerometer output can be approximated by gu. 

The equations which describe «Vy, the error in north ve- 
locity, and uw may be derived as follows: 

1 The error in the torquing rate to the gyro is equal to the 
rate of change of the error in the vertical. This may be ex- 
pressed as 


Vy + Vy 
R + ot > or R + Ne 
[8] 


where Ng is gyro drift rate. 

2 The integrated accelerometer output is equal to the 
north component of velocity plus the error in the north com- 
ponent of velocity. This may be expressed as — 


PVy+gu+Na=P(Vn +eVn) or gut+Na=PeVn [9] 


where Ng is the accelerometer error. 
3 If Equations [8 and 9] are solved for uw and «Vy, the 
result is 


[P? + (g/R)jeVn = gNo + PNa [10] 
and 


Equations [10 and 11] indicate the basic difficulties with a 
pure inertial system. It will first be noticed from the left 
sides of Equations [10 and 11] that there is no damping term 
inherent in the system. Consequently, initial errors in 
velocity will persist indefinitely and oscillate with a period 
given by 


Ts = R/g [12] 


Tis the so-called Schuler period (approximately 84 min), and 
an inertial system with this period is said to be Schuler tuned. 
Even if there are no initial errors in vertical and velocity, the 
gyro and accelerometer noises on the right side of Equations 
{10 and 11] act as forcing functions causing oscillations to 
occur and errors in velocity and vertical. It is also clear that 
a Schuler tuned pure inertial system cannot be leveled from a 
cold start in a moving vehicle due to the absence of initial 
velocity information, and that velocity and vertical errors, 
while oscillating at the Schuler frequency, must continually 
increase in amplitude due to imperfections in instrumentation. 
In addition, the increasing error in the torquing rate to the 
heading gyro, coupled with heading gyro drift rate, contributes 
to the ever increasing rate of buildup of position error. 

It can be said, then, that a Schuler tuned pure inertial sys- 


tem has good high frequency characteristics and poor low 
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frequency characteristics in its response to changes in ve- 
locity. It is apparent that some form of damping is needed, 
and an obvious choice is to try feedback around the velocity 
integrator. 


Self-Damped Inertial System 


Fig. 3 is a block diagram of the Schuler loop with degenera- 
tive feedback through a gain y added at the input of the 
velocity integrator. By the methods used in the previous 
section, the equations for the error in the velocity and the 
vertical are found to be 


[P? + yP + (g/R)leVw = gNe + PNa — yPVw [13] 


and 


2 

(P + y)Ne {14} 
The loop now has damping, and the platform can be leveled, 
after a fashion, in a moving vehicle. However, the loop is 
dynamically inexact. That is, the steady-state errors are 
functions of velocity and acceleration. The steady-state 
errors assuming the vehicle undergoes a uniform acceleration 
a (i.e., Vw = Vwo + at), are 


= — yRa/g [15] 
Mes. = ~ [16] 
g g g g 


where Ng and N, are the bias values of gyro drift rate and 
accelerometer error. It can be seen from Equations [15 and 
16] that an acceleration will cause a lag in the velocity and 
the vertical, and that even a uniform velocity will cause a lag 
in the vertical. The latter error can be removed by replacing 
¥ with a high pass filter, but the acceleration dependent error 
cannot be removed. 


COMPUTED 
CENTRIPETAL 
Na CORIOLIS WORTH 
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Fig. 2 Block diagram of Schuler loop showing dynamics and 
noise sources 
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Fig. 3 Block diagram of self-damped Schuler loop 
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Apparently damping from an external source of velocity is 
required. 


Second-Order Doppler-Inertial System 


Fig. 4 is a block diagram of one loop of a Doppler-inertial 
system. As can be seen from the figure, the inertially derived 
and Doppler derived velocities are compared and the difference 
signal fed back around the velocity integrator for damping. 
For reasons which will become apparent, the difference signal 
is also amplified and fed to the gyro torquer. Since this 
changes the natural period of the loop, it is called tuning. 
The velocity output of the system is taken at the output of 
the velocity integrator. The equations for errors in velocity 
and vertical are 


[> + yP + (1 +a) A eV = gNo + PNa + 
yP +a 4 Np [I7] 
R 
and 


(@p — Np [18] 


where N p is Doppler error. 

It can be seen from Equations [17 and 18] that damping is 
now inherent in the system and that the errors in velocity and 
vertical are not subject to lags caused by aircraft motion (i.e., 
the system is dynamically exact). Furthermore, the presence 
of the damping implies that the platform can be erected or 
leveled from a cold start while airborne. This last is possible 


Fig. 4 Block diagram of second-order Doppler-inertial loop 
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because the Doppler radar, which makes an independent direct 
measurement of ground velocity, supplies initial conditions 
to the velocity integrator outputs. 

The bias errors in the output, or Doppler inertially derived 
velocity, and in the vertical reveal a bit more about a second 
order Doppler-inertial system. These errors are found to be 


from which it can be seen that by proper choice of a and ¥ the 
bias errors in velocity and vertical caused by bias gyro drift 
and Doppler velocity bias error may be minimized. For ex- 
ample, if the steady gyro drift rate is large compared to the 
bias error in Doppler measured velocity, the choice of a rela- 
tively large value of a will tend to minimize the bias error in 
output velocity. 


and 


Third-Order Doppler-Inertial System 


A third-order Doppler-inertial configuration is shown in 
Fig. 5. This loop differs from the second-order loop of Fig. 4 
in that the difference between the two velocities, besides 
being used for tuning and damping, is amplified, integrated, 
and added to the gyro torquing rate. The equations for the 
errors in velocity and vertical for the third-order system are 


+ + 6%] ev = + 


g g 
— Pp JN P2N 21 
(y +84) p+ a [21] 
and 


[p+ +p +64] No + 


(6 -—y)P (l+a@)P B 


The bias errors for the third-order system are 
eV = Np [23] 
ii = —Na/g [24] 


It can be seen from Equations [23 and 24] that the extra inte- 
grator has functioned to cancel the bias gyro drift from the 
velocity and both gyro and Doppler bias from the vertical. 
This configuration is very useful when the gyro bias is large 
compared to the Doppler bias. 

The third integrator output, which in Fig. 5 is added to the 
gyro torquing terms, could instead be added to the Doppler 
output. When this configuration is used, it will be found that 
the Doppler bias no longer appears in the output velocity bias 
error. In its place, the gyro drift bias appears. The vertical 
bias error is unchanged. This configuration is useful if the 
gyro bias is small compared to the Doppler bias. 


Doppler-Inertial Compass 


It was pointed out briefly that velocity error and heading 
gyro drift rate would produce an increasing error in heading. 
However, thus far no mention has been made of a means of 
correcting or bounding this heading error. It turns out that 4 
Doppler-inertial system provides such a means. 

An inertial system determines the velocity of the vehicle 
with respect to inertial space. A Doppler radar determines 
velocity with respect to the rotating Earth. The two veloci- 
ties differ, therefore, only by the eastward velocity of the 
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Fig. 6 Block diagram of Doppler-inertial compass 


point on the Earth directly below the vehicle. It follows that 
the north components of the two velocities should be identical. 
Any difference which actually exists between the north com- 
ponents of the velocities reported by the two systems can be 
attributed to an error in heading plus errors contributed by 
the noise sources. If the difference signal between the two 
north velocity components is amplified and added to the head- 
ing gyro torquing rate, the error in heading can be reduced to 
a value determined by the system noise sources. Fig. 6 is a 
block diagram of a Doppler-inertial system in which a 
Doppler-inertial compass interconnection has been made. 
The Coriolis corrections and the longitude computation have 
been omitted for the sake of clarity. These are the same as in 
Fig. 1. 

No attempt has been made here to give an analysis of the 
heading loop in a Doppler-inertial compass. The dynamic 
coupling between the vertical and the heading in the general 
case leads to a set of differential equations with time variable 
coefficients which are more difficult to handle than the simple 
linear equations discussed thus far. A detailed analysis is 
consequently a large subject in itself and requires more space 
than is available here. An approximate formula for the bias 
error in heading is given for reference, however. This is 


1 Nov , (1+a)— 
eH = [s Ge + R + K Now | [25] 


where 
eH = bias heading error, radians 
Nez = east gyro bias drift rate 
Non = north component of Doppler velocity bias error 


Nenu = heading gyro bias drift rate 
a, K = system parameters (see Fig. 6) 


Equation [25] indicates that for a given latitude the bias error 
in heading is bounded by the north component of Doppler 
error, east gyro bias drift rate, and heading gyro drift rate to 
an extent dependent upon system parameters. As latitude 
increases, however, the bias error increases and there will be 
4 practical upper latitude limit beyond which the Doppler- 
inertial compass ceases to be useful, as such. It is, however, 
possible to use a Doppler-inertial compass interconnection up 
to a given latitude and then go into an untorqued heading 
gyro mode of operation. If an integrator has been placed in 
the heading loop during the Doppler-inertial compass mode, 
it will serve to cancel out the error due to heading gyro bias 
drift rate. If the integrator is left connected to the heading 
gyro after the loop is opened, the bias will continue to be 
compensated, and only the heading gyro random drift rate 
will contribute to the error. 
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Three-Dimensional Doppler-Inertial Systems 


The preceding sections have concentrated on interconnec- 
tions of two-dimensional inertial and Doppler systems. The 
same basic approach may be applied to synthesize a Doppler- 
inertial interconnection in the vertical axis as well as in the 
horizontal axes, and the benefits are similar. The high fre- 
quency vertical velocity components are accurately measured 
by the vertical accelerometer, whereas the long-term error is 
bounded by the Doppler. Bounding of the velocity error is 
particularly important because of the excessive error obtained 
in a pure inertial system due to accelerometer bias and errors 
in the computation of gravity, which enter the vertical ac- 
celeration computation at full value. 

With increasing need for three-dimensional dynamic and 
position information, there will be a corresponding increase in 
applications for complete three-dimensional Doppler-inertial 
systems. 


Optimal Design 


The choice of the best configuration for the Doppler-inertial 
interconnection is generally made from among the three basic 
forms that have been presented, all of which are dynamically 
exact.!. These are: 

1 Second-order damped and tuned system. 

2 Third-order system that compensates for Doppler 
velocity bias error. 

3 Third-order system that compensates for gyro bias drift 
rate. 

The appropriate interconnection for a given platform and a 
given Doppler is suggested in most cases by a comparison of 
the relative magnitudes of their respective bias errors. The 
comparison is straightforward, i.e., 1 knot of Doppler bias is 
equivalent to 1 are min per hr, or 5 deg per hour, of gyro 
bias drift rate. If the sensors are roughly equivalent in ac- 
curacy by this standard, the second-order system would be a 
logical first choice since there is little gained in going to the 
more complex third-order interconnection. On the other 
hand, one sensor may contribute an error several times larger 
than the other, which may justify use of one of the third-order 
configurations. Inasmuch as present-day Dopplers have bias 
errors of 1-2 knots, or 0.02-0.03 deg per hr, their performance 
has been equal to or superior to most gyros, and the third- 
order system that compensates for gyro drift and the second- 
order system have found widest application. 

The choice of values for the damping, tuning and third- 
order integrator gains in the combining equipment is based on 
consideration of the transient response to disturbances, par- 
ticularly errors in the inertial system’s initial conditions, and 
consideration of the effects of system noise and bias errors on 
the outputs. 

Regarding the transient response, it is desirable that the 
initial errors be reduced to the noise level in a short time and 
with a minimum of oscillation. With respect to noise and bias 
errors, the effects must be held toa minimum. Of course these 
objectives are conflicting in that fast response implies noise 
amplification, and hence some compromise is indicated. The 
effects of this tradeoff on final performance can be minimized 
by providing one or two fast slew modes in which initial con- 
dition errors are quickly reduced to reasonable levels before 
switching to the final, relatively slow mode. 

With the provisions for initial erection and alignment slew- 
ing modes included, one may then proceed to choose the op- 
timum parameters with emphasis on system noise and bias 
errors, subject now to the restriction that the system be rela- 
tively well-damped, rather than both well-damped and fast. 

The main sources of noise and bias errors in a well-designed 
system are the Doppler velocity measurement, the drift rate 


1Study of nondynamically exact systems indicates there is 
probably no practical advantage in a configuration more general 
than one which is dynamically exact. 
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of the gyros and the accelerometer output. The distinction 
between noise and bias errors, for the purposes of analysis, is 
made as follows: Bias errors are those which are essentially 
constant for periods much longer than the response time of the 
system; noise errors are those which fluctuate in time periods 
less or comparable to the system response time. 

The effects of bias errors on system outputs are rather 
simply related to system parameters, as indicated in the previ- 
ous development, and in many cases the nature of the inter- 
connection is such that the effects are completely independent 
of the choice of parameters. It is at this point, namely con- 
sideration of bias errors, that the analysis of an inertial sys- 
tem by itself or a Doppler by itself quite often ends, because 
the bias errors are generally so far above the noise level that 
they are the significant factors in system performance. 
In the Doppler-inertial case, however, a particular bias error 
may have little or no effect on the outputs, and consideration 
of the noise becomes important if one desires to obtain near 
optimum performance and take full advantage of the poten- 
tial accuracy of the Doppler-inertial system. 

The noise generated by the Doppler, gyros and accelerome- 
ters is properly treated as a random quantity in each case. 
The Doppler velocity measurement is inherently a statistical 
process, as has been mentioned previously, and one would ex- 
pect a more or less completely random error.? The fluctua- 
tions in gyro drift rate, although related to quite specific 
mechanical and temperature effects, are so variable and inde- 
terminate that a statistical approach is also required. The 
situation is comparable for an accelerometer. 

The technique of handling statistical variables in linear sys- 
tems has been well developed and, although the relation be- 
tween output error, system parameters and noise is more com- 
plicated than in the case of bias errors, results can be obtained 
in a straightforward manner. Briefly, one must know the 
amplitude of the input noise power as a function of fre- 
quency, that is the power spectrum, or know the autocorrela- 
tion function of the noise. Both characterizations of the 
noise contain the same information, and one may be derived 
from the other by Fourier transformation. 

Most physical processes generate random noise power spec- 
tra which are constant at low frequencies and exhibit decreas- 
ing amplitude at higher frequencies. The decay of the Doppler 
and accelerometer random noise occurs at such high frequen- 
cies that the spectra may be assumed flat over the low fre- 
quency range applicable to Doppler-inertial systems, and the 
noise calculations are simplified. The gyro drift rate spec- 
trum, on the other hand, often decays at frequencies 
comparable to the natural frequency of the Doppler-inertial 
system, and the calculations as a result are somewhat more 
complicated. 

The power spectra or autocorrelation function data for the 
sensing elements can be obtained by computation from strip 
chart data taken during bench tests of the sensor equipment. 
For lengthy tests the computation is best accomplished by an 
automatic calculator. The noise measurements on the Dop- 
pler can be obtained by suitable flight tests as well to provide 


* This statement must be qualified at the higher frequency 
ranges, but is appropriate for the limited bandwidth of a D.I. 
system for optimization purposes. Circuit design must of course 
take into account the full spectrum including periodic noise asso- 
— with switching and demodulation to avoid saturation 
effects. 


more realistic data, but this approach is practically excluded 
for the inertial elements. 

The output error due to noise and bias error inputs is gen- 
erally expressed as an rms amplitude and is computed for a 
variety of system parameters, the choices of which are sub- 
ject to the restraint of a well-damped transient response, 
Optimum constants may be chosen, for example, based on the 
criterion of a minimum for the root-sum-square of the errors 
due to all sources. The group of parameters which minimizes 
the error in vertical will not usually be the same group which 
minimizes the error in velocity or in heading, but for an ap- 
propriate selection of the basic configuration, a choice of 
parameters can be made which is very nearly optimum for all 
outputs of interest. 


Bibliography 


1 James, H. M., Nichols, N. B. and Phillips, R. S., ‘‘Theory of Servo- 
mechanisms,’”’ MIT Radiation Laboratory Series, vol. 25, McGraw-Hill 
Book Co., Inc., 1947, pp. 262-370. 

2 Greenwood, I. A., ‘‘The Theory of Combined Doppler-Inertial High- 
Precision Navigation Systems,’”’ Internal Technical Rep. no. 150, May 10, 
1951, General Precision Laboratory, Inc., Pleasantville, N. Y. (Confiden- 
tial) 

3 Blumenthal, I. S., ‘‘Design of a Two-Integrator Doppler-Inertial 
Track-Keeper,’’ Northrop Aircraft Co. Memorandum, March 7, 1952, 
(Confidential) 

4 Clemens, J. E., Kerris, W. and Wazelt, F., ‘‘Navigational Systems 
Combining Inertial and Ground Velocity Vector Information,’’ WADC 
Technical Rep. 52-76, April 1952. (Confidential) 

5 Goldman, C. C. and Hayden, M. L., ‘‘Linearly Combined Doppler. 
Inertial Navigation Systems,"” WADC Technical Rep. 52-120, June 1952, 
(Confidential) 

6 Armstrong, J. W. and Dodd, J. M., Jr., ‘‘Doppler-Inertial Mixing 
Systems,” Convair Rep. no. FZA-4-089; contract no. AF 33(038)-21250, 
April 30, 1953. (Secret) 

7 Interim Engineering Report no. 2, Phase 2, Sept. 12, 1952—May 2, 
1953, Advanced Electronics Center, General Electric Co., Ithaca, N. Y,; 
contract no. AF33(600)-9248, May 15, 1953. (Confidential) 

8 Taylor, J. E. and Lang, P., ‘‘Doppler-Inertial Navigator, Model 1,” 
Final Engineering Rep. (Rep. no. 100R4), M. Ten Bosch, Inc., Pleasantville, 
N. Y.; contract no. a(s)53-230-6, Nov. 30, 1953. (Confidential) 

9 Yachter, M., ‘‘Generalized Optimum Transfer Function of a Linear 
Doppler-Inertial System,” High Speed Electronic Automatic Ground Posi- 
tion Indicator, Engineering Rep. Al4-7 for Feb. 18, 1954 to April 18, 1954, 
Part 5, pp. 1-15, General Precision Laboratory, Inc., Pleasantville, N. Y.; 
contract no. AF33(616)-435, June 10, 1954. (Confidential) 

10 Hall, B. A. and Zweig, F., ‘‘Doppler Inertial Navigation,’ Twentieth 
Progress Report, General Precision Laboratory Research, SAR/AF33(616)- 
435-GPL-PO-52495, Dunham Laboratory, Yale University, New Haven, 
Conn., May 1955. (Confidential) 

11 Berger, F. B. and Heath, W. H., ‘‘Doppler-Inertial Systems: Basic 
Principles, Characteristics and Their Applications to Bombing,’’ Internal 
Rep. no. 160, May 2, 1955, General Precision Laboratory, Inc., Pleasantville, 
N. Y. (Confidential) 

12 ‘‘High Speed Electronic Automatic Ground Position Indicator,” 
Phase II Final Rep., vol. 1, General Precision Laboratory, Inc., Pleasant- 
ville, N. Y.: contract AF33(616)-435, Oct. 24, 1955. (Confidential) 

13 ‘‘Study of Inertia—Velocity Navigation Systems,”’ Phase I Final 
Engineering Rep., Oct. 15, 1954, Phase II Final Engineering Rep., Dee. 31, 
1955, New York University, College of Engineering; contract no. AF33- 
(616)-2291. (Cunfidential) 

14 ‘‘Development Program for Inertial Extrapolator,’’ Sperry Gyroscope 
Final Engineering Rep. no. 5297-2305-22; contract no. AF33(038)-15636, 
July 1956. (Secret) 

15 ‘Study of a Doppler-Inertial Subsystem,”’ General Precision Labora- 
tory, Inc., Pleasantville, N. Y.; contract no. AF33(600)-31315, IBM P.O. 
W-17387-299, Nov. 1956. (Secret) 

16 Stevens, F. and Lynch, F. W., ‘‘Aids to Inertial Navigation,” Institute 
of Aeronautical Sciences, Nov. 1957. (Unclassified) 

17 ‘‘Feasibility and Flight Test Program,” Interim Engineering Rep. 
I, Sept. 11, 1956 to March 15, 1957, Interim Engineering Rep. II, March 16, 
1957 to Jan. 5, 1958, Final Engineering Report, Sept. 11, 1956 to Oct. 24, 
1958, General Precision Laboratory, Inc., Pleasantville, N. Y.; contract no. 
AF33(600)-31315, IBM P.O. no. W-12573-525. (Secret) 

18 Cole, R. D., ‘Inertial and Doppler-Inertial Navigation, Fixed-Pole 
System,”’ Naval Ordnance Test Station, China Lake, Calif., NOTS TP2057, 
NAVORD Rep. no. 6376, June 19, 1958. (Confidential) 

19 Cole, R. D. and Seeley, R., ‘‘Inertial and Doppler-Inertial Naviga- 
tion, Free-Azimuth System,” Naval Ordnance Test Station, NOTS TP2058, 
NAVORD Rep. no. 6377, July 10, 1958. (Confidential) 

20 Duncan, D. B., “‘Combined Doppler Radar and Inertial Navigation 
Systems,” Navigation, vol. 6, no. 5, Spring 195$, pp. 321-327. 


ARS JouRNAL 


je 
ra 
ql 
de 
ex 
sl 
ve 
ty 
ca 
: fr: 
TI 
W 
as 
ex 
ere 
ob 
th 
be 
cre 
Tk 
art 
Th 
lov 
dic 
inf 
Ne 
mo 
det 
| dey 
4 
det 
2 
low 
for 
pro 
ical 
3 
bes 
gro 
fere 
sha 


NAL 


Infrared Tracking 


R. W. POWELL 


Aerojet-General Corp. 
Azusa, Calif. 


The state of the art of infrared tracking and range detéction ¢apability is reviewed. Particular 
emphasis has been placed upon the rapid advance made in recent years. The improvement of cell 
detection in larger wave length range and resultant higher scan speeds is examined. New optical 
materials and systems are treated. The development of space filtering is discussed. 


T THE present state of man’s knowledge, the long range 
detection and tracking of airborne and spaceborne ob- 
jects is accomplished almost exclusively with electromagnetic 
radiation—visible light, radio (or radar) and infrared (or 
“heat’’) radiation. Of the three, visible light and radiofre- 
quency radiation were the most widely used in long range 
detection equipment before World War II. Before this, the 
exploitation of infrared radiation for this purpose proceeded 
slowly, owing to the lack of a suitable detector. Early in- 
frared detection equipment was too slow and insensitive to be 
very useful. However, near the end of World War II, new 
types of infrared detectors were developed which largely over- 
came the earlier problems. The ranges achieved were a small 
fraction of those that have been achieved in the last few years. 
There are two major reasons for this. 

First, the objects of interest are flying faster and higher. 
We are now looking for Mach 2.0 and Mach 3.0 targets, as well 
as various ballistic missiles. To attain these increased speeds, 
extreme amounts of power are needed. This results in in- 
creased heat, which greatly increases the ranges that can be 
obtained with passive infrared equipment. For example, 
the radiation from an intercontinental ballistic missile may 
be a million times the infrared radiation of a subsonic air- 
craft, with the higher speed aircraft somewhere in between. 
The greater altitudes of today result in considerably less 
scattering and absorption of the radiated energy. 

The second reason is that recent advances in the state of the 
art have resulted in equipment of much greater performance. 
The improvements have been mainly concerned with the fol- 
lowing. 

1 Modern detectors respond to longer wave lengths than 
did the early postwar detectors, and, since they have greater 
information capacity, they are able to scan at higher speeds. 
Not only is there generally more energy being radiated from 
most targets at the longer wave lengths, but the interference 
from the background is considerably reduced. Part of the 
detector development program has been concerned with the 
development of very small cooling systems which are required 
to maintain the new types of longer wave length responding 
detectors at required operating temperatures of —78 to 
—269 C. 

2 New refracting materials of excellent transmission and 
low dispersion have become available. They make high 
efficiency, catadioptric systems feasible, and provide materials 
for high transmission windows required for environmental 
protection. Some of the new materials have excellent phys- 
ical properties. 

3 In order to obtain optimum, spectral pass bands for 
best transmission of target energy in the presence of back- 
ground radiation, new absorption filter materials and inter- 
ference filter techniques of high transmission efficiency and 
sharp cutoff are available. 

Received July 30, 1959. 
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4 Not only is background interference being reduced by ~ 
choice of wave length, but advantage is being taken of the 
different spatial characteristics of the target, as compared to 
the background. Since the target at a distance is very small 
and background objects are relatively large, cross correlation 
of the image plane with a finely spaced grid pattern or reticle 
results in background discrimination based on spatial rela- 
tionships. This technique of “space filtering’ has been 
developed to a high degree. 

5 Improved optical systems using aspheric techniques re- 
duce the number of elements. This increases the efficiency 
and provides the very fine image quality required for the very 
fine grid patterns of the space filters. New techniques of 
scanning have produced much higher efficiencies. 

6 The importance of infrared in many applications per- 
mits the use of relatively large size optical systems in com- 
parison to those permitted earlier. This is because many of 
the early systems were in the category of retrofit. Today, the 
carrying equipment is being designed with the infrared equip- 
ment installation requirements in mind. 

Long range detection systems are either cooperative (with 
the detected equipment carrying a beacon to aid the detection 
station) or noncooperative (with no special provisions made 
in the detected equipment to aid the detector). Of course, in 
military equipment, extensive measures are taken to make 
detection by the enemy difficult. 

An example of a cooperative system is found in the use of 
running lights on automobiles, boats and aircraft to aid in the 
detection by the human eye and prevent collision with 
another vehicle at night. Part II of Fig. 1 is a block diagram 
of a typical cooperative system that may use either visual, 
radio or infrared wave lengths. 

Noncooperative detection is more difficult. However, it is 
more reliable, even in nonmilitary applications, since beacon 
failure ruins any cooperative system. Part IA of Fig. 1 shows 
that noncooperative visual equipment is semi-active—i.e., the 
detection set requires an external beacon, such as the sun or a 
searchlight, to illuminate the target. : 

Noncooperative radio or radar equipment may be either 
semi-active or fully active. As shown in Part IB of Fig. 1, 
most radar equipment is fully active—i.e., the detection set 
“sees” the target by detecting the target reflected energy that 
originally was emitted by a beacon near the detector and in- 
terconnected to it. In fact, most radar sets use the same an- 
tenna to transmit the beacon energy and to receive the re- 
flected signal. 

One of the unique features of infrared detection is that it is 
entirely passive—i.e., it can operate by detecting the self- 
emitted radiation of the target (see Part IC of Fig. 1). All 
objects above absolute zero in temperature emit infrared 
radiation in varying intensities and at varying wave lengths, 
depending upon their temperature and their surface charac~- 
teristics. Except in a few special cases, very little visible or 
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radar energy is emitted. So, infrared detection can be con- 
sidered the only passive method of detection. 


Performance Criteria 


Several characteristics can be used to express the perform- 
ance of an infrared system. In military equipment, where 
the most important factor is long detection ranges, the ability 
of the equipment to detect the target in the presence of noise 
determines performance. In other words, the major criterion 
is the minimum signal that can be detected. Since this is al- 
most always limited by extraneous signals (noise) that mask 
the desired signal, the important factor, then, is the ratio of the 
signal to the noise instead of the output response produced by 
the signal. 

Because of the very short wave length involved, infrared 
systems are not bothered by the most troublesome noises of 
radar, such as angle noise. Side lobes are virtually nonexist- 
ent in well-designed infrared systems. The noise is generally 
due to two separate effects. System noise is noise distributed 
in time. It may be due to noise generated in electronic cir- 
cuitry, in mechanical vibration or by servo systems. In well- 
designed systems, most system noise is generated in the de- 
tector. 

A second source of noise is due to radiation gradients in the 
atmosphere, the sky or the Earth background on which the 
desired target is tracked. These gradients are either the re- 
sult of direct emission, or reflection and scattering of solar 
energy. Although there are relatively slow temporal varia- 
tions (particularly in the turbulent atmosphere and hydro- 
sphere), the primary characteristic of the background is that 
it is distributed in space. 

Neglecting the background noise for a moment, the range 
achievable by an infrared system of spectral response Iq), 
observing a target of spectral radiant intensity J), through 
an atmosphere of transmission t(,,s), is expressed by the follow- 
ing equation for systems that perfectly cancel signals caused 
by background and reticle radiant emittance 


RA f@ 
n = Ve = Jn) tas) Tay da 


I NON-COOPERATIVE 
A. VISUAL-SEMI ACTIVE-DAYTIME ONLY 


C. INFRARED- PASSIVE-DAY OR NIGHT 


I COOPERATIVE 


Fig. 1 Detection systems 


where 


S/N = required signal-to-noise ratio 


N =rms noise within the pass band referred to the de- 
tector 

V = rms signal out of the detector within the pass band 

R- = proportionality constant of the normalized responsiv- 
ity of the detector in volts rms per watt of radiant 
flux in the scanning system used 

A = area of the aperture 

8 = range to the target 

A = wave length of radiation 


Although this equation is complicated by the fact that the 
transmission ¢(,,s) is a complex function of range due to differ- 
ential absorption and scattering of the atmosphere, it can be 
seen that to achieve a desired range is to vary the optical 
aperture, the detector parameters or the spectral pass band. 
This would be true in the absence of a spatially distributed 
background. 

Because long range infrared systems are passive, there is no 
possibility of eliminating even distant background gradients 
by range gating, as with radar systems. Consequently, the 
background noise generally is the predominant noise in most 
modern, well-designed systems. Any increase in signal by 
such stratagems as increasing the aperture will also increase 
the background noise in direct proportion. Since the back- 
grounds vary in space, in time, in spectral characteristics and 
in different situations, and since a variety of different targets 
must be considered, the best design for different applications 
may vary widely. 


System Noise 


Terms like ‘noise equivalent power’ (NEP) and “noise 
equivalent power density’? (NEPD) are commonly used to 
express the performance of detection equipment. The NEP 
(or NEPD) is defined as the signal power (or power density) 
that will produce a signal equivalent to the noise. (The usual 
units are watts or watts per cm?.) For this definition, it can 
be seen that these terms cover essentially the same concept as 
the term “resolution,’? which may be defined as ‘‘the least 
change which can be made in the input to a device and pro- 
duce a measurably different output.” The term “‘thresh- 
old” is used as a descriptive, qualitative term to express any 
one of the resolution-like quantities. 

Because of the confusion with electrical circuit terms that 
occurs when the input radiant flux is spoken of as power, 
McFee has recommended that “noise equivalent flux” 
(NEF) and “noise equivalent flux density” (NEFD) are pref- 
erable to NEP or NEPD. Therefore, it is suggested that 
NEF and NEFD be adopted. 

Inherent in the concept of threshold is the implication that 
the smaller the value obtained, the better the instrument. 
Although physicists and engineers may be able to tolerate this 
inverted concept, it is not easy to explain to the uninformed 
why a piece of equipment having a small value is better than 
one with a large value. Jones has suggested that the NEF 
(NEP) and NEFD (NEPD) terms be inverted and designated 
by a coined term, ‘‘detectivity.” 

The terms NEF, NEFD and detectivity are useful pri- 
marily as figure of merit terms for detectors. But, since most 
practical infrared systems involve other sources of noise and 
can operate usefully only at signal-to-noise ratios substan- 
tially greater than unity, the term “minimum acquisition flux 
density” (MAFD) has been suggested as useful for search 
sets. The term “minimum tracking flux density’? (MTFD) 
has been suggested for tracking sets. 

The relationship between the NEFD and the MAFD (or 
MTFD) of a piece of equipment is the lowest useful signal-to- 
noise ratio with which the equipment is operable, as defined 
by the equipment specification, and is also a function of the 
design of the information processing circuitry or servomech- 
anism. For example, one piece of equipment produced by 
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Aerojet-General has a “‘sensitivity”’ specification expressed in 
terms of the aperture flux density that permits an average 
noise pulse density of 13 per sec. Obviously, a different 
specification would result in a different MAFD. A NEFD 
could be determined and the MAFD be obtained by multiply- 
ing by the signal-to-noise ratio required to obtain the desired 
subjective result. However, this would be involved and rela- 
tively profitless because the subjective result is the desired 
effect. A reduction in the required signal-to-noise ratio by 
clever circuitry would be equally as satisfactory an improve- 
ment as a reduction in the NEFD. 

Defining the threshold terms is only part of the requirement 
of defining the performance of an infrared system. In gen- 
eral, the source radiation and the spectral characteristics of 
the receiver are broad bands which usually do not coincide. 
Furthermore, the atmosphere has several absorption reso- 
nances which must be computed, even for measurements over 
very short distances. 

It has been common in the past to expose the system to the 
radiation of a heat source, using a short path length and a 
known atmospheric transmission. By knowing the tempera- 
ture, the effective emissivity, and the aperture size of a black- 
body (which is very hot compared to its surroundings), the 
total energy emitted can be directly calculated by means of 
the Stefan-Boltzmann law, provided the radiation pattern of 
the blackbody is known. Generally, the spatial radiation 
pattern of the blackbody furnace closely follows a cosine 
function for small angles off the aperture axis; hence, there is 
little probable error if the axis of the blackbody-furnace aper- 
ture and the optic axis of the equipment are closely aligned. 
If the path length is short and the equipment is not sensitive 
to energy falling within any of the severe atmospheric absorp- 
tion bands, the response to the total radiation of a blackbody 
at the temperature chosen can be determined with reasonable 
accuracy, after corrections have been made for the existing 
atmospheric absorption. 

However, this type of measurement cannot generally be 
used to predict performance. This is immediately apparent 
when the response of a wide band pass receiver is compared 
to that of a narrow band pass receiver. When a source witha 
broad energy spectrum (such as a blackbody furnace or an 
emissive liquid or solid) is viewed, the broad band pass sys- 
tem can yield the greatest response. However, the broad 
band pass system could easily be much less effective than 
the narrow band pass system for practical application: (a) 
because targets, in general, do not radiate like a blackbody, (b) 
because of greater and different atmospheric absorption, and 
(c) because the background radiation conditions will probably 
create considerably more noise in the wide pass band system. 
It is clear that rating the threshold of a system in terms of 
the total radiation at any blackbody temperature usually 
gives a poor criterion of performance. 

In an attempt to provide a better criterion of performance, 
the concept of ‘‘equivalent”’ or “effective” radiation has been 
used. With this scheme, the same measurement techniques 
used for total radiation are used to obtain the raw data. 
However, in addition to the correction for atmospheric ab- 
sorption, a correction is made for the spectral response of the 
equipment measured. 

This correction is accomplished in the following manner. 
A spectral-responsivity curve for the equipment is either com- 
puted from individual component characteristics or is meas- 
ured by a spectrometer (the latter is by far preferable). 
From the response curve, the “spectral-cutoff”’ wave lengths 
are determined from the following equations 


T(A) dd 
4 T(Ap) 
and 
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Fig. 2 Blackbody spectral efficiency 
where 


A, = wave length at the peak spectral response 
A; = short wave length cutoff 
A: = long wave length cutoff 


The simplified assumption, then, is that the response of the 
system is equal to the peak spectral response everywhere within 
the spectral region between \; and 2, and is equal to zero 
outside this pass band. 

The effective-radiation concept is logical in case of a ‘“‘white’”’ 
(or flat) source spectrum J.) or when the source spectrum 
peaks near the wave length of the peak spectral response of 
the equipment. However, in practice, great errors are en- 
countered due to the slopes and asymmetries and variable 
nature of the power spectra of the source (which almost never 
behave in the manner assumed in the effective-radiation 
concept). 

The effective-radiation concept breaks down almost com- 
pletely when the performance of the equipment against a 
single gas emission line is to be determined. In this case, the 
peak spectral threshold and the responsivity curve are re- 
quired. 

The radiant flux from a source is controlled primarily by 
the temperature, but it is also a function of the size of the 
emitter, its distance, the emissivity of a hot target and the 
reflectivity of a reflecting target. For example, the power 
in the image of a distant hot target may prove less than that 
in the image of a nearby or large cool object, due to image 
quality, reticle detail, etc. Furthermore, although a cloud 
scattering sunlight has essentially the 6000-K sun spectrum, it 
is several thousand times less bright. Because of such com- 
plexities, most experimenters think of target and background 
radiation in terms of watts per cm? at the aperture instead of 
in terms of an equivalent blackbody temperature. This con- 
cept makes a criterion based upon the efficiency of utilization 
of the source spectrum feasible and informative. 
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Fig. 2 illustrates the criterion of performance in which the 
ordinate is the fraction of the total blackbody radiation to 
which the system is responsive, and the abscissa is the tem- 
perature of the source. It can be seen that the system used in 
this example (hereafter called the PbS system) is most sensi- 
tive to sources having a temperature of about 1700 K, since 
it receives 22 per cent of the total energy at this temperature. 
The system does not respond to self-emission from clouds 
(273 K), and it is a poor receiver for low temperature targets 
(500 K). Although it responds much better to high temper- 
ature targets, such as modern turbojet tailpipes, it is almost as 
sensitive to the reflected energy of the sun; hence, it would 
have trouble with backgrounds. 
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The process of designing a receiver for the most effective 
detection of an 873 K (600 C) target, with maximum rejection 
of the background from a spectral standpoint, involves the 
application of Wiener’s best-filter theory, as illustrated in 
Fig. 3. The N curve is a typical “worst’’-background-gradi- 
ent spectrum such as might occur in the image plane of a re- 
ceiver. The S.curve is the signal power spectrum that might 
be received from a distant source of 873 K (600 C) equivalent 
temperature, showing considerable atmospheric absorption. 
The signal-to-noise curve constructed to the Wiener criterion 
should yield the best filter. Smoothing this curve to a 
physically realizable filter, the second spectral efficiency curve 
of Fig. 2 is obtained, showing an expected peak of 31 per cent 
at an effective temperature slightly greater than peak re- 
sponse at 873 K.!_ Although this system is much more sen- 
sitive to cloud self-emission than the PbS curve,? cloud emis- 
sion is still quite negligible. But of most importance is the 
considerably reduced sensitivity to reflected solar energy, 
At a glance, this can be seen to be a near optimum system for 
its intended purpose from a spectral point of view. However, 
it should be emphasized that the best design for each applica- 
tion depends on the operational parameters. 

Until recently, however, there was no great latitude of de- 
sign available. Perhaps the greatest recent advance has 
been in the development of a wide variety of sensitive detec- 
tors. 


Detectors 


Until World War II, designers of infrared equipment were 
forced to use thermal detectors having characteristics poorer 
than those shown in curve A of Fig. 4. 

The invention of the PbS photoconductor detector during 
World War II (curve B of Fig. 4) allowed the designer con- 
siderably better sensitivity and shorter time constants than 
the thermal detectors shown in curve A. The major diffi- 
culty with the PbS detector was the long wave length cutoff 
at 3 uw. For applications involving targets similar to that 
shown in Fig. 3, the sulfide detector is not a good solution. 
Cooling the detector to the temperature of dry ice (—78 C) 
improved both the response and the cutoff wave length, as 
shown in curve C. But the time constant also greatly in- 
creased with this detector, making the cooled PbS detector 
difficult to use in high speed trackers. Research on the 
phenomenon of photoconductivity has yielded a variety of de- 
tectors having a response characteristic similar to that shown 
in curve D, which represents a diffuse junction indium anti- 
monide detector cooled to —196 C, the temperature of liquid 
nitrogen. Slightly less sensitive are the lead selenide and the 
lead telluride detectors which also must be cooled to — 196 C. 
Other work on doped-germanium-crystal detectors has re- 
sulted in detectors in the curve E class. Recently, detectors 
of extraordinarily long wave length characteristics, as shown 
in curves F and G have been developed. They require cool- 
ing to near absolute zero. One of the major advantages of 
this new series of detectors is that they all exhibit extremely 
short time constants, from 75 to yes, or less, of that of 
the lead sulfide detector (curves Band C). Toa large extent, 
this compensates for the lower detectivity, due to the fact that 
detector noise tends to diminish with frequency. Conse- 
quently, for any given application, where the pass band is 
fixed being a function of the information requirement, the 
system response is improved through using these detectors at 
very high modulating frequencies. Because most detector 
noise is generated at the terminals of the photoconductor, the 


1The curve peaks at temperatures greater than 873 K be- 
cause of the skewness of the background and the differential 
effects of atmospheric absorption. 

2The greater sensitivity to low temperature objects would 
mean, however, that the system would “~ more sensitive to its 
own radiation; hence, more pains would have to be taken to 
shield the detector from moving parts to prevent a large amount 
of self-induced noise. 
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General Bronze Corp. has proposed and built a terminal-less 
detector which operates by detuning a microwave cavity. 
However, all of the newer detectors have very much lower 
noise voltage than that of a lead sulfide detector, making it 
difficult for the detector noise to predominate in a system. 
(Fig. 4 is based upon the comparison of signal voltage to de- 
tector noise voltage.) 

Developments in physical arrangements of the detectors 
have also been an important factor. For example, since the 
signal-to-noise ratio of a detector varies inversely as the 
square root of the area of the detector, the ability to make very 
small detectors provides much greater system sensitivity 
where the optical system and search and tracking kinematics 
permit smaller detectors to be used. In this latter connec- 
tion, detector manufacturers have recently been able to pro- 
vide a wide variety of shapes and arrays of multiple detectors 
which have permitted infrared systems to search much larger 
fields than ever before, and to track with very much smaller 
fields. The result is much higher optical gains and therefore 
greater sensitivity. 

The refractive index of most detector materials is very high. 
This means that the infrared energy striking the detector 
through air or vacuum must be at an angle near the normal to 
the detector surface to be absorbed. However, by forming 
the detector directly on an optical element, such as a condens- 
ing cone or the final element of a field lens, the change in re- 
fracting index between the optical material and the detector 
is much less, resulting in much lower reflection losses. De- 
pending upon the particular optical system design, increases in 
detectivity of several times can be achieved by this technique 
known as detector immersion. 

In addition to the detectors described, there are a number of 
others being developed which may have similar characteris- 
tics. The future development of infrared masers may greatly 
increase the efficiency of infrared trackers. 

Although some lead selenide and indium antimonide, as 
well as other long wave length detectors, can operate un- 
cooled, their detectivities are very much lower than the cooled 
detector. Consequently, their use is restricted to applications 
where the greater detectivity is not required. Consequently, 
the development of cooling systems has been a major factor in 
making long wave length detectors usable. 

There are very few problems encountered in cooling when 
detectors are to be tested and used in the laboratory. Dry 
ice (CO2) and acetone mixtures will produce temperatures of 
about —78 C. Liquid nitrogen can be used for cooling to 
lower temperatures since its boiling point is at —196 C. 
Again, on a laboratory basis, temperatures below —196 C 
can be achieved through the use of liquified neon (—245.9 C), 
hydrogen (—252.7 C) or helium (—268.9 C). Usually, a 
vacuum flask can be designed around a detector in such a 
manner that a reservoir of the refrigerant can be provided to 
maintain low temperatures. Such a flask, having double 
walls, would have the detector mounted on the cooled inner 
wall and an infrared transmitting window incorporated as part 
of the outer wall. Normally, if the flask is of a small size 
(1in. OD X 2 in. long) the reservoir is quite small and must 
be used in an upright position. The best cooling time that 
can be expected from a glass, vacuum flask, as described, is 
about 3} hr. per filling. 

Cooling detectors that are to be placed in infrared systems 
in aircraft and missile applications present an entirely differ- 
ent picture. The detector assembly may be buried deep 
within the infrared system which, in turn, may be well inside 
an aircraft or missile and still be capable of being cooled on 
demand. The equipment providing cooling must be light in 
weight, especially in comparison with the infrared system. 
The period of cooling may vary from several minutes to sev- 
eral days, without allowing the refrigerant to be recharged. 
The cooling system must be capable of operation at any alti- 
tude or temperature, or in any position an aircraft or missile 
May assume. Also, the detector assembly itself may be in 
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gimbals which must not be unduly encumbered. Finally, a 
high degree of reliability is required. 

The first approach to cooling of long wave length detectors 
for infrared systems came in the form of a miniature cryostat. 
This is a lightweight piece of equipment about the size of a 
standard cigarette. It consists of a length of finned metal 
tubing of very small size, wound around a mandrel. This 
assembly is inserted into a close fitting tube which makes up 
the inner portion of a small vacuum flask. Nitrogen gas un- 
der pressure is passed through the finned tubing toward the 
back of a detector. As the gas emerges from the fin tubing, 
it is cooled by Joule-Thomson expansion. The expanded gas ° 
is then passed back over the coil of this tubing, thereby pro- 
ducing regenerative cooling. Although a long period of 
cooling is possible by this method, the problem of contami- 
nants in the gas is acute. 

To limit the problems in the operation of a cryostat cooling 
system, two methods have been used. Both are designed to 
reduce weight and possible contamination. One system, a 
liquid nitrogen converter, has been used in several applica- 
tions. 

The second system for operating a cryostat is a closed loop 
unit using a noncontaminating compressor. Piston-type 
compressors have had their lubricants cause plugging of the 
cryostat. Bellows and diaphragm-type compressors have 
been attempted or are under development. 

An alternate to the use of cryostats for cooling to —196 C 
is the direct, liquid nitrogen transfer system. In this tech- 
nique, a well-insulated flask is used to store liquid nitrogen as 
well as maintain a small pressure, usually less than 15 psig. 
The pressure forces liquid nitrogen through a withdrawing 
tube which transports the liquid to the area of the detector. 

Developmental work is being carried out in two new areas. 
These are the miniaturization of both the expansion engine 
and the gas liquifier. Both systems are operational and 
available in larger sizes. Both may be capable of cooling 
below —196 C. 

The expansion engine is usually employed in the liquification 
of helium. By compressing helium gas and causing it to lose 
energy in expansion by doing work, its temperature is reduced. 
Further Joule-Thomson expansion causes liquification. 

Temperatures in the range of dry ice are not particularly 
difficult to achieve. CO, passed through a small coil and 
cooled regeneratively, similar to the cryostat and vacuum 
flask configuration, produces dry ice at the rear of the detec- 
tor. There have been similar techniques developed for other 
gases, such as freon 13, to give the same temperature range. 
Most of these techniques rely on the expansion of the gas, and 
phase change from gas to liquid, for cooling. Miniature 
refrigerators are also being developed using freon gases. 

Peltier thermoelectric coolers have been developed giving a 
temperature drop of 30 to 40 deg below ambient. Through 
the use of different junction materials, it is expected that the 
temperature drop may be increased. 


Optical Materials 


The need for choice of wave length for each particular ap- 
plication requires optical transmitting materials useful in the 
longer wave lengths, although pure reflecting systems are not 
wave length sensitive. They cannot be used within the 
Earth’s atmosphere without transmitting materials. Such 
materials must be used in any window, and to transmit the 
energy through the Dewar to the cooled detector. 

However, although energy is lost at every reflecting and re- 
fracting surface as well as absorbed during transmission 
through the refractor, many designs (even in spaceborne ap- 
plications) can be greatly improved by the addition of re- 
fracting elements. Further, in many applications the shape 
and size requirements make the pure refracting system the best 
choice. The use of catadioptric (combination reflecting and 
refracting optics) systems is, generally, by far the best choice 
for highly sensitive long range trackers. The reason this is 
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generally true is that in order to space-filter in favor of the 
target very fine image quality is required upon the reticle or 
space-filter. To achieve this, a large f/no. system is superior, 
since the image quality is better and the image is larger, mak- 
ing the reticle dimensions more manageable. Of course, when 
this is done the detector cannot be placed directly behind the 
space filter to collect the energy, since its large size would re- 
sult in very low system sensitivity. Instead, a relay optical 
system or field lens is generally placed behind the reticle to 
collect the transmitted energy and condense it onto a very 
small detector. The aperture blocking losses and the difficult 
geometry required of field reflecting optics make it almost 
necessary to use a refracting system. Since good image 
quality is not required on the detector, extremely small f/nos. 
are feasible, resulting in extremely high system optical gain 
and system sensitivity. An added advantage of relay cata- 
dioptric optical systems is that variations in detectivity over 
the surface of the detector do not produce spurious modula- 
tion noises. 

The optical silica glasses are generally not useful for wave 
lengths beyond 3y. Although quartz, flint, crown and special 
infrared silica glasses are extensively and successfully used for 
PbS systems, their poor long wave length transmission makes 
them useless for equipment designs at longer wave lengths. 

The choice of transmitting materials is greatly limited be- 
yond 3 u. Commonly employed materials include arsenic 
trisulfide, silicon, sapphire, germanium, calcium aluminate 
and strontium titanate. Other than calcium aluminate, these 
show little absorption, and transmission is independent of the 
thickness. 

Many of the materials have a high index of refraction. This 
permits spherical surfaces of less curvature for the same power, 
compared to conventional glasses. Monochromatic aberra- 
tions are readily minimized. Low reflectance coatings are 
used to overcome surface reflection losses. 

Unlike materials for short wave lengths, materials trans- 
mitting longer wave lengths are limited in size and are usu- 
ally expensive. For the larger aperture systems, windows or 
domes must be segmented from pieces. The most pressing 
need in infrared systems development is for a satisfactory ma- 
terial obtainable in large sizes at an economical price. 


Filters 


The necessity of optimizing the system response to the con- 
ditions of use generally requires filters having very sharp cut- 
off and high transmission efficiencies. A large variety of in- 
terference filters have become available. These filters are 
made from multiple layers of materials of different index, 
evaporated on a suitable substrate. The individual layer 
thicknesses must be very carefully controlled. These filters 
have the ability to cut off from 80 per cent transmission to 5 
per cent transmission within a wave length region 0.09 of the 
cutoff wave length. Almost any desired response can be ob- 
tained at reasonably high transmission efficiency. How- 
ever, interference filters operate properly only when the angle 
of incidence is near normal, making them useful primarily in 
applications where near parallel light is used. Absorption 
materials such as germanium (long pass 1.8 y), silicon (long 
pass 1.4 uw), indium arsenide (long pass 4.0 u), and sapphire 
(short pass 5.5 u) are insensitive to angles of incidence, and 
are used extensively in applications of large-angle convergence, 
such as in field lenses and detector windows. 


Background Noise 


Because the infrared tracker is a passive system receiving 
incoherent energy, it cannot filter in range as a radar system 
and must accept all of the radiation from the background as 
well as the target. 

General background characteristics can be arbitrarily cate- 
gorized into two classes, reflective and self-emitting. The 
former includes the reflection and scattering of solar radiation 
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by clouds during daylight operation. The spectral pattern of 
reflective radiation simulates that of the sun and is most in- 
tense in the shorter wave lengths from 1 to 4 u. Self-emitting 
backgrounds include both atmosphere and clouds which have 
significant thermal emission, both day and night, at wave 
lengths greater than 4 uy. 

Special background phenomena include the sun and moon, 
self-emissive sources which require special consideration be- 
cause of their intensity. The moon is an important radiator, 
not only because of its reflected sunlight, but also because of 
emission from its high temperature surface, approximately 
100 to 150 C on the illuminated side. 

A target can be considered as a point source, and irradiance 
at the instrument will be a function of viewing distance. The 
irradiance due to the large background areas will be inde- 
pendent of range and will depend on the space discriminat- 
ing ability of the detecting system. 

A typical sky in the Earth’s atmosphere, viewed in the in- 
frared, exhibits a random spatial pattern of radiance. This 
radiance arises from diffuse reflection, and scattering of radi- 
ation from other sources, principally the sun. It is also from 
self-radiation by clouds, hilltops, gases, vapors and dusts 
carried in the atmosphere. The radiance patterns depend on 
the time and season of the year, on geographical location, on 
the direction of the sun and on the observer’s altitude and 
direction of observation. 

The exact configuration of the background is not reasonably 
predictable in advance of any one mission of a piece of equip- 
ment; indeed, the equipment must usually be designed to 
operate against a great variety of patterns to give some best 
average performance. 

The particular value of radiance “seen” at any particular 
angle at one time is random-variable predictable only by some 
probability distribution. The several values of radiance seen 
in a set of directions, or at a set of times, form a set of random 
variables in two space dimensions and one time dimension. 
The most complete description possible of such a stochastic 
process would be given by the joint probability density func- 
tion for all resolvable points in the object surface of the tele- 
scope. It would not, of course, be possible to obtain such a 
description nor, in general, feasible to use it if it were available. 
It is, therefore, necessary to use a similar approximate de- 
scription which is a sufficient indication that the results of 
analysis and optimization based upon it are satisfactory for 
their purposes. A two-dimensional autocorrelation function 
or a Wiener spectrum are two such descriptions for the 
process. 

It can be shown mathematically that a reticle may be con- 
sidered as a combination of band pass and low pass filters 
selecting energy at certain space wave numbers. The analogy 
is developed between space filtering and the reduction of elec- 
tronic noise by time filtering. The space mean-square- 
radiance spectrum (watts/cm?-steradian)? per (wave/radian) 
against waves per radian may be considered as a cross section 
of a three-dimensional model which would have the units 
(watts/cm?-steradian)? per (wave/radian)?. This three-di- 
mensional model represents the univariate, two-dimensional 
analogy of the normal univariate, one-dimensional energy- 
density spectrum used in electronic noise problems. Multi- 
plication of such an energy-density spectrum by the wave 
number domain, two-dimensional transfer function for a ret- 
icle, followed by integration and taking a square root, yields 
the rms background voltage expected at the output of a detec- 
tor, except for a constant relating the rms radiation to rms 
voltage through the detector. 

In a Fourier transformation of time functions, a pulse of 
very short duration contains components extending out to high 
frequencies. Similarly, in taking two-dimensional transforms 
of distributions of radiant source distributions, a source such 
as a typical target which has a very small subtend in one 
direction will have an extensive spectrum in that direction in 
the wave number domain. Also, sources which have a large 
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extension in the image plane exhibit a narrow spectrum in the 
wave number domain. 

The fine image of an optical system may often be considered 
circular and small, so that it is an approximation of a two- 
dimensional Dirac delta function. Because it has a nonzero 
diameter, however, it will have a transform which does not ex- 
tend out to all wave numbers but will fall off at a radius close 
to the reciprocal of twice the image diameter. 

Fig. 5 illustrates portions of the two-dimensional transfer 
functions of a typical reticle. The most significant features of 
these transfer functions are indicated. It will be observed 
that each transfer function shows a peak of transmission at the 
origin corresponding to the d-c energy transfer from back- 
grounds, and two or more other peaks corresponding to par- 
ticular orientations of gradients which produce a large re- 
sponse. 

The result of moving an irradiance function across a reticle 
is a convolution integral. The most useful property of the 
Fourier transform is that it converts a convolution operation 
to the multiplication of two transforms. Thus, the target out- 
put transform of the reticle can be found by multiplying the 
image transform by the reticle transfer function and by the 
electronic band pass transform. Taking the inverse trans- 
form of this product yields the output of the system. 

The two-dimensional transform approach is not only able to 
aid in qualitative understanding, but it is also capable of 
giving quantitative evaluations of merit when the background- 
energy-density spectrum is known. In order to use this 
method of computing the system numbers, measurements are 
being made which will define the background-energy-density 
spectrum in waves per radian to the finest image quality of 
systems that will be used in the near future. 

Although this technique of background discrimination was 
developed in the early 1950’s by NOTS, Aerojet and others, 
its application to effective space filter design has been limited 
until recently because of a great lack of background data. 
Although reliable data are still not available in quantities 
which would be required for a good statistical model (this is 
particularly true in the longer wave lengths), data have re- 
cently become available which permit a very much more in- 
telligent approach to the engineering compromises required in 
space filter design. Some experimental evidence on the 
Wiener spectra of cloud backgrounds based on the assump- 
tion (in measuring as well as interpreting data) of isotropicity 
suggest that the spectra between about 11 and 200 waves per 
radian fall off with about the 2.7 power of wave number. 

Another advance of particular importance has been the 
development of fine reticles. It can be shown that the space 
filtering ability of a reticle is seriously hampered if either the 
average transmission departs greatly from 50 per cent or if the 
bar dimensions are uncontrolled. Since the fineness of the 
bar spacing is the prime factor in space discrimination, 
very good optical imagery requires extremely fine patterns 
which must be held to extremely close tolerances. Advanced 
photographic techniques are providing the required tolerances 
on transparent substrate and in etched, shim stock. Fig. 6 is 
a typical reticle pattern. 


Optical Systems 


The discrimination of background energy is accomplished by 
using an extremely small, instantaneous field of view or by 
placing a reticle in the imaging plane of the optical system of 
the equipment to modulate the target energy. In order to ob- 
tain optimum space or size discrimination, the diameter of the 
target image focused on the reticle must be equal to, or smaller 
than, the distance between the reticle bars, thereby causing 
modulation to occur only of that energy emitted from a source 
equal to, or smaller than, the anticipated targets. It is, 
therefore, necessary for the optical collection system to be 
able to focus the energy from a target within the smallest 
possible space on the reticle. Since any practical optical sys- 
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Fig. 5 Picket fence reticle transform 


Fig. 6 Reticle pattern 


tem is limited in its resolving power, the ability of an infrared 
system to perform size discrimination against backgrounds is 
ultimately limited by the image quality or resolving power 
of its optics. 

A usual technique in visual systems is to use spherical optical 
elements which are corrected to the high resolution required 
for any application by additional refracting optical elements. 
There are two reasons why this technique becomes very diffi- 
cult to use in the longer wave length infrared. First, the wide 
variety of optical materials of different indexes and dispersion 
which are available to the visual optical system designer do 
not exist for the infrared optical designer as was discussed 
earlier. Secondly, although relatively low transmission 
efficiencies are satisfactory for many visual systems, the in- 
frared system designer finds it difficult to tolerate similar 
losses since, for any given sensitivity requirement, any 
transmission loss must be compensated for by a linear aper- 
ture increase. Consequently, the multiple surface reflection 
losses and the multiple element absorption losses that the 
visual system designer accepts, cannot be accepted by the in- 
frared system designer, particularly in the primary optical 
system. It has long been known that aspheric optical sur- 
faces, correctly designed and polished, can provide the ex- 
cellent image quality with only one or two elements. The use 
of these techniques has not been extensive in visual systems 
because of cost of fabrication. A great amount of highly 
skilled hand work and testing is required to attain the optical 
contour and polish required by visual wave lengths. However, 
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the longer wave lengths of infrared give some relief in surface 
finish. This, then, permits fabrication of complex aspheric 
shapes by replication processes which, for quantity production, 
are relatively inexpensive. In many cases, not only are 
aspheric infrared systems more efficient than a corrected 
spherical system, they are cheaper and more reliable (in pro- 
duction quantities, of course) since a fewer number of optical 
elements are required. 


Conclusion 


After a relatively long and slow period of development of 
infrared detection and tracking devices, starting at the time 
of World War II, highly successful equipment has become 
operational. The most notable examples are the seekers of 
the Sidewinder and Falcon missiles, and the infrared fire con- 
trol tracker of the F-104. These successes, coupled with 
great recent advances in the state of the art in detectors, 
coolers, optical materials, and technique, and in information 
processing, indicate that extraordinary increases in the track- 
ing ranges of infrared equipment may be expected in the 
future. 

In addition, future targets should radiate considerably more 
energy, further enhancing the range of infrared detection. It 
appears that these factors will make infrared detection and 
tracking equipment an essential part of any modern weapons 
system. 
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Celestial Guidance 
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This paper treats the problems that underlie celestial guidance for cruise vehicles. The equations 
for the error signals are derived from star tracking based on an assumed position and local vertical 
reference. The problem of distinguishing a star from a noise background is also treated, and the 
problem of directing the telescope from a reference is examined both from the point of view of astro- 


nautics and cruise missile guidance. 


OME background on navigation in general is desirable 
for an understanding of automatic celestial navigation. 
In the broadest terms, navigation may be defined as the 
process of locating one’s position with reference to a desired 
objective. As has been pointed out by Bell (1),! this problem 
may be considered an application of a theorem of projective 
geometry which defines the location of one unknown point by 
its relationships with four known points of which at least one 
must be at a finite distance. 

As a practical matter, three properly chosen points usually 
suffice, because other information is available to distinguish 
the proper choice between alternate solutions. The require- 
ment that at least one point be ‘‘near’ implies a knowledge 
of distance as well as direction, either between the one near 
point and the observer, or between at least two near points. 

In the practical application of navigation, it is customary 
to subdivide the field broadly into three categories: Piloting, 
dead reckoning and celestial navigation. 

In piloting, position is determined by reference to land- 
marks (known points) all of which are at a finite distance. 
As in all ordinary navigation on the surface of the Earth, 
the Earth’s center is one of the known points; furthermore, 
the distance from the point is known, although its direction 
isnot. In a crude form, piloting has been in use for as long 
as intelligent life has existed. In more refined forms, it is 
still used for all modes of transportation today. In air trans- 
port, the various forms of radio range and hyperbolic navi- 
gation aids are clearly recognized as refined forms of piloting. 
The interpretation of control of a railroad train as an example 
of piloting is left as an exercise for the reader. 

Dead reckoning is nearly as old as piloting. In this case, 
the point of departure is known. Direction of travel from 
the point of departure (relative to other points) is measured, 
and an estimate of distance traveled in this direction is made; 
to the accuracy with which these two items can be deter- 
mined, the present position is known. This was the only 
technique available in ancient times for travel beyond sight 
of land and was used extensively by the Phoenicians, Greeks 
and Romans. Present-day pure inertial navigation and 
Doppler navigation are the most refined versions of dead 
reckoning so far developed. 

Celestial navigation as practiced on the Earth’s surface is 
the most abstract of the three broad divisions of navigation. 
It involves only the Earth’s center as a local point and re- 
quires the determination of direction to two other points 
(properly selected) treated as infinitely distant. These 
points are represented by astronomical objects, such as fixed 
stars and planets. In one degenerate case the geometric 
situation is such that a single star will give a location of posi- 
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tion on the Earth’s surface (when the star is directly over- 
head). This situation was known and used by the Poly- 
nesians in navigating between island archipelagoes. During 
the past decade, the principles of celestial navigation have 
been applied to automatic missile and aircraft guidance. 
Many details of these applications are still under security 
classification, but the broad picture can be presented. 

One may ask why it is necessary to consider automatic 
celestial navigation. For high accuracy work the answer is 
twofold. Pure inertial (dead reckoning) navigation should be 
entirely satisfactory if we were only able to produce equip- 
ment of sufficient stability. All such systems depend on 
gyroscopes for equipment stabilization. To date, it has not 
been possible to build gyroscopes capable of maintaining the 
accuracy required for inertial navigation for more than a few 
hours without external aid. Consequently, navigation over 
extended periods requires additional information. Applica- 
tion of more conventional celestial navigation techniques 
becomes less and less reliable as vehicle speed increases. 
Consider a vehicle traveling in the low supersonic range, at 
500 m per sec. Suppose that this aircraft instead of flying 
straight is actually turning so that the radius of the turn is 
25,000 km. This rate of turn is sufficient to give nearly 4 
miles of error in a celestial navigation system depending on a 
conventional bubble level or pendulum for vertical reference. 
This corresponds to a rate of turn of the aircraft of only 4 
deg per hr, which would be impossible to detect without 
accurate instrumental references. Thus, for slow speed 
aircraft or for surface vessels, inertial navigation must be 
supplemented by other aids to give sufficient accuracy over 
the time of operation. For high speed aircraft, a better 
means of determining the vertical is required for celestial 
methods to be useful. Unless the speed is sufficiently high to 
keep the duration of an entire mission within the useful 
operating time of an all-inertial system, a combination or so- 
called stellar-inertial system is required. Of course, piloting 
in its various forms may also be used. During clear weather, 
visual means are available, but under overcast conditions only 
active methods, such as radar, are possible. For military 
applications these are frequently counterindicated because 
radiation from the vehicle might reveal its presence to the 
enemy. 

Historically, use of stars as an aid in automatic navigation 
has been considered from two different points of view. The 
first of these involves mechanization of the conventional 
means of celestial navigation, which has been applied for 
many years by human navigators aboard ships and in air- 
craft. The second considers astronomical references as the 
most nearly ideal inertial base and uses them to correct the 
performance of the stabilizing gyros of an inertial navigation 
system. In this capacity the astronomical reference serves 
to eliminate the effects of the gyro drift from the performance 
of the navigation system. 


981 


| | 
i 


Mechanization of Conventional Celestial 
Navigation 


In its fundamental form, conventional celestial navigation 
involves the solution of the so-called astronomical or celestial 
triangle (Fig. 1). There are many fine points involved in 
detailed application in this technique for which reference 
may be made to standard works on navigation (2,3). The most 
usual technique involves assuming a position based on dead 
reckoning or other approximate methods and determining 
for a particular star what its altitude and bearing angle 
should be at the time an observation is to be made. Meas- 
urement of the actual elevation of the star (normally accom- 
plished by a sextant) provides a figure usually different from 
the predicted value. The difference is interpreted as an 
error in the assumed position along the azimuth line to the 
star. By making two such determinations from stars at dif- 
ferent azimuths, corrections in two coordinates are obtained 
which provide a complete position determination or fix. 
Evidently, the more nearly the azimuths to the two stars dif- 
fer by 90 deg the more accurate the fix will be. If no infor- 
mation were available to indicate an approximate position, 
observation on two stars could only provide an indication 
that the observer is at one of two more or less widely sep- 
arated geographic positions. In such a case, observation of 
a third star would permit identification of which of the two 
was the correct fix. A third star is frequently used to provide 
a check on the two-star fix, even though dead reckoning is 
accurate enough to eliminate one of the two alternate posi- 
tions. 

Mechanization of this technique normally involves the 
same principles of assuming a position and using star sights 
to provide correction information. Some form of gyro 
stabilized platform is used as a reference in place of the 
natural horizon or bubble used with the conventional sextant. 
Inertial navigation techniques are normally used to provide 
the dead reckoning information which carries the automatic 
navigator from one star fix to another. It is usually possible 
to provide for nearly continuous stellar information when the 
sky is clear. In most applications, periods of overcast must 
be allowed for and the inertial system must be adequate to 
carry operation through these periods (4-6). Asystem which 

‘is adequate as an inertial navigator for this purpose provides 
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Fig. 1 Celestial triangle 
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the best available vertical reference for the astronomical 
sights when the vehicle is subject to appreciable and unknown 
accelerations. 


System Involving Correction of Gyro Drift 


The alternate technique is based on the theory of using 
astronomical sights as a fundamental inertial reference 
against which drift errors of the stabilizing gyroscopes may 
be measured and corrected. Because gyro drift is one of the 
major sources of autonavigator error, during long missions 
such stellar corrections should lead to markedly improved 
navigation accuracy and greatly extended range of operation, 
In this case, it is also evident that a minimum of two star 
sights are necessary to obtain complete supervision of gyro 
performance. An observation on one star alone is capable 
of indicating drift errors about any axis at right angles to the 
line of sight, but gives no information with respect to orienta- 
tion about the line of sight. Inclusion of a second star in a 
different direction provides the necessary additional infor- 
mation to detect errors about the line of sight of the first star, 

For any long range or long duration flight it is not possible 
to observe the same two stars all the way. Consequently, 
there is a problem in retaining control during the operation 
of switching from one pair of stars to another. If a third 
star is included, information for position determination or 
platform control is redundant. However, this redundancy 
permits continuation of complete control during switching 
from one set of stars to another. 

For terrestrial navigation, tracking of planets or other 
objects in the solar system is undesirable. In general, they 
are confined to a rather narrow band in the neighborhood 
of the plane of the ecliptic, so that geographical limitations 
would be inevitable if they were used exclusively. Their 
motions are more complex than those of fixed stars, so that 
more information would be required in the automatic naviga- 
tion system to permit their use. Moreover, they appear as 
finite disks rather than points of light, so that a further uncer- 
tainty in pointing may result. The sun and the moon are 
both so large and bright as to require special provisions to 
reduce the signal level and determine the center of the image 
if they are to be employed. 


System Applications 


It is interesting to note that both lines of attack lead ulti- 
mately to the same fundamental result and that residual dif- 
ferences are those of engineering and mechanization rather 
than of fundamental principles. Because the inertial portion 
of the equipment used in mechanization of the conventional 
celestial navigation problem must be Schuler-tuned to per- 
form adequately, either as a vertical reference or as an inertial 
extrapolator, the overall system proves to behave as an 84+ 
min pendulum with respect to error propagation. Use of 
the astronomical reference prevents drift-type error buildup. 
Similarly the all-inertial system is basically an 84-min pen- 
dulum but is subject to the accumulation of drift-type errors. 
Introduction of stellar references for correction of gyro drift 
eliminates these errors and gives the resultant system charac- 
teristics identical to those of the mechanized celestial navi- 
gator. Because of the potential of nearly continuous stellar 
observation in both cases, and the fact that accumulation of 
error during periods of overcast must be small if the system 
is to operate, the general solution of the celestial triangle is 
not normally utilized as a position-finding method. The 
triangle is solved in terms of the assumed position and 
known star coordinates, and the tracker telescopes are used 
only to detect small-angle errors. 


Telescope Complement 
In the practical construction of a system employing stellar 
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references, the use of three separate star tracker telescopes 
permits complete stellar control as long as the stars are not 
obscured by weather. With such a system it would theoret- 
ically be possible to do without gyroscopes entirely. How- 
ever, as long as stars may be obscured, if only for a very short 
period, some form of gyroscope equipment is essential. If 
even elementary gyroscopes are provided, they will serve to 
carry the system through a period of switching from one star 
to another so that only two telescopes are required. 

In general, it has been found that moderately long periods 
without visibility of the stars must be allowed for. A system 
needs to be able to start under overcast and climb above the 
clouds before picking up the stars. Also, unless flight at 
extremely high altitude is all that is required, some areas of 
cloud cover must be expected. When gyroscopes are suffi- 
ciently improved to handle such periods, adequate perform- 
ance can be obtained by the use of a single star tracker tele- 
scope, which alternates observations between the two stars 
of the necessary pair and steps forward to a new pair when- 
ever required. 


Error Determination 


The use of a single telescope leads to problems in handling 
of star error signals which are not met in multiple telescope 
systems. These become evident when the possible solutions 
for corrective torques are analyzed. In general, the telescope 
may be characterized by a set of orthogonal axes &, n, ¢, with 
¢ along the optical axis. Its orientation with respect to an 
z, y, @ platform coordinate system (z toward zenith when 
platform is level) may be defined by the direction cosines 


|| Coa || Cr 


=n Cyn 


Cee Cer 


[1] 


Note the use of a and a@ as “typical indexes.’”’ These direc- 
tion cosines may be evaluated in terms of telescope gimbal 
angles when the mounting has been defined. 

An error in platform orientation must be small if the sys- 
tem is to function at all. Consequently, it may be repre- 
sented by a vector related by the right-hand screw convention 
to the axis about which the error exists and to the sense of 
the error. Thus 


where 
a= 2,Y,2 
n, 


If all three eg were known, a straightforward solution for 
€. could be written 


= > €aCoa [3] 


By applying corrective torques proportional to the negative 
of €. to the corresponding gyroscopes, the platform could be 
forced to precess directly back to its proper position. Un- 
fortunately, a telescope is unable to detect misalignment about 


Table 1 Direction cosines for telescope pointing angles 


x y z 
n 0 cos sin 
q sin —cos sin cos cos 
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its optical axis, so €¢ is not observable. Thus it is necessary 
to make use of a second star. If the two were observed simul- 
taneously, the four observable quantities €?, 
would be redundant for solution of Equation [2] for the €a. 
Here the superscripts refer to the two stars. A straightfor- 
ward mathematical procedure is to write the inverse of Equa- 
tion [3] for the four observable quantities 


= 
a 


ee? = 
a 


Any three of these equations may be solved simultaneously 
for €, to give equations for the required corrective torques. 
For example, let the telescope be connected to the platform 
through level, cross-level axes as shown by the unit sphere 
diagram (Fig. 2); then the direction cosines may be written 
in matrix form (Table 1). The last pair of Equations [4] 
becomes 


€,? = €, cos + €, sin g? [5] 


Because these contain only two of the unknowns, they may 
be solved directly to give 


= €, cos + sin 


sin @? — €,?sin €,? cos @! — €,! cos (6] 
“sin — “sin (6 — 
Choosing the first of Equations [4] and substituting from 
Equations [6] gives 


€! €,? tan €,! tan 6! 


cos sin (@? — ¢!) ~ tan — ¢') 


é = [7] 


It is evident that this solution requires ¢! ~ ¢? to keep the 
values finite. 


If it is assumed that the platform has already been cor- 
rected to bring it in line with star 2, then ¢,? = 0, and it may 


Fig. 2 Unit sphere diagram for telescope pointing angles 
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be neglected in the mechanization of corrections while ob- 


serving star 1. Assuming no material buildup of errors dur- 
ing the tracking cycle and no imperfection in mechanization, 
it then suffices to put conditions on ¢? — ¢! and 6? — 6' to 
prevent loss of stars when they are first picked up after a 
period of overcast. It turns out that 0? — 6! must be mate- 
rially less than ¢? — ¢! if use of the approximation ¢,”? = 0 is 
not to result in an increase of error on the second star. 

Physically, these restrictions do not appear serious, but they 
are artificial. It is evident that accuracy of control will de- 
pend on the angle between the two star directions, but it 
should not depend on the location of this angle relative to the 
platform. Moreover, it has been found that this mech- 
anization results in rocking of the platform about the x axis 
if pointing drive errors are present on either gimbal axis. 
The explanation for this is evident if the errors observed on 
the second star are evaluated after correcting on one star only. 
Writing 

1 tan 6! 
tang? 6) 


Equations [6 and 7] become 


= + (Ki tan 6')e,? 


€, = K,(e,' sin — €,? sin 
€: = K,(€,? cos — €, cos 
or, approximately, neglecting €,” 
€, = Kyie,! sin 


After making corrections according to Equations [9] and 
assuming no new errors, the residual platform errors are 


= (K;, tan 6!)e,? 
€y* = —(K, sin $')e,? 
€.* = (K, cos $')e,? 


Transforming to telescope coordinates and simplifying, it is 
found 


e:* = Kye,?[tan 6! cos 62 — sin 6? cos (¢? — ¢')] 


Note that the operation has left the telescope misalignment 
about the 7? axis unchanged, but has replaced the original 
error about the £ axis with one dependent on the original 
€,"._ Drive errors will show up as faulty values of the @ 
and @ angles. Consideration of Equations [11] shows that 
such errors may produce hunting about the z axis, both as a 
result of direct errors in ¢, and as a result of errors in @ 
which otherwise would show only a small effect on y and z 
axes. Such hunting contributes to autonavigator system 
noise, and is therefore undesirable. 

A second method of handling the correction problem may 
be derived by inspecting the plane of the two stars (Fig. 3). 
If the platform has been aligned with the number 2 star, then 
€ is 1;? €:*. Note that the measurable errors when looking 
at star number 1 lie in a plane perpendicular to ¢', and in fact, 
must be along r. Thus the measurable errors may be written 


= + = sin {12] 
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Fig. 3 Two-star plane 


Note also that the unobservable error must be 


= cos [13] 
Combining Equations [12 and 13] it is found that 
= ctny [14] 


Equation [3] may then be written 
€. = €(cosB Caz + sinB Co, + Car) [15] 


where £ is the phase angle of the measured e¢, relative the &, 7 
axes. The sign of the last term must be the same as that of 
C;,? in order to apply the ¢ correction in the right direction. 
To the extent that alignment on the “other’’ star is perfect, 
Equation [15] will give an ideal solution for the corrections. 
However, the synthetic value of e¢' may be violently wrong if 
these equations are applied on the first star observed. Thus 
special provisions must be made to eliminate this term when 
first acquiring stars. 

A third scheme which avoids the possibility of erroneous 
drive on star acquisition is obtained by correcting by a com- 
bination of a rotation about the line of sight to the star not 
under observation, and a rotation about the common normal 
to the two stars. Defining 


A = Ay? x (1? x [16] 
the corrective torques (or drives) are expressed as 
L = —K(€p + Bl;') [17] 
where 
Ep = € — 


is the observable component of the error angle at right angles 
to the line of sight, and B is so defined as to make 


L-A=0 [18] 


Substituting in Equation [18] from Equations [16 and 17] 
leads to 


(€p + Blz')- x (12 x = 0 [19] 
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[21] 


This is equivalent to 


Ep: cos 
22 
sin? [22] 
Therefore 
Ep: cos 
L=-K yt 2 
(« + sin? ) [ 3 | 
Expressed as scalar equations 
L; = —Ke! 
L, = —Ke,} 
Ly = —K(cos p/sin? p) (€'Ce'e? + 


Both the functions of y and the direction cosines may be ex- 
pressed explicitly in terms of the gimbal angles, and the 
corrections may be transformed to give Le. The resultant 
expressions are too complex to include here, and if analog 
equipment is used in mechanization, the explicit forms are 
not needed. 


Telescope Pointing 


So far, nothing has been said about the method of point- 
ing the telescope toward the expected star position. Me- 
chanically, gears, tangent screws, direct angle measurement, 
etc., may be considered for control of gimbal angles. Choice 
is a matter of engineering to provide acceptable accuracy. 
However, the determination of the proper angles is another 
matter. 

In general, a straightforward procedure is to express the 
direction cosine matrix (Table 1) connecting platform and 
telescope axes in two forms. First, it may be expressed in 
terms of the desired gimbal angles as in Table 1. Second, it 
may be written in terms of the astronomical coordinates of 
the star, the orientation of the platform relative to the Earth 
and the sidereal time. Comparison of the two then permits 
expression of gimbal angles in terms of the other quantities. 
As a practical matter, it is usually not necessary to write out 
the complete matrix in either case. For the chosen example 
it may be noted that 


Only the C.¢ need be evaluated in terms of known quantities 
in order to derive the gimbal angles 6 and ¢. A similar pro- 
cedure is possible for any two-axis telescope mount. The 
only excuse for a three- (or more) axis mount is to provide 
axes parallel to geographic or astronomical coordinate axes. 
Doing so simplifies the determination of gimbal angles at the 
expense of mechanical complexity and resultant accuracy 
and reliability problems. To continue the example for a 
two-axis mount, let it be assumed that the axis is located by 
conventional latitude \ and longitude A angles, modified to 
agree with the right-hand rule by measuring longitude A 
positive to the east through the full 360 deg from the Green- 
wich meridian. In addition, a further rotation about the z 
axis might be included, but is of no advantage in displaying 
the computational principles involved. The star is located 
by right ascension p, declination 6 and Greenwich hour angle 
of Aries y. Fig. 4 shows these relations. Note that y, p 
and A are all about the same axis, so only their algebraic 
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sum ¢@ is involved 


o=y+t+A— p+ 90 deg [26] 


Note that some violence has been done to the right-hand 
screw convention in the interests of customary usage for 
certain quantities. It is possible now to write the desired 
direction cosines in terms of \, o and 6 


= sin 6 cos A + cos 6 sin A cos a 
Cyr = cos 6 sing 
Cz = sin 6 sin X + cos 6 cos A cos o 


If Equations [27] are substituted into [25], the telescope 
pointing angles become 

= sin! (sin 6 cos X + cos 6 sin cos 

cos 6 sin ¢ 
sin 6 sin \ + cos 6 cos A cos o 


@ = —tan7 


It is clear that other choices of gimbal angles or coordinate 
orientations will modify the detailed form of these equations, 
but no major simplification is possible with a two-axis tele- 
scope mount. In fact, they may be considerably more com- 
plex. 

With certain choices of coordinates it is possible to for- 
mulate the equations equivalent to Equations [28], so that 
for a trajectory of predetermined type the gimbal angles are 
algebraic sums of geographic position angles and angles 
which are functions only of time and constant parameters. 
Such a choice permits the precision computation to be per- 
formed on the ground in advance, and the recording of the 
results in a form that may be played back by chronometer 
driven analog equipment in the airborne autonavigator. A 
particularly elementary (and equally useless) form occurs, if 
with the foregoing choice of coordinates, it is desired to travel 
a purely equatorial course. In this case the x axis coincides 
with X, so that @ combines algebraically with the other 


Fig. 4 Angular relationships in latitude-longitude and star 
coordinates 
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With a bit of juggling, or by inspection, Equations 
[28] may be seen to reduce to 


angles. 


6=é 


Because y is a function of time only, ¢ is a simple difference 
of a time function and one of the position coordinates, whereas 
6 is a constant, and evidently satisfies the condition for pre- 
computation. Other selections of coordinate systems can 
be made in which similar simplifications lead to useful re- 
sults. 

In general, residual errors in pointing the telescope and in 
detecting the star position, together with errors in correcting 
position or platform orientation in response to star infor- 
mation are random in nature. Thus such errors may be 
treated as system noise, which causes an error amplitude 
buildup proportional to the square root of time. If this 
effect becomes serious in an actual system, damping can 
prevent its occurrence. Meanwhile, use of the star infor- 
mation prevents accumulation of errors corresponding to 
gyroscope drift. 


= (p— 90deg — y) —A [29] 


Astronautics 


If we consider the extension of star tracker systems to astro- 
nautics, several possible changes occur. Once a vehicle is 
in interplanetary space it is free from sudden random dis- 
turbing influences of large magnitude, such as wind gusts; 
and particularly if it is in free motion, it may be a good stable 
platform in itself. Possibly the use of gyroscopes can be dis- 
pensed with entirely for this situation. 

Secondly, for use within the solar system, planets are es- 
sential as elements of the navigation problem. During the 
midcourse phase of a trip between planets, the departure and 
destination planets are probably two of the most useful ob- 
jects to observe. When moderately close to either one, a 
technique of stadiametric ranging may be used to determine 
the distance and rate of change of distance to the planet. 
On still closer approach, this stadiametric technique goes 
over continuously into a technique which may be called 
horizon scanning as a means of determining direction and 
distance to the center of the planet. It is probable that 
tracking at least a third object will be necessary. This is 
certainly true if complete position determination is required 
at all phases of the flight. Either the sun or a star may 
be suitable for this purpose. If the sun is selected, it is still 
subject to the limitations previously mentioned which result 
from its finite size and high light output. 

In connection with the practical problems of mechanization 
for the astronautics application, two things must be consid- 
ered. First, the equipment must be capable of functioning 
for extremely long periods as compared with the time re- 
quired for terrestrial navigation. Second, resistance to high 
energy radiation is likely to be of major importance. The 
vehicle is no longer shielded by the atmosphere from in- 
tense solar radiation, which may be critical. Also, it is 
almost certain that some form of nuclear reactor will be essen- 
tial for interplanetary vehicles, and radiation from the reac- 
tor must be allowed for in the design of the navigation equip- 
ment. 


General Telescope Requirements 


Automatic star trackers for use as components of stellar 
inertial navigation systems intended for terrestrial use must 
be capable of meeting’ the following requirements: 

1 They must be capable of operation in full daylight as 
well as at night. This is required because operational flexi- 
bility would be seriously impaired if either condition were 
ruled out. 

2 They must have sufficient sensitivity to give reliable 
operation on a group of stars which will permit unlimited 
flexibility of operation. This number is determined in part 
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by the limited cone of view which may be seen through the 
necessary window in the airframe. Because of optical and 
aerodynamic limitations, such a window is usually flat and 
restricts the cone of view to about 90 or 100 deg. Under 
these circumstances, approximately 100 of the brightest stars 
must be trackable. This is equivalent to saying that the star 
tracker must operate on stars of approximately 2.5 magnitude, 
Order of brightness and limiting magnitude depend on the 
spectral sensitivity curve of the photoelectric element used, 
so they do not necessarily correspond to the usual visual case, 

3 They must be capable of a high order of accuracy be- 
cause errors of position are related to tracker errors by a 
factor of approximately 100 ft/sec. 

4 Finally, they must be moderately durable, to provide 
reasonable service life in flight and to allow for the consider- 
able time which will normally be expended in test and cali- 
bration operations. 

For applications in the field of astronautics, star tracker 
requirements are somewhat different. Durability becomes 
a paramount consideration because continuous operation 
for a period of 13 to 3 years may be required even for explora- 
tion of the inner regions of the solar system. On the other 
hand, sensitivity is not such a critical matter. Once past 
the initial takeoff boost, an interplanetary vehicle will be 
outside the atmosphere and therefore free from aerodynamic 
limitations. Thus the tracker may be designed to cover a 
full hemisphere or more without window restrictions. \ul- 
tiple windows can be provided if the system must be sealed 
in a pressurized compartment. Because this allows a wider 
choice of astronomical objects, a smaller number of the 
brighter stars and planets will serve the purpose. It is also 
probable that accuracy requirements may be relaxed for 
astronautics, because the problem approximates a lead-pur- 
suit situation. 

Most of the problems associated with star tracker design 
are more critical for terrestrial use than for interplanetary 
service. A major problem in this case is the background 
illumination during daytime operation. This problem arises 
primarily as a result of scattering of sunlight in the atmos- 
phere. The result is the usual blue of the clear sky, because 
such scattering is more prominent in the short wave region 
of the spectrum. The brightness of the daytime sky is such 
that one square second of clear sky supplies as much light as 
some of the weaker navigational stars which must be used. 
For a star tracker of reasonable size the image of a star may 
occupy a circle 10 to 15 sec in diameter. Thus it is evident 
that the amount of light reaching a photosensitive detector 
from a field whose size is just sufficient to pick up the majority 
of the light from the star will be at least 100 times as great as 
the starlight. 

Another problem that must be considered is the relation- 
ship between telescope focal length and pointing accuracy. 
For example, if a focal length of 200 in. is possible, an error 
of 0.001 in. in determination of star image location in the 
focal plane will correspond to a 1-see pointing error. For 
a 20-in. focal length the same 0.001-in. tolerance corre- 
sponds to a 10-see pointing error. Consequently, a suitable 
compromise must be selected between focal length, mechanical 
accuracy and detector dimensions. 

Finally, the accuracy of pointing drive requires high pre- 
cision. The same factor occurs here as in the relation be- 
tween angular accuracy and position accuracy in navigation, 
and between focal length and sensing precision. One second 
of arc is approximately z¢s000 radian so a 10-yin. error on the 
tooth of a final drive gear 4 in. in diameter corresponds to 
1-see drive error. 


Sensing Techniques 


In general, it is necessary to convert a signal resulting from 
star light into an electrical signal to permit its use in auto- 
matic navigation. There are numerous possible photoelec- 
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tric elements which may be considered. These include 
photoemissive cells, both the simple diode-type and photo- 
multiplier cells. Photoconductive cells are also available. 
The earliest type commonly known is the selenium cell. 
More recently lead sulfide cells have been developed to give 
better performance than the selenium units, and still other 
types are available for special purposes. The majority of 
the others operate too far in the infared for practical use in 
star tracking. Other photosensitive devices include such 
solid state photodetectors as phototransistors and thermistors. 
Finally, there are television pickup tubes, such as the image 
orthicon and videcon. With the exception of the television 
tubes, the only photosensitive device which has proved cap- 
able of satisfactory performance in daytime star trackers is 
the photomultiplier. For astronautical use, however, it is 
possible that some photoconductive or other solid state device 
may prove preferable. 

It is evident from the relation between star and sky light 
that for terrestrial use some means of modulation of the in- 
coming light will be required. The obvious first thought is to 
provide beam splitters and multiple photocells. This scheme 
is hopeless with background illumination so many times the 
available star signal. Even for astronautical use, however, 
such a scheme would be ruled out because of its bulk and the 
known secular variability of photocells. Modulation tech- 
niques which have been considered include as the simplest 
what is known as a Kron disk (7). This amounts to a cir- 
cular shutter, half transparent and half opaque, rotated 
about the center of the dividing line. For nighttime use this 
gives an approximate square wave signal whenever a star ap- 
pears off center. As the star image is brought into coinci- 
dence with the axis of rotation, the square wave begins to de- 
crease in amplitude as soon as the axis of rotation encroaches 
on the star image, and decreases to zero when alignment is 
accomplished. It is evident that a simple Kron disk will also 
modulate light coming from a nonuniform background. 
Thus, in the daytime such a scanner would tend to drive the 
star tracker toward the sun even if a fairly bright star were 
within its field of view. To minimize this effect a compensat- 
ing Kron disk has been devised which makes use of a semi- 
annular clear zone opposite to the clear area of the regular 
disk. By making the centroid of the total clear area coincide 
with the axis of rotation, compensation for all odd-order 
terms in the sky gradient may be accomplished. A com- 
pensated Kron disk was used as the signal modulator in the 
first successful daytime tests of a stellar inertial navigation 
system. 

Another system which has been proposed makes use of a 
pattern like a spoked wheel in the telescope focal plane (8). 
By moving either the wheel or the entire telescope so that the 
image of a star follows a circle of half the wheel diameter, a 
signal is obtained which is frequency-modulated when the 
star is decentered. Under these circumstances the circular 
path of the star image approaches the rim of the wheel on 
one side and the hub on the other, thus giving a frequency 
swing once per cycle of the nutating motion. 

Still another way of reducing the effect of sky gradient on 
the detection system is to chop the typical Kron disk signal 
at a higher frequency. This has been done by modifying the 
basic Kron disk with spokes in the normally clear area, and 
also by a modification of the frequency modulation wheel in 
which the wheel is spun on its own axis and the nutating 
motion is such that the star image follows the rim of the 
wheel when on center. All of the modulation techniques dis- 
cussed expose the photocell to light from an area of sky com- 
parable with the entire scan field. The result is a relatively 
high noise background. 

Various types of flying spot scanners have been developed, 
which result in much smaller total light on the photocell and 
consequently in lower noise levels. Mechanical schemes 
which have been developed have the effect of moving a pin- 
hole over the desired scan field in a suitable pattern. It is 
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obvious that a similar result can be obtained electronically 
if a television tube is used as the sensing element. Possible 
patterns include the raster type commonly used for television 
pictures, a PPI type similar to the pattern used in mapping 
radars, a Palmer scan (prolate epicycloid) and a simple spiral 
scan. 


Pointing Coordinates 


Three main types of mount have been considered for star 
tracker use. The first of these may be called an equatorial 
mount. In general, it incorporates three drive axes, the 
innermost of which corresponds to a declination axis, the next 
to the polar axis, and the outermost usually to a latitude axis. 
This mount has the advantage of providing simple mathe- 
matical relationships for determination of the necessary drive 
angles. On the other hand, the additional axis is an extra 
source of potential mechanical error in pointing. Further- 
more, the structure is such that it tends to pose a clearance 
problem in practical application to an airborne autonavigator. 

The second arrangement may be called an alt-azimuth 
mount. In this mount the outer axis is a vertical or azimuth 
axis and the inner a horizontal or elevation axis. The 
mathematical relationships required for computing the drive 
angles for this mount are relatively complex. This arrange- 
ment also suffers from gimbal lock at zenith and cannot be 
used with a line of sight too near the vertical. On the other 
hand, the alt-azimuth mount provides a direct tie to conven- 
tional celestial navigation practice, in which elevation and 
bearing are the usual measurements made. In addition, the 
alt-azimuth scheme may permit design with a smaller flat 
window than the other types which have been considered. 
Finally, it should be noted that the two drives require en- 
tirely different ranges of motion. The azimuth drive must 
operate over an unrestricted 360-deg range, whereas the 
elevation drive will normally have to cover only 45-50 deg. 

The third system is the level, cross-level system previously 
discussed. The level, cross-level system avoids the zenith 
gimbal lock problem of the alt-azimuth system. Depending 
on the nature of the optical system, the range of motion in the 
two coordinates may be one to one with each requiring 90 to 
100 deg, or two to one with the smaller requiring only 45 to 
50 deg. 


Signal-to-Noise Considerations 


For night use there is relatively little difficulty in securing 
an adequate signal from a sufficient number of navigational 
stars. Likewise, for the astronautics application it is prob- 
able that signal-to-noise ratios will be high enough without 
special precautions. It is in the case of terrestrial daytime 
operation that noise becomes a limiting factor and the major 
problem in production of a useful star tracker. Noise may 
arise either from modulation of background light or from 
“misbehavior” of the electrical and electronic elements 
themselves. 

An example of the first type is the signal arising from a 
nonuniform sky when a Kron disk scanner is used. In gen- 
eral, such noise would be absent if the sky were absolutely 
uniform. Under the actual conditions usually found, the 
magnitude of such noise may be several thousand times 
the magnitude of the star signal for any of the scanners which 
expose a major fraction of the tracker field at one time. For 
this reason, even with the compensated Kron disk, additional 
tricks were necessary to balance out residual modulated sky 
signal in order to provide successful tracking in the earliest 
complete system tested. 

With flying spot scanners, nonuniform sky background 
produces a smaller signal, but one which is still comparable to 
the star signal in magnitude. In general, noise of this type 
will have predictable frequency characteristics; and with 
suitable choice of scanner design, these frequency charac- 
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teristics can be differentiated from those of the star signal to 
permit separation by filtration. 

Electronic sources of noise include shot noise which re- 
sults from the discrete nature of photo current in a photo- 
emissive cell. Thermal noise resulting from agitation of 
electrons in resistance is another type, which is of importance 
in photoconductive detectors. Both of these sources produce 
essentially white noise which therefore cannot be completely 
eliminated by filtering. Shot noise varies with the square 
root of cathode current and therefore with the square root 
of total illumination. Thus its magnitude can be reduced 
by limitation of the area of sky seen at any instant, which 
favors the use of the flying spot scanner. Thermal noise on 
the other hand is independent of incident illumination and 
varies essentially with the square root of the absolute tem- 
perature of the resistance element in which it occurs. It 
also varies directly with the resistance. Unfortunately, the 
signal itself also varies directly with resistance, so that 
change in resistance value is not available as a means of im- 
proving signal-to-noise ratio. Where thermal noise is a prob- 
lem, the only available means for reducing it is refrigeration 
of the critical resistances. 

As a practical matter, it has been found that photoemissive 
cells with their associated equipment show so little thermal 
noise that it can be neglected in design of a star tracker sys- 
tem. Conversely, photoresistive cells show no shot noise of 
any importance. Unfortunately, the thermal noise in such 
detectors has proved to be too high for practical use without 
refrigeration. Consequently, successful tracker systems 
have employed photoemissive cells almost exclusively. 

The problem of separating star signals from the noise back- 
ground is largely one of eliminating modulation noise and 
separating the star signal from the residual shot noise. For 
trackers whose dimensions are capable of giving satisfactory 
performance, modulation noise can be reduced to a negligible 
value by making the diameter of the scanning aperture ap- 
proximately equal to the star image size. The latter is 
determined by diffraction and residual aberrations in the 
optical system. If the smoothing time of the detection sys- 
tem is then made of the same order of magnitude as the 


duration of a star pulse, the separation of star signal and shot 
noise will be optimized. Under these circumstances the 
probability P that a noise pulse will occur during one scan 
period is given approximately by 


( 
P = exp [{ — 


where 
D_ = diameter of the field of view 
d = diameter of the scanning aperture in the same units 
as D 
T = scanning period 
Pp = external air pressure 
A = objective aperture 


k,,ke = constants 


This relation depends on the use of nonlinear detection tech- 
niques including narrow band filtration corresponding to the 
assumed smoothing time followed by base clipping to elim- 
inate all but the highest pulses in the output signal. Use of 
a resonant output or correlation techniques applied to the 
final output signal may be shown to be equivalent in effect 
to increasing the scan period with a corresponding decrease 
in bandwidth. 


References 


1 Bell, F. C., ‘‘Report on the Geometric Basis of Celestial Navigation,” 
Northrop Aircraft Co., Rep. no. GM-503, April 1, 1947. 

2 Dutton, B., ‘Navigation and Nautical Astronomy,” U. S. Naval 
Institute, Annapolis, Md., 1943. 

3 Bowditch, N., ‘“‘The American Practical Navigator,” U. 8S. Hydro- 
graphic Office. 

4 Schuler, M., “Die Storung von Pendel und Kreiselapparaten durch 
die Beschleunigung der Fahrzeuges,”’ Physikalische Zeitschrift, vol. 24, 1923, 
p. 344. 

5 Slater, J. M. and Duncan, D. B., ‘‘Inertial Navigation,’”’ Aeron. Engng. 
Rev., vol. 15, 1956, p. 49. 

6 Wrigley, W., Woodbury, R. B. and Hovorka, J., ‘‘Inertial Guidance,” 
IAS Preprint no. 698, presented at 25th Annual Meeting, Jan. 1957. 

7 Whitford, A. E. and Kron, G. E. ‘Photoelectric Guiding of Astro- 
nomical Telescopes,”’ Rev. Sci. Insir., vol. 8, 1937, p. 78. 

8 Thorne, T. G. “The Automatic Guiding of Astronomical Telescopes,’ 
Engineering, vol. 169, 1950, p. 197. 


ARS JouRNAL 


DeceM 


RESEARCH SCIENTISTS and ENGINEERS 
with MS, PhD or ScD 


The 
Academic 
Approach to 
Research 


...can it be transplanted to an 
industrial laboratory? 


YES... in its environment of free inquiry and 
in scholarly consideration of the work of quali- 
fied colleagues. 

This attainment is the experience of members of 
the Scientific Research Staff at Republic Aviation. 
Here, the initiation of original research is en- 
couraged and generous support is provided to 
demonstrate the validity of theoretical concepts. 
A preference exists for theoretical and experi- 
mental studies related to the many and varied 
disciplines of aeronautics and astronautics. These 
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its most active and interesting aspects. 

At the same time, more emphasis is placed upon 
bringing new theories into the realm of feasible 
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development of the Plasma Pinch Engine (for 
interplanetary travel) conceived by members of 
the Scientific Research Staff. Other wide-ranging 
research programs concern such subjects as the 
theory of lifting fans, new sophisticated methods 
of structural analysis, advanced electronic sys- 
tems and techniques, space mechanics and nuclear 
physics, among others. 


SCIENTISTS AND ENGINEERS ARE INVITED 
TO JOIN OUR STAFF AS NEW RESEARCH 
CENTER NEARS COMPLETION 


Early in 1960, a new Research Center, including 
7 modern laboratories, will be completed to sup- 
port Republic’s expanding effort in research and 
advanced development. Existing areas of inves- 
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be initiated. 


If your interests coincide with the work of such 
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knowledge. 
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EXPERIENCE AND ADVANCED DEGREES IN: 


NAVIGATION AND 
COMMUNICATION SYSTEMS 
ELECTRONIC THEORY 


ELECTRONIC CIRCUITS 
AND COMPONENTS 


Nuc ear Puysics 
NUCLEAR POWER 
NUCLEAR PROPULSION 
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Technical Literature Digest 


The James Forrestal Research Center, Princeton University 


Aerodynamics of Jet 
Propelled Missiles 


Forebody Drag Characteristics of an 
Ogive Cylinder, by W. T. Strike and Jack 
D. Whitfield, J. Aero/Space Sciences, vol. 
26, June 1959, p. 383. 

Wind-Tunnel Investigation at Mach 
Numbers From 0.40 of the Static Aero- 
dynamic Characteristics of a Nonlifting 
Vehicle Suitable for Reentry, by Albin 
O. Pearson, NASA Memo 4-13-59L, 
May 1959, 14 pp. 

A Study of the Motion and Aerodynamic 
Heating of Ballistic Missiles Entering the 
Earth’s Atmosphere at High Supersonic 
Speeds, by H. Julian Allen and A. J. 
Eggers, Jr., NACA Report 1381, 1958, 16 
pp. 

Investigation of the Drag of Various 
Axially Symmetric Nose Shapes of Fine- 
ness Ratio 3 for Mach Numbers from 1.24 
to 7.4, by Edward W. Perkins, Leland H. 
Jorgensen and Simon C. Sommer, NACA 
Report 1386, 1958, 17 pp. 

Hypersonic Flow Over an Elliptic Cone: 
Theory and Experiment, by Robert L. 
Chapkis, Calif. Inst. Tech., Guggenheim 
Aeron. Lab., Hypersonic Res. Proj., Mem. 
49, May 1959, 44 pp. 

Water-Landing Characteristics of a Re- 
entry Capsule, by John R. McGehee, 
Melvin E. Hathaway and Victor L. 
Vaughan Jr., NASA Memo _ 5-23-59L, 
June 1959, 27 pp. (Film suppl. available 
on request. ) 

On the Rotational Motion of a Body =< 
Entering the Atmosphere, by T. 
Garber, J. Aero/Space Sci., vol. 26, july 
1959, p. 443. 

An Investigation of the Pressure Dis- 
tribution on Conical Bodies in Hypersonic 
Flows, by Victor Zakkay, J. Aero/Space 
Sci., vol. 26, July 1959, p. 457. 


Heat Transfer and Fluid 
Flow 


Digital Computer Solution of Equations 
for Transient Heating of Porous Solid, 
Including Effects of Longitudinal Conduc- 
tions, by F. A. Creswick, Indus. Math., 
vol. 8, 1957, pp. 61-69. 

Thermal Stresses Caused by Heating 
Thick-Walled Hollow Cylinders, by W. 
Brown-Boveri Rev., Jan. 1958, 
p. 21. 

Transient Temperature Distribution in 
Aircraft Structures, by Irving Frank, 
J. Aeron. Sci., vol. 25, no. 4, April 1958, 
p. 265. 

Vertical Re-Entry of Very Light-Weight 
Bodies Into the Earth’s Atmosphere, by 
R. D. Linnell, Convair Sci. Res. Lab. RN 
9, Oct. 1957, 30 pp. 


Eprror’s Note: Contributions from Pro- 
ae. R. G. Eckert, J. P. Hartnett, T. 
F. Irvine Jr. and P. J. Schneider of the 
Heat Transfer Laboratory, University of 
Minnesota, are gratefully acknowledged. 
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Aerothermoelasticity, by M. Rogers, 
Aero/Space Engng., Oct. 1958, pp. 34-38. 

Heat Transfer and Pressure Drop 
Across Banks of Finned Tubes, by D. J. 
Ward and E. H. Young, Chem. Engng. 
Prog., vol. 54, no. 10, Oct. 1958, pp. 87-93. 

Heat Transfer Between Fluidized- 
Solids Beds and Boundary Surfaces— 
Correlation of Data, by L. Wender and 
G. T. Cooper, J. AIChE, vol. 4, 1958, pp. 
15-23. 

Effects of Ultrasonics on Heat Transfer 
by Convection, by G. C. Robinson, C. M. 
McClure III and R. Hendricks Jr., Amer. 
Ceramic Soc. Bull., vol. 37, no. 9, Sept. 
1958, pp. 399-404. 

Heat Transfer to Boundary Layers with 
Pressure Gradients, by R. A. Seban and 
H. W. Chan, Wright Air Development Cen- 
ter, WADC Tech. Rep. 57-111, ASTIA 
AD 118075, May 1958. 

Effect of Free-Stream Turbulence on 
Heat Transfer from Flat Plate, by S. 
Sugawara, T. Sato, H. Komatsu and H. 
Osaka, NACA Tech. Memo 1441, July 1, 
1958, 21 pp. 

Tabulation of Coordinates for Hyper- 
sonic Axisymmetric Nozzles—Part 1— 
Analysis and Coordinates for Test Section 
Mach Numbers of 8, 12, and 20, by 
Robert J. Cresci, Polytechnic Institute of 
Brooklyn, Dept. Aeron. Eng. and Appl. 
Mech., WA DC TN 58-300 Part 1 (ASTI A 
A D 204 213), Oct. 1958. 

Differential Equations for Cylindrical 
Shells with Arbitrary Temperature Dis- 
tribution, by P. P. Bijlaard, J. Aero/Space 
Sci., Sept. 1958, pp. 594-602. 

Heat and Mass Transfer Bibliography 
with Selected Abstracts, by W. J. Chris- 
tian and T. H. Schiffman, Wright Air 
Development Center, WADC Tech. Rep. 
58-186 (ASTIA AD 151199), May 1958. 

A New Approach to the Measurement 
of Convection Heat and Mass Transfer, 
by R. A. Cranville and A. Sigalla, Re- 
search, vol. 11, no. 8, Aug. 1958, p. 326. 

Effects of Thermal Relaxation and 
Specific-Heat Changes on Measurements 
with Pneumatic-Probe Pyrometer, by 
P. W. Kuhns, NACA TN 4026, July 1957, 
67 pp. 

Supersonic Two-Dimensional Magneto- 
hydrodynamic Flow, by F. Fishman, J. 
Lothrop, R. Patrick and H. Petschek, 
Avco Mfg. Corp., Res. Rep. 30, Feb. 1959, 
49 pp. 

Visualization of Cylindrical Shock 
Waves, by F. D. Bennett and D. D. Shear, 
Aberdeen Proving Ground, Ballistic Res. 
Labs, Mem. Rep. 1199, March 1959, 8 pp. 

Operation and Performance of a Shock 
Tube with Heated Driver, by Robert C. 
Evans, Calif. Inst. Tech., Guggenheim 
Aeron. Lab., Hypersonic Res. Proj. Mem. 
48, Feb. 1959, 29 pp. 

Influence of Diaphragm Opening Time 
on Shock Tube Flows, by Donald R. 
White, General Electric Res. Lab. Rep. 
58-RL-1999, June 1958, 17 pp. 

An Experimental Investigation of the 
Effect of Ejecting a Coolant Gas at the 
Nose of a Blunt Body, by Hugh C. War- 
ren, Calif. Inst. of Tech., Guggenheim Aero. 
Lab., Hypersonic Res. Proj. Mem. 47, 
Dec. 1958, 43 pp. 


M. H. Smith, Associate Editor 


Heat Transfer from Cylinders in Transi- 
tion from Slip Flow to Free-Molecule Flow, 
by Ronald J. Cybulski and Lionel V. 
Baldwin, NASA Memo 4-27-59E, May 
1959, 49 pp. 

Recent Developments in Convective 
Heat Transfer, by Rolf H. Sabersky, ARS 
JOURNAL, vol. 29, May 1959, pp. 325- 
331. 

Hypersonic Shock Tunnel, by H. T. 
Nagamatsu, R. E. Geiger and R. E. Sheer 
Jr., ARS JournaL, vol. 29, May 1959, pp. 
332-340. 

Similarity Parameters for Surface 
Melting of a Blunt Nosed Body in a High 
Velocity Gas Stream, by Lester Lees, 
ARS Journat, vol. 29, May 1959, pp. 
245-253. 

Use of a Catalytic Probe for Detection of 
Dissociated Nonequilibrium States in 
Hypersonic Flow, by Stuart A. Hoenig, 
ARS Journat, vol. 29, May 1959, pp. 
361-362. 

Velocity of Tank Fragments, by Saun- 
ders B. Kramer, ARS Journat, ‘vol. 29, 
May 1959, pp. 363-364. 


Generalized Solution for the Problem 
of Pipe Flow With Friction Heat Addition, 
by R. W. McJones and M. L. Caplan, 
ARS JourNau, vol. 29, May 1959, pp 
366-367. 


Mechanism of Cratering in Ultra High 
Velocity Impact, by Melvin A. Cook, 
J. Appl. Phys. vol. 30, no. 5, May 1959, 
pp. 725-735. 

Ablation Studies in a Shock Tube, by 
R. W. Nicholls, W. H. Parkinson and 
H. Van Der Lann, J. Appl. Phys. vol. 30, 
no. 5, May 1959, p. 797. 


Electron Mobility in Partially Ionized 
Atomic Hydrogen, by Mahendra Singh 
Sodha, Phys. Rev., vol. 113, March 1, 1959, 
pp. 1163-1164. 

General Approach to the Study of Elec- 
trical Conductance and Its Relation to 
Mass Transport Phenomena, by Richard 
W. Laity, J. Chem. Phys., vol. 30, March 
1959, p. 682. 


A Simple Construction for the Deter- 
mination of the Magnetohydrodynamic 
Wave Speed in a Compressible Conductor, 
by Nicholas Rott, J. Aero/Space Sci., 
vol. 26, April 1959, p. 249-250. 


Concise, Systematic Jacobin Thermo- 
dynamics for High-temperature Real 
Gases, by Russell J. Arave, J. Aero/Space 
Sci., vol. 26, April 1959, pp. 250-253. 


On the Heating Effect in a Resonance 
Tube, by I. M. Hall and C. J. Berry, 
J. Aero/Space Sci., vol. 26, April 1959, 
p. 253. 


Laminar Jet Mixing of Electrically Con- 
ducting Fluid in a Transverse Magnetic 
Field, by S. I. Pai, J. Aero/Space Sci., 
vol. 26, April 1959, pp. 254-255. 

General Characteristics of Binary 
Boundary Layers With Applications to 
Sublimation Cooling, by Joseph F. Gross, 
David J. Masson and Carl Gazley Jr., 
Rand Corp., P-1371, May 1958. 52 pp. 

Influence of Large Positive Dihedral 
on Heat Transfer to Leading Edges of 
Highly Swept Wings at Very High Mach 
Numbers, a4 Morton Cooper and P. 
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ELECTRONIC-ELECTRICAL CAREER BULLETIN: 


MARS VEHICLE. Drawing, based on Boeing study, of space 
vehicle designed for launching from orbiting platform for recon- 
naissance flight to Mars and return. Lunar, orbital and interplane- 
tary system studies, and expanding programs such as the advanced 
Minuteman solid-propellant ICBM, are typical of challenging, long- 
range assignments Boeing offers electronic-electrical engineers. 


DARK TUNNEL.View in 100-foot dark tunnel, part of extensive 
Boeing infrared research and development facilities. Boeing investi- 
sone include use of infrared, visible and ultra-violet techniques 
or use in communication, navigation, detection and guidance at 
altitudes above tropopause. IR systems, inertial navigation, electrical 
power systems for satellites, shockwave radiation and refraction and 
irdome heating are other areas of assignments open at Boeing. 


SEATTLE area, boating capital of U.S., offers world-famous recre- 
ational facilities. Fresh and salt water boating and fishing are only 
one hour from dramatic snow-capped mountains renowned for six- 
months-a-year skiing. Mild year-round climate. Excellent schools 
and universities, cultural activities, modern housing and shopping 
centers. Wonderful Western living for the whole family! 
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ANTENNA PATTERN RANGE, with movable towers 
capable of handling models up to 1000 pounds. Boeing 
has openings in ECM antenna development, and in gas, 
solid and liquid dielectric research, as well as large- 
aperture antennas for ASMs, orbital vehicles and air- 
borne warning systems. Other openings are available 
in instrumentation, missile guidance and control. 


ELECTRONIC-ELECTRICAL ENGINEERS 


Write today for details of challenging, 
long-range positions available to you 
right now at Boeing. You'll find at 
Boeing a dynamic professional 
environment that’s conducive to 
rapid advancement and deeply 
rewarding achievement. 


Mr. Stanley M. Littl 


Send me details of electronic-electrical positions, and the 
booklet, “Environment for Dynamic Career Growth.” 


SOLEMN 


Seattle + Wichita +» Cape Canaveral 


e, 


Boeing Airplane Company, 
P.O. Box 3822 - JPC, Seattle 24, Wash. 
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ROCKET CONTROLS 
ENGINEERS 


1) For development and analytical de- 
sign of valves and controls for rocket 
engine systems. Develop specifica- 
tion requirements for components 
covering design, test and develo 
ment. Prepare data for proposals. 
BS in ME or AE and 3-7 years’ ex- 
with hydraulic pneumatic 

evices and systems. 


2) For dynamic analysis of mechanical 
systems associated with rocket pro- 
pulsion. Mathematical descriptions 
of controlled rocket components 
with regard to systems stability. 
Interpretation of designs for con- 
trolling rocket components. Ana- 
logue simulation of systems. Super- 
vision of above areas. BS, or 

Experience in servo systems 
analysis and techniques. 


To arrange interview call collect, 
Niagara Falls BUtler 5-7851, or send 
resume to: 


SUPERVISOR ENGINEERING 
EMPLOYMENT 


BELL AIRCRAFT CORPORATION 
BUFFALO 5, NEW YORK 


METALLURGIST 


Caterpillar Tractor Co. 
World’s Leading 
Manufacturer of 
Diesel Engines 

Tractors—Motor Graders 

Earthmoving 
Equipment 


offers 


Exceptional opportunity for ex- 
perienced Metallurgist to assume 
responsibility of programs related 
to application and development of 
high temperature materials for gas 
turbine engines. 


Production metallurgical or quality 
control experience desirable. 


Salary commensurate with qualifi- 
cations. 


Send Resumé To: 
John C. Myers ARS-129 
Technical and Professional Employment 


CATERPILLAR TRACTOR CO. 
Peoria, Illinois 
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Calvin Stainback, NASA Memo 2-7-59L 
April 1959, 18 pp. 

Mallier Enthalpy-entropy Charts for 
High Temperature Plasmas, by F. Bosn- 
jakovic, W. Springe, K. F. Knache and P. 
Burgholte, Rand Corp., Translation, T-96, 
Aug. 1958, 26 pp. 

Unified Dynamics and Thermodynamics 
of a Thermal Plasma, by H. Maecker and 
Th. Peters, Rand Corp., Translation, T-90 
(translated from Zeitschrift fir Physik, 
BD 144, 1956, pp. 586-611), June 1958, 
38 pp. 

Equilibria in a Thermal Plasma Com- 
posed of C + H, and C + 2H: in a Tem- 
ere Range From 5000°K to 50,000° 

at a Total Pressure of 1 Bar, by K. 
Kroepelin and K. K. Neumann, Rand 
Corp. T-99, Oct. 1958, 34 pp. 

Equilibria in C + H,. and C + 2H Sys- 
tems at Temperatures between 1000°K 
and 6000°K, by H. Kroepelin and E. 
Winter, Rand Corp., T-100, Oct. 1958, 
29 pp. 

Radiation of Plasma in a Magnetic 
Field, by B. A. Trubnikov, Rand Corp. 
T-101 (translated from USSR Academy 
of Sciences, Reps., vol. 118, no. 5, 1958), 
Oct. 1958, 10 pp. 

The Electric Spark Method for Quan- 
titative Measurements in Flowing Gases, 
by H. J. Bomelburg, J. Herzog and J. R. 
Weske, Maryland Univer. Inst. for Fluid 
Rynam. & Appl. Math., TN BN-157 
(AFOSR TN 59-273; ASTIA AN, 
212700, Jan. 1959, 20 pp. 

Transport and Thermodynamic Prop- 
erties in a Hypersonic Laminar Boundary 
Layer, Part I: Properties of the Pure 
Species, by Sinclaire M. Scala and 

rles W. Baulknight, ARS Journat, 
vol. 29, Jan. 1959, pp. 39-45. 


Solution to the Linearized Quasi-Sta- 
tionary External Diffuser Equations, by 
R. H. Edwards, ARS Journal, vol. 29, 
Jan. 1959, p. 54. 

A Note on Turbulent Boundary Layer 
Growth in Nozzles, by M. Sibulkin, ARS 
JOURNAL, vol. 29, Jan. 1959, pp. 61-63. 

Frictional Electricity in Missile Systems, 
by P. Molmud, ARS Journat, vol. 29, 
Jan. 1959, pp. 73-75. 

Magnetohydrodynamics and Aerody- 
namic Heating, by Rudolf X. Meyer, 
ARS Journat, vol. 29, March 1959, pp. 
187-192. 

Thrust of a Conical Nozzle, by Ellis M. 
Landsbaum, ARS JournNaL, vol. 29, 
March 1959, pp. 212-213. 

Determination of Transient Pressure 
Flow Relationship by Momentum Meas- 
urements, by Edward J. Croke and Jerry 
Grey, ARS Journat, vol. 29, March 
1959, pp. 213-214. 

Similitude Treatment of Hypersonic 
Stagnation Heat Transfer, by Daniel 
E. Rosner, ARS Journat, vol. 29, March 
1959, pp. 215-216. 

Arc-heated Plasma for Laboratory Hy- 
personics, by T. R. Hogness, AsTRoNAU- 
Tics, vol. 4, March 1959, pp. 40-42, 47. 


Some Basic Aspects of Magnetohydro- 
dynamic Boundary-layer Flows, by Rob- 
ert V. Hess, NASA Memo 4-9-59L, April 
1959, 42 pp. 

Compressible Non-isoenergetic Two- 
dimensional Turbulent (Pr = 1) Jet Mix- 
ing at Constant Pressure; Auxiliary In- 
tegrals, Heat Transfer and Friction Co- 
efficients for Fully Developed Mixing 
Profiles, by H. H. Korst and W. D. 
Chow, Illinois Univ. Engng. Expt. Sia., 
Mech. Engng. Dep., ME Tech. Note 392-4, 
Jan. 1959, 35 pp. 

An Unusual Aerodynamic Stagnation 


Temperature Effect, by I. Glassman and 
James E. A. John, Project Squid, Tech. 
Rep. PR-88-P (ASTIA AD 207534), 
Dec. 1958, 8 pp. 

Effect of Jet Mixing on the Annular Jet, 
by Harvey R. Chaplin, David Taylor 
Model Basin, Aerodynam. Lab., Aero Rep. 
953, Feb. 1959, 28 pp. 

Interaction Experiments of Lateral 
Jets With Supersonic Streams, by James 
L. Amick, Gerard F. Carvalho and Hang 
P. Liepman, Univ. Michigan (Bumblebee 
Aerodynam. Panel meeting, Texas, Uni- 
versity, Sept. 30-Oct. 1, 1958), 17 pp. 

Discontinuity Surfaces in Magneto 
Fluidynamics, by Luigi G. Napolitano, 
Brooklyn Polytech. Inst., Dept. Aeron., 
Rep. 503 (AFOSR TN-59-67; ASTIA AD 
209842), Dec. 1958, 38 pp. 

Simple Vorticity Laws in Magnetohy- 
drodynamics, by Ching-Sheng Wu, Prince- 
ton Univ., Dep. Aeron. Engng., Rep. 445 
(AFOSR TN 58-1044; ASTIA AD 
206756), Nov. 1958, 15 pp. 

A Class of Exact Solutions of the Mag- 
netohydrodynamic Navier-Stokes Equa- 
tions, by Ching-Sheng Wu, Princeton 
Univ., Dep. Aeron. Engng., Rep. 436 
(AFOSR TN 58-895; ASTIA AD 204 
134), Sept. 1958, 11 figs., 39 pp. 

The Transmission of Electromagnetic 
Waves in the Presence of a Conducting 
Layer of Gas, by G. S. S. Ludford, Univ. 
Maryland, Inst. Fluid Dynam. and Appl. 
Math., TN BN-160 (AFOSR TN 59-1 
159; ASTIA AD 211 118), Feb. 1959, 
22 pp. 

The Thermal Conductivity of Carbon 
Dioxide in the Region of the Critical Point, 
by Leslie A. Guildner, Project Squid, 
Tech. Rep. MIT-19-P (ASTIA AD 
205694), Sept. 1958. (Available only on 
microcards. ) 

Measurements of the Thermal Con- 
ductivities of Gas at High Temperatures, 
by Robert G. Vines, Project Squid Tech. 
Rep. MIT 20-P (ASTIA AD 205694), 
Sept. 1958, 16 pp. (Available only on 
microcards. ) 

The Ablation of Melting Bodies With 
Heat Penetration Into the Solid, by Theo- 
dore R. Goodman, Allied Res. Assoc., Ine. 
(AFOSR TN 58-789; ASTI A AD 202115), 
Aug. 1958, 20 pp. 

A Shock Tube Technique to Determine 
Steady Flow Losses of Orifices and Other 
Duct Elements, by George Rudinger, 
Project Squid, Tech. Rep. CAL-77-P 
(ASTIA AD 207034), Nov. 1958, 27 pp. 
(Available only on microcards. ) 

Studies of a Prctotype Wave Superheat- 
er Facility for Hypersonic Research, by 
William Smith and Roger G. Weather- 
ston, Cornell Aeron. Lab., Inc., Rep. HF- 
1056-A (AFOSR-T R-58-158; ASTIA AD 
207-244), Dec. 1958, 115 pp. 

Radiation from Hot Air, by J. Keck, 
J. Camm, B. Kivel and T. Wentink Jr., 
Avco Mfg. Corp., Avco Res. Lab., Res. Rep. 
42, Feb. 1959, 50 pp. 

Review of the Published Literature Per- 
taining to the Annular Two Phase Flow of 
Liquid and Gaseous Media in a Pipe, 
by D. A. Charvonia, Project Squid, Tech. 
Rep. PUR-32-P (ASTIA AD 208040), 
Dec. 1958, 42 pp. 

Viscosity of Fluids at High Pressures, 
A Rotating Cylinder Viscometer and the 
Viscosity of n-Pentane, by H. H. Reamer, 
G. Cokelet and B. H. Sage, Project Squid, 
Tech. Rep. CIT-4-P (ASTIA AD 208679), 
Jan. 1959, 33 pp. (Available only on 
microcards. ) 

Attenuation of Radio Waves as a Re- 
sult of Boundary Layer Heating in Missiles 
Traveling at Supersonic Speeds, by Kil- 
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The Checkout 
| that says 
“GO"’ or “no GO’’ 


(Pronounced 
“AP-SHE"’) 


APCHE (Automatic Programmed Checkout Equip- Dynamics Corporation, prime contractor for the 
ment) is a solid-state, universal, high-speed, highly ATLAS Intercontinental Ballistic Missile. 

reliable, compact general-purpose tester designed 
especially for automatic checkout of aircraft, missile 


cabinets providing both analog and discrete test 


Gating media, functions with a resulting printed and GO-NO GO. 
size and weight) APCHE installations may be indication. As a product of RCA’s Missile Elec- 


The system being supplied to Convair for the 
ATLAS Program includes a console and four rack 


fixed, mobile, airborne or submarineborne. APCHE tronics and Controls Department, Burlington, 
was designed and is being produced as a part of Massachusetts, APCHE is one of the latest RCA 
RCA’s ground support electronics subcontract from developments in the field of military weapon readi- 
the Convair (Astronautics) Division of General ness equipments. 


RADIO CORPORATION of AMERICA 


DEFENSE ELECTRONIC PRODUCTS * CAMDEN, NEW JERSEY 
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Constant laboratory research and testing of rocket components, such as the valve above being subjected to simulated 
flight conditions, assure highly reliable performance from Thiokol rocket motors and engines 
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“Malfunction” is the most feared word 
a rocket scientist can hear. One of its 
most critical sources is temperature. 
Ranging from hundreds below zero to 
thousands above, temperature extremes 
ean play havoc with milli-second per- 
formance specifications of complex valves 
and pumping systems. 


In picture left, liquid nitrogen flowing 
through a turbo pump valve of a type 
used on the powerplant for the Air 
Force’s X-15 drops the temperature within 
the valve to minus 320°F. This is slightly 
cooler than in actual operation, when the 
valve will pump highly combustible liquid 
oxygen (minus 297°F) and ammonia. 


Laboratory tests are an essential part 
of the continuing research program in 
new materials, new design and new fuels, 
carried on by THIOKOL’s rocket builders. 
In close support are the scientists of 
THIOKOL’s Chemical Division, who con- 
tinually seek new properties for their 
liquid polymers to meet increasing per- 
formance demands. 


It is through such scientific team effort 
that THIOKOL has been able to design 
and build liquid and solid rocket propul- 
sion systems having a remarkable record 
for flawless functioning. 


To become a THIOKOL scientist is to 
enter today’s most fascinating industrial 
arena. Challenging assignments exist for 
research chemists in: 


Propellant Analysis; Propellant Formula- 
tion; Organic and Inorganic Polymers; 
Fluorine and Metal Hydrides Synthesis; 
High Vacuum Techniques; Fast Reaction 
Kinetics; Shock Wave Phenomena; Com- 
bustion Processes. 


For engineers, there are scores of 
exciting career opportunities in the areas 
of servo system and electro mechanical 
design, in instrumentation and many other 
phases of advanced propulsion research. 


THIOKOL plants are located in areas 
that are good places to live—Bristol, 
Pennsylvania; Elkton, Maryland; Hunts- 


ville, Alabama; Marshall, Texas; Denville, : 


New Jersey; Trenton, New Jersey; 


Brigham City, Utah; Moss Point, Miss. 


For further information contact: Person- 
nel Director at any plant address above. 


Thiokol, 


is Research to the Core 


THIOKOL CHEMICAL CORPORATION 
Bristol, Pennsylvania 


Registered trademark of the Thiokol Chemical Corp. for 
Its rocket propellants, liquid polymers, plasticizers and 
other chemical products. 
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burn MacMurraugh, NAVORD Rep. 
5816, revision I (VOTS TP 2163), Jan. 
1959, 18 pp. 

Viscous Aerodynamic Characteristics 
in Hypersonic Rarefied Gas Flow, b 
Ronald F. Probstein and Nelson ih 
Kemp, Avco Mfg. Corp., Avco Res. Labs., 
Res. Rep. 48, March 1959, 64 pp. 

The Flow of Chemically Reacting Gas 
Mixtures, by J. F. Clarke, Cranfield Coll. 
Aeron., Rep. 117, Nov. 1958, 27 pp. 

Superposability in Magnetohydrodynam- 
ics, by J. N. Kapur, Appl. Sci. Res., Sect. 
A, vol. 8, no. 2-3, pp. 198-208. 

Thermal Conductivity of Water at 
High Pressures, by A. W. Lawson, R. 
Lowell and A. L. Jain, J. Chem. Phys., vol. 
30, March 1959, pp. 643-647. 

High Temperature Gas Dynamics Phe- 
nomena in Hypersonic Flight, by W. H. 
Wurster and C. E. Treanor, Symposium 
on High-Speed Aerodynamics and Struc- 
tures, 3rd, San Diego, March 25-27, 1958 
(unclassified papers), vol. 1, pp. 89-107. 

The Approach to Thermal Equilibrium 
in a Hypersonic Laminar Boundary Layer, 
by D. E. Knapp, Symposium on High- 
Speed Aerodynamics and Structures, 3rd, 
San Diego, March 25-27, 1958 (unclassified 
papers), vol. 1, pp. 279-294. 

General Characteristics of Binary 
Boundary Layers with Applications to 
Sublimation Cooling, by C. Gazley, J 
Gross and D. J. Masson, Symposium on 
High-Speed Aerodynamics and Structures, 
3rd, San Diego, March 25-27, 1958 (un- 
classified papers), vol. 1, pp. 295-347. 

A Technique for Experimental Investi- 
gation of Heat Transfer From a Surface in 
Supersonic Flow at Large Surface-to-Free 
Stream Temperature Ratios, by W. S. 
Bradfield, A. R. Hansom, J. J. Sheppard 
and R. E. Larson, Symposium on High- 
Speed Aerodynamics and Structures, 3rd, 
San Diego, March 25-27, 1958 (unclassified 
papers), vol. 1, pp. 349-379. 


Spaceflight 


Low-thrust Transfer between Circular 
Orbits, by E. Levin, Rand Corp., P-1536, 
Oct. 1958, 29 pp. 

Problems of Range Measurement with 
Special Application to the Establishment 
of an Orbit of an Artificial Asteroid, by 
C. M. Crain, Rand Corp., P-1518, Oct. 
1958, 2 pp. 

The 4 ea of Errors in Keplerian 
Orbits, by R. T. Gabler and H. R. O’Mara, 
Rand Corp., P-1481, Aug. 1958, 43 pp. 

Some Information-theory Considera- 
tions in Space Communications, by P. 
Swerling, Rand Corp., P-1393, Feb. 1958, 
16 pp. 

Communications in x Operations, 
by C. M. Crain and R. T. Gabler, Rand 
Corp., P-1394, Feb. 1958, 16 pp. 

Space Communications, by Peter Swerl- 
ing, Rand Corp., P-1443, Dec. 1958, 5 pp. 

Preliminary Analysis of a Satellite 
Recovery System, by Richard H. Frick, 
Rand Corp., RM-2264 (ASTIA AD 
209777), Sept. 1958, 47 pp. 

On-off Control System for Attitude 
Stabilization of a Space Vehicle, by Josef 
S. Pistiner, ARS Journat, vol. 29, April 
1959, pp. 283-289. 

Circular Orbit Stability in the Oblate 
Earth’s Equatorial Plane, by Marvin H. 
Hewitt, ARS Journat, vol. 29, April 
1959, pp. 295-296. 

Orientation of Research Needs Associ- 
ated with Environment of Closed Spaces, 
by William T. Ingram, J. Astron. Scz., vol. 
5, Autumn-Winter 1958, pp. 51-57. 


a ature Equilibria in Space Ve- 
hicles, by R. A. Cornog, J. Astron. Sci., 
vol. 5, Autumn-Winter 1958, pp. 64-67. 

On the Motions of Rotating Satellites 
and Double Stars According tothe Einstein 
Gravitation Theory, by N. St. Kalitzin, 
Nuovo Cimento, vol. 11, no. 2, Jan. 16, 
1959, pp. 178-185. (In German.) 

Minimal Impulse Requirements for Dis- 
orbiting Satellites, by I. S. Blumenthal, 
Rand Corp., RM-2276 (ASTIA AD 
209442), Oct. 1958, 25 pp. 

Earth-period (24-hour) Satellites, by 
J. H. Hutchinson, Rand Corp., P-1460, 
Aug. 1958, 18 pp. 

Atmospheric Perturbations of Artificial 
Satellites, by E. Leeper, Rand Corp., 
P-1496, Sept. 1958, 9 pp. 

Physics of Solar-terrestrial Space: 
Lunar Flight, by E. H. Vestine, Rand 
Corp., P-1344, Feb. 1958, 18 pp. 

A Possible Transponding System for an 
Artificial Asteroid, by P. Swerling and 
C. M. Crain, Rand Corp., RM-2172 
(ASTIA AD 156036), 35 pp. 

Prologue to a Syntax of Space Explora- 
tion, by A. G. Wilson, Rand Corp., P-1425, 
July 1958, 11 pp. 

The Space Environment, by A. G. Wil- 
son, Rand Corp., P-1427, Feb. 1958, 19 pp. 

Types of Space Flights, by R. W. Buch- 
heim, Rand Corp., P-1428, Fek. 1958, 28 
Pp. 

Some Aspects of Astronautics, by R. W. 
Buchheim, 8. Herrick, E. H. Vestine and 
A. G. Wilson, Rand Corp., P-1442, Dec. 
1958, 12 pp. 

Interplanetary Exploration, by A. G. 
Wilson, Rand Corp., P-1432, Feb. 1958, 11 
pp. 

Cosmic Terrestrial Relations, by H. 
Korf Kallmann, Rand Corp., P-1553, Nov. 
1958, 6 pp. 

The Space Environment, by 8S. H. Dole, 
Rand Corp., P-1499, Sept., 1958, 18 pp. 

Interplanetary Trajectories Under Low 
Thrust Radial Acceleration, by Jack 
Copeland, ARS Journat, vol. 29, April 
1959, pp. 267-271. 

Reduction of Flight Time and Propellant 
Requirements of Satellites with Electric 
Propulsion by the Use of Stored Electrical 
Energy, by Morton Camac, Avco Mfg. 
Corp., Avco Res. Lab. Div., Res. Rep. 36 
(AFOSR-TN 58-1013; ASTIA AD 206- 
156), Oct. 1958, 26 pp. 

Orbital Storage of Cryogenic Fluids, by 
Kenneth R. Cramer, Wright Air Dev. 
Center, TN 58-282 (ASTIA AD 203527), 
Oct. 1958, 7 pp. 

Space Trajectories and Flight Test 
Objectives, by J. W. Luecht, SAE Pre- 
print 58, Jan. 1959, 6 pp. 

Photochemistry of the Upper Atmos- 
phere as a Source of Propulsive Power, by 
A. F. Charwat, ARS Journal, vol. 29, 
Feb. 1959, pp. 108-114. 

Two Simple Equations for Orbital 
Mechanics, by W. H. T. Loh, ARS Jour- 
NAL, vol. 29, Feb. 1959, pp. 146-147. 


Terminal Phase of Satellite Entry into 
the Earth’s Atmosphere, by Elliott D. 
Katzen, ARS JourNat, vol. 29, Feb. 1959, 
pp. 147-148. 

Determination of Elements of an Elliptic 
Orbit from the Orbital Velocity Vector, by 
H. Munick, ARS Journat, vol. 29, Feb. 
1959, p. 150. 

Optimum Thrust Programming along 
Arbitrarily Inclined Rectilinear Paths, by 
A. Miele and C. R. Cavoti, Astronautica 
Acta, vol. 4, no. 3, 1959, pp. 167-181. 

Heating of a Rocket Body in the Atmos- 
phere, by W. Strubell, Astronautica Acta, 
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EXPLORE 
NEW AREAS 
AT IBM IN 


Now under development at IBM are new and unusual elec- 
tronic computing systems that will greatly strengthen man’s 
control of his environment. In one project, for example, 
advances in acoustics, oceanography, and information theory 
are being coordinated to yield a data system that will sentinel 
the ocean’s depths. Another group is applying a computer’s 
logic and computational capabilities to analyze, correlate, and 
identify input signals to data acquisition systems. In the late 
development stage is an extremely high-speed, large-capacity 
computing system which will automatically handle the large 
volume of detailed records and communications required by a 
nationwide sales operation. To staff such efforts, scientists, 
mathematicians, and engineers of vision are needed. 


SYS 


IBM’s rapid expansion provides many opportunities for you 
to advance—either through technical achievement or engi- 
neering administration. You may work independently or with 
a small team, and you can choose your assignments from a 
broad range of research and development areas. Specialists of 
many different backgrounds are available to assist you in your 
work. This is an excellent opportunity for a scientific or 
engineering career that combines maximum growth potential 
with job stability. 
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CAREERS ALSO AVAILABLE 
IN THESE AREAS... 
Acoustics 


Applied mathematics 
& statistics 


Applied physics 

Circuit design & development 
Component engineering 
Computer analysis 
Cryogenics 

Flight test analysis 
Human factors 

Inertial guidance 
Information retrieval 
Logical design 
Magnetics 

Microwaves 

Operations research 
Programming 

Radar circuitry 
Transistor circuit design 
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QUALIFICATIONS: B.S. or advanced degree 
_ in Electrical or Mechanical Engineering, Phys- 
ics or Mathematics—and proven ability to 
assume a high degree of technical responsi- 
bility in your assignments. 


TYPICAL ASSIGNMENTS 

Planning and logical design of solid state 
computers, input-output systems, and peri- 
pheral equipment. Knowledge of digital sys- 
tems required with experience in transistor 
circuitry and switching techniques. 


Analysis of ferrite ‘‘memory” and buffer 
systems and design of new high-speed con- 
figurations, including drive and addressing 
circuitry, for advanced solid state data proc- 
essing systems. Familiarity with digital com- 
puter systems and magnetic core ‘‘memory” 
design. 


Solutions of real-time control problems with 
digital techniques; mathematical analysis of 
navigation and fire control systems, ray trac- 
ings, and signal cross-correlations. 


Application of information theory to signal 
processing. Familiarity with signal cross- 
correlation techniques, statistical data proc- 
essing, sampled-data control theory, analog- 
digital data processing techniques, signal 
propagation, and beam formation. Naval ex- 
perience required in at least one of these 
specialties: sonar, fire control, ASW, naviga- 
tional systems, signal processing. 


Investigation of new computer applications 
and techniques, based on observation and 
analysis of customer needs; establishment of 
broad systems concepts, assisting in both 
logic and machine design. Experience re- 
quired in digital computer applications, tech- 
nical organization of a medium or large 
machine installation. 


Circuit design of advanced data processing 
systems and input-output equipment, working 
closely with logic designers. Experience re- 
quired in design of arithmetical control and 
switching circuitry to reduce logic diagrams 
to component counts for cost-estimating 
development. 


Application of transistor-diode logic to de- 
velop advanced circuitry; review of new cir- 
cuits for possible use in digital control sys- 
tems, defining basic techniques for improving 
performance characteristics. 


Laboratory facilities are located in Endicott, 
Poughkeepsie, Kingston, Owego, and York- 
town Heights, N. Y.; Lexington, Ky.; and San 
Jose, California. 


For details, write, outlining background and 
interests, to: 


Mr. R. E. Rodgers, Dept. 572L 
IBM Corporation 

590 Madison Avenue 

New York 22, N. Y. 


IBM. 


INTERNATIONAL BUSINESS MACHINES CORPORATION 


vol. 4, no. 3, 1958, pp. 182-187. (In Ger- 
man. ) 

Observation of a Satellite near Its 
Culmination, by A. Boni, Astronautica 
Acta, vol. 4, no. 3, 1958, pp. 188-217. 

Optimal Escape from a Circular Orbit, 
by D. F. Lawden, Astronautica Acta, vol. 
4, no. 3, 1958, pp. 218-233. 


Russian Technical 
Articles 


Determination of Thermal Conductiv- 
ity Coefficients of Gases with a Univer- 
sal Plane Bicalorimeter, by G. M. Levin, 
Instruments and Experimental Techniques 
(Translation of Pribory i Tekhnika Ek- 
sperimenta), no. 1, Jan.-Feb. 1958, p. 
112. 


Calculation and Design of Precision 
Thermostats, by V. V. Grigor’iants and 
M. E. Zhabotinskii, Instruments and Ex- 
perimental Techniques (Translation of 
Pribory i Tekhnika Eksperimenta), no. 1, 
Jan.-Feb. 1958, p. 117. 

The Lighting of Gas Discharge De- 
vices, by T. A. Sanina, A. A. Saninand 
and N. R. Fedorenkova, Instruments and 
Experimental Techniques (Translation of 
Pribory Tekhnika Eksperimenta), no. 
Jan.-Feb. 1958, p. 129. 

A Quick-Acting Resistance Thermom- 
eter, by V. A. Zamkov, Instruments and 
Experimental Techniques (Translation of 
Pribory i Tekhnika Eksperimenta), no. 1, 
Jan.-Feb. 1958, p. 150. 

Hydraulic Frictional Resistance to Flow 
of a Steam/Water Mixture in a Straight 
Horizontal Tube, by S. I. Kosterin and 

nin, Teploenergetika, no. 6 
(USSR), 1958, pp. 71-76. (In Russian.) 

Heat Transfer During the Surface- 
Boiling of Water, by P. G. Poletavkin 
and N. A. Shapkin, 7'eploenergetika, no. 5 
(USSR), 1958, pp. 49-54. (In Russian.) 

On the Resistance and Heat Exchange 
in a Pulsating Flow, by K. P. Vishnev- 
skiy, Sb. nauchn. tr. Kuybyshevsk. industr. 
im-t, no. 6, Book 1, 1956, pp. 207-212. 
(In Russian.) 

Heat Transfer of a Round Cylinder in a 
Cross-Flow of a Pourable Substance 
(Sand), by S. V. Donskov, Teploener- 
getika, no. 10 (USSR), 1958, pp. 65-71. 
(In Russian.) 

Heat Transfer of Tube Bundles in a 
Transverse-Flow of Pourable Substance 
(Sand), by 8S. V. Donskov, Teploener- 
getika, no. 11 (USSR), 1958, pp. 76-80. 
(In Russian.) 

Heat Transfer to Liquid Metals, by 
8.8. Kutateladze, V. M. Borishansky and 
I. I. Novikov, Atomnaya Energiya, vol. 4, 
no. 5 (USSR), 1958, p. 422. (In Rus- 
sian.) 

Determination of the Degree of Black- 
ness of Metals at High Temperatures by 
the Method of Regular Conditions, by 
V. A. Osipova, Teploenergetika, no. 4 
(USSR), 1958, pp. 59-63. (In Russian.) 

On the Heat Exchange in a Field Af- 
fected by Centrifugal Forces, by A. E. 
Kovalevskaya and R. G. Perel’man, 
Akad. Nauk SSSR, Tavestiia, Otdelenie 
Tekh. Nauk, no. 11 (USSR), 1958, pp. 
92-94. (In Russian.) 

The Formation of Turbulent Flow in the 
Presence of Free Convection, by D. F. 
Pavlov, Tr., Sredneaz, un-ta, no. 91, 1957, 
pp. 67-87. (In Russian. ) 

The Thermal Conductivity of Liquid 
Fuels, by V. N. Popov and N. V. Tseder- 
berg, Teploenergetika, no. 11 (USSR), 
1958, pp. 72-76. (In Russian.) 
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The Oscillations of a Degenerate Elec- 
tron Fluid, by V. P. Silin, Soviet Phys. 
JETP, vol. 35 (8), May 1959, pp. 870-874. 

Hydrodynamic Analysis of the Com- 
pression of a Rarefied Plasma in an 
Axially-Symmetric Field, by Iu. N. Bara- 
banenkov, Soviet Phys. JETP, vol. 35 (8), 
May 1959, p. 893. 

Diffraction Breakup of Light Nuclei, 
by A. G. Sitenko and Iu. A. Berezhnoi, 
Soviet Phys. JETP, vol. 35 (8), May 1959, 
pp. 899-900. 


On Traveling Waves of Gas Dynamic 
Equations, by Iu. Ia. Pogodin, V. R. 
Suchov and N. N. Ianenko, J. Appl. 
Math. Mech. (Translation of Prikladnaya 
Matematika i Mekhanika), vol. 22, no. 2, 
1958, pp. 256-267. 


On the Propagation of Strong Dis- 
continuities in a Multi-Component Me- 
dium, by Ia. Z. Klieman, J. Appl. Math. 
Mech. (Translation of Prikladnaya Mate- 
matika 1 Mekhanika), vol. 22, no. 2, 1958, 
pp. 268-278. 


Flow with Detached Shock Wave about 
a Symmetrical Profile, by O. M. Belot- 
serkovskii, J. Appl. Math. Mech. (Trans- 
lation of Prikladnaya Matematika i \Me- 
khanika), vol. 22, no. 2, 1958, pp. 279- 
296. 


On the Stability of Some Particular 
Cases of Motion of a Symmetrical Gyro- 
scope Containing Liquid Mass, by S. V. 
Zhak, J. Appl. Math. Mech. (Translation 
of Prikladnaya Matematika i Mekhanika), 
vol. 22, no. 2, 1958, pp. 330-337. 
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Now available . . . the first complete re- 
port on the technical papers reflecting 
the results of the Soviet Union's first 
three satellites. 
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